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Algebraic Number Fields

Algebraic Number Field

Let aq, ..., a, be algebraic numbers. The algebraic number field
Q(au, ..., ay) is the smallest field containing Q and «y, . .., ay,.

Theorem (1)

Let aq, ..., a, be algebraic numbers. There exists v € C s.t

Qaq,...,apn) =Q(v).

We call v a primitive element.

Example

Let a = V2, 8 =3 and v = a + 3. Then, Q(a, 8) = Q(7).
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1987-Langemyr and McCallum
Designed a modular ged algorithm for Q(a)[z]. J
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1987-Langemyr and McCallum
Designed a modular ged algorithm for Q(a)[z].

1995- Encarnacion
Used rational number reconstruction to make the algorithm for Q(«)[z]
output sensitive.

v
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1987-Langemyr and McCallum
Designed a modular ged algorithm for Q(a)[z].

1995- Encarnacion

Used rational number reconstruction to make the algorithm for Q(«)[z]
output sensitive.

v

2002-Monagan and Van Hoeij

Introduced another algorithm to compute the GCDs of two
polynomials over Q(az, ..., an)[x].
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Our Contributions

Let fl, f2 S Q(Oq, R ,an)[:cl, e ,xk].
@ We designed a modular ged algorithm called MGCD to compute
the monic ged(f1, f2).

@ To speed up our algorithm, we use linear algebra to map
Q(aq,...,ap) into Q(v), where v is a primitive element. We do
this mod a prime to avoid expression swell.

@ A Maple implementation using a recursive dense representation for
polynomials.

@ Analysis of the expected time complexity.
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Preliminaries

M.

In order to improve computational efficiency, in a preprocessing step in
MGCD, we eliminate fractions from the input polynomials f; and fo
and the minimal polynomials M, ..., M,.

Denominator and Semi-associate
Let Lz = Z]oy, . . ., o).
Let f = %alx + s € Q(ay, as)[x] where a; = V2 and ap = /3.
@ The denominator of f, denoted by den(f), is the smallest positive
integer for which den(f)f € Lz[x]. Here, den(f) = 2.

o The semi-associate of f is f = rf where r is the smallest rational
number such that den(rf) = 1. Here, r = 2 and f = 3a12 + 2.

v
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Computation over Q(ayq, ..., ay,)

Question: How can we do computation over Q(ayq, ..., a,)?
Let

Ly=Q
Li = Lz—1/<Mz(Z7,)> fOT 1 S /) S n
L,=1L

where M;(z;) is the minimal polynomial of «; over L;_;.

Qag,...,apn) =L
FAnSWer: We map the operands from Q(ay, ..., ay) to L and do the
computation over L.
Remark

In our algorithm MGCD we suppose that we are given the minimal
polynomials Mj(z1),..., My(z,) of algebraic numbers aj, ..., ay,.

™ = — — Ty
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e L can be specified as a Q—vector space.

o Let d; = deg(M;(z;)) and [[;; d; = d. Then,
Br ={I]"1(z)%] 0 < e; < d;} is a basis for L.

o |BrL|=[L:Q=d

Example

We are given the field L = Q[21, 20]/(23 — 2, 23 — 3) with basis
Br ={1,2,21,2122}. If f =2z12+y+ 21 + 2129 € L[x,y], then
[f]BL = [ya 0,2z + 1, l]T'
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Let fi, fo € L]x1,...,zK], MGCD computes g = monic ged(f1, f2).

f1,f2 S LZ[:vl,...,mk] e gcd(fl,fg) S L[l‘l,...,xk]

op for pe{p1 ,pg,...}lpﬂ_[?zl le(M;)-1e(f1) TCRT, RN R, Division test

]Elan S Lp['rla s ,l’k] ng(flan) S Lp[xb oo 7xk]

l(bw T(b?l

flan S I_/p[l‘la"'vxk:] M ng(flaf2) S I_/p[xly' "7:Ek]

L=Qlz1,...,2n)/(Mi(21), ..., Mn(2n))
Ly =7Z[oy, ..., o] )
Ly, =12Zplz,... ,zn%/(ml(zl), ooy mp(2n)) s.t mi(z;) = Mi(z;) mod p

Ly = Zp|2]/(M(2)

M. Ansari and M. Monagan (SFU) CASC 2023, Havana, Cuba



Reduction mod p

The modular homomorphism

¢p : Z — Z, maps integers into their remainder modulo p. We choose
p to be a prime so Z, is a finite field.

fl, fg S Lz[xl, ... ,$k] —_— ng(fl, fg) S L[:El, R ,l’k]
6y Jor pE{p 2 [T, () 1)

TC’RT, RN R, Division test
Ji, f2 € Ly[wy, ..., 2]

ng(fl, fQ) S Lp[l‘l, . ,xk]
l@r T(ﬁ?l

fiy fo € Lylay, .. an] P98 ged(fi, fo) € Lylzi, . ..
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Lc-bad, Zero-divisor, and Unlucky Primes

Question: Can we use any prime?

BASWE] No!!
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Le-bad, Det-bad, Zero-divisor, Unlucky primes

o Lc-bad Prime. If p divides lc(f;) or any
lc(Mi(z1)), ... ,1c(My(2,)), then we call p an le-bad prime.

e Det-bad Prime. Let B, be a basis of L, and v be a primitive
element and A = | |1 U R

Brp - 1B,

If det(A) mod p = 0, then p is called a det-bad prime.

o Zero-divisor Prime. If p is neither an lc-bad nor a det-bad prime
and the PGCD algorithm tries to invert a zero-divisor over
L, = Zy[2]/{M(2)), we call p a zero-divisor prime.

o Unlucky Prime. Let g, = ged(¢p(f1), ¢p(f2)). If
Im(gp) > Im(ged(f1, f2)), then we call p an unlucky prime. The
results of these primes must be ignored.

@ Good Prime. If prime p is not an lc-bad, det-bad, unlucky, or
zero-divisor prime, we define it as a good prime.
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Example
Let L = Q[z,w]/(2? — 2,w? — 3). Let

fi=(x+w)(5z + 2w + z)zw
fo=(x+w)(5z + 9w + 2)

be two polynomials in L[z, y|. Let fix the lexicographic order with
T >,
o p1 =5 = ¢5(lc(f1)) =0 mod p;. Hence, p; is an lc-bad prime.
® pr =7 =>gp, = gcd(ep, (]El)v ¢P2(f2)) = (z + w)(5z + 2w + 2)
while g = ged(f1, f2) = (z + w). Since Im(gy,) > Im(g), we can
conclude that ps is an unlucky prime.
o p3 =3 = lc(f1) = 2w and w? — 3 = w? mod p3 so w is not
invertible. Thus, ps is a zero-divisor prime.
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The isomorphism

Dy
¢yt Lylz1, ..., 28] — L [xl, .., x| maps f over
Lplz1, ..., zn]/(mi1(21), ..., mp(z,)) to its corresponding polynomial
)

over Zy[z|/(M(z)).

fl,fg S Lz[xl,... ,.CL‘k] E— ng(fl,fg) S L[ml,...,xk]

ép for pe{pl,pg,...}lpﬂ—[?zl le(M;)-1c(f1) TCRT7 RNR, Division test

fl,fQ S Lp[xl, ... ,mk] ng(fl, fQ) € Lp[xl, o ,xk]

ldw Tqb;l

fl,fQ (S f/p[xl, ... ,xk] M ng(fl,fQ) S Lp[ml, R ,xk]
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How to compute a primitive element v and its minimal

polynomial M (z)

We use the LAminpoly algorithm:

@ Choose C1,...,Cy_1 € Z randomly from the interval [1, p) where p
is a large prime. Set v = a1 + Z?:Q Ci_10;.
@ Let By, be a basis for L. We build the d x d matrix

A=1|]1 I Bt

BL : BL
@ If det(A) # 0, then + is a primitive element and we can create its

minimal polynomial by solving | A - ¢ = —[y%] 5, | and setting
M(z) =24+ Zle gz L

We can do these computations over two ground fields F' = Q and

[F=2)
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Computation over F' = Q

Theorem (3)

Let Q(aq,...,an) have degree d and C1,...,Cp_1 € Z be chosen
randomly from [1,p) where p is a large prime. Define

vy=oa1+> ;5 Ci_1a, and let By, be a basis for Q(ai, ..., o). Let A
be the d x d matrixz whose ith column is [vi_l]BL for1 <i<d.

v is a primitive element for Q(axq, ..., ay) <= det(A) # 0.

Corollary

Under the assumptions of Theorem 3, if det(A) # 0 and
q=[q1,---,qa]" be the solution of the linear system A-q = —[y¥p,, the
polynomial M(z) = 2% + Z?Zl ¢z~ is the minimal polynomial of ~.

v
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Computation over F' = Z,

If p is not an lc-bad prime and det(A) mod p # 0

mi(z;) = M;(z;) mod p
Ly, =1Zplz1,. ..,z /(mi(21),...,mn(2n))

Ly = Zpl2]/(M(2))

Remark

It is likely that one or more of m;(z;) are reducible and so M (z) is
likely to be reducible over Z,. That is L, and Ep may not be fields.

M (z) still generates the quotient ring L, such that L, & L,,.
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The isomorphism ¢,

Let Br, and By be two basis of L, and L, respectively.

C:L,— Zg st Cla)=lalp,,

D:L,—7Z¢ st D) =bs
If det(A) mod p # 0, then
¢:L,— L, st ¢(a)=DYA C(a))

Lp

¢p':L,— L, st ¢ 'b)=C'(A-D())

Theorem (4)

If det(A) mod p # 0, then there exists a ring isomorphism
¢ : L, — L, which ind_uces the natural isomorphism
by Lplz1, ..., 28] — Lp[x1,. .., 24].
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PGCD

Algorithm PGCD is a recursive algorithm to find the monic ged of two
polynomials fi, fo in Lp[z1,...,zx] where p is a prime and k > 2.

fl,fQ S Lz[ZEl,... ,xk] e ng(fl,fz) S L[ﬂjl,.

o T
ép for pE{pl,pg,...}lpr?zl le(M;)-1e(f1) TCRT, RNR, Division test
fi, fo € Lyl ..., xy] ged(f1, f2) € Lyplxy, ..., xy)
lm %—1
fi o€ Lplay, ..., an) 2998 ged(fi, fo) € Lyla, . .., 2]
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Let f1, f2 € Ly[z1,...,xx] and g = monic(ged(f1, f2))-
O If k =1, then PGCD calls the MEA to find ged(f1, fa) € Ly[1].
PGCD might fail.

@ PGCD uses dense evaluation and interpolation to recover
Ty y L.
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Question: Can we use any evaluation point?

BASWER] No!'!
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Benchmark

Let L = Q(v2,v/3,V5,V/7,V/11) have degree 32. The input
polynomials f1, fo € L[z, y| have degree d in x and y and their ged g
has degree 2 in x and y.

d New MGCD Old MGCD
time | LAMP PGCD || time PGCD
4 10.119 0.023 0.027 || 0.114 0.100
6 | 0.137 0.016 0.034 || 0.184 0.156
8 | 0.217 0.018 0.045 || 0.330 0.244
10 | 0.252 0.018 0.087 || 0.479 0.400
12 | 0.352 0.018 0.078 || 0.714 0.511
16 | 0.599 0.017 0.129 || 1.244 1.008
20 | 0.767 0.017 0.161 || 1.965 1.643
24 | 1.103 0.019 0.220 || 2.896 2.342
28 | 1.890 0.023 0.358 || 4.487 3.897
32 | 2.002 0.020 0.392 || 5.416 4.454
36 | 2.461 0.017 0.595 || 6.944 5.883
40 | 3.298 0.019 0.772 || 9.492 7.960
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Complexity

Let f € L[fL‘l, s ,:L‘k].

@ The height of f, denoted by H(f), is the magnitude of the largest
integer coefficient of f.

@ Let #f denote the number of terms of f.

© We assume that multiplication and inverses in L, cost O(d?).
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Theorem

The expected time complexity of our MGCD algorithm is

O(N(M + CTy)d + Nd*(d + Ty + T,) + Nd?DF*! + N2dT,)

N is the number of good primes needed to reconstruct the monic
ged g

Ty = max(#f1,#f2) and Ty = #g

M = logmax?_, H(n1;) and C' = logmax(H(f1), H(f2)).

o D = max?_; max(deg(f1,;),deg(f2,2;)) and d = [L : Q).
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1. Compute the probability of getting unlucky, zero-divisor, bad
primes, and evaluation points.

2. Compute the probability that MGCD obtains an incorrect answer.
3. Apply Fast Multiplication and Fast Division algorithms in Z,[z] to
speed up arithmetic over L, = Z,[z]|/(M(z)).

Thank you!
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