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Abstract

Multivariate polynomial factorization over integers via multivariate Hensel lifting (MHL) is

one of the central areas of research in computer algebra.

Most computer algebra platforms, such as Maple, Magma and Singular, implement Wang’s
incremental design of MHL which lifts the factors one variable at a time and one degree at
a time. At each step MHL must solve a multivariate diophantine problem (MDP) which

Wang solves using the same idea; lifting the solutions one variable and one degree at a time.

Although this performs well when the evaluation points are mostly zero, it performs poorly
when there are many non-zero evaluation points as the number of MDP problems to be
solved can be exponential in the number of variables. In this thesis we introduce a new
non-recursive solution to the MDP which explicitly exploits the sparsity of the solutions to
the MDP.

We use sparse interpolation techniques and exploit the fact that at each step of MHL, the
solutions to MDP’s are structurally related. We design a probabilistic sparse Hensel lifting

algorithm (MTSHL) and give a complete average case complexity analysis for it.

We describe a series of experiments based on our implementation of MTSHL, compare its
efficiency with Wang’s algorithm, and show that MTSHL performs better for many practi-
cal applications. We also show that previous probabilistic approaches proposed for MHL as
an alternative to Wang’s algorithm are not practical whereas MTSHL is practical and the

running time is predictable.

Keywords: Multivariate Polynomial Factorization; Multivariate Hensel Lifting; Multivari-

ate Polynomial Diophantine problem; Sparse Interpolation; Sparse Hensel Lifting.
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Chapter 1

Introduction

1.1 Evolution of Multivariate Polynomial Factorization

Multivariate polynomial factorization arises in many applications in symbolic computation.
It is a significant sub-problem when computing primary decompositions of ideals, simplifica-
tion of large formulae, symbolic integration and solving systems of polynomial equations. It
also plays a significant role in other fields such as commutative algebra, algebraic geometry,
cryptography and algebraic coding theory.

Polynomial factorization has a long history; and as Kaltofen indicates [Kal85], it is a
success story. According to Knuth [Knu81], its beginnings can be traced back to 1707 Isaac
Newton’s Arithmetica Universalis and to the astronomer Schubert who in 1793 presented
a finite step algorithm to compute the factors of a univariate polynomial with integer co-
efficients. Kronecker rediscovered Schubert’s method in 1882 and also gave algorithms for
factoring polynomials with two or more variables or with coefficients in algebraic extensions
[Kro95].

In 1967 Berlekamp made an ingenious proposal for factoring univariate polynomials in
Zp|z] in which p is prime in [Ber67]. It is polynomial time in the degree of the polynomial
unlike all previous algorithms which are exponential in the degree. Two years later Zassen-
haus showed in [Zas69] how to apply the "Hensel lemma" to lift a factorization modulo a
prime p to a factorization modulo p?* in k iterations, provided that the integral polynomial
is square-free and remains square-free modulo p. For p?* sufficiently large, the integral
factors can then be found from the factorization modulo p?*.

In 1971 and 1975, Musser [Mus71, Mus75] formalized this idea, and described an outline
for the multivariate factorization based on Zassenhaus’s observations. Wang, in collabora-
tion with Rothschild [WR75], extended the ideas of Musser to obtain a multivariate factor-
ization algorithm for integral polynomials. Subsequently, Wang significantly improved this
multivariate factorization algorithm [Wan78] by developing an incremental design of multi-

variate Hensel lifting (MHL) and designing a coefficient correction algorithm (LCC). Today



many modern computer algebra systems such as Maple, Magma and Singular use Wang’s
incremental design of multivariate Hensel lifting (MHL) to factor multivariate polynomials
over integers. The details can be found in Chapters 6 and 8 of the Geddes, Czapor and
Labahn text [GCL92]. Only this textbook has the details. The Maple, Magma and Singular
implementations are all based on [GCL92].

As long as the necessary conditions are satisfied, Wang’s design of MHL invariably
returns the true unique lifting. In many practical applications the polynomials are sparse.
Although Wang’s method performs significantly better than the previous algorithm that
he developed with Rothschild in [WR75], it does not explicitly take sparsity into account.
Zippel’s sparse interpolation [Zip90] was the first probabilistic method aimed to take sparsity
into account. Based on sparse interpolation and multivariate Newton’s iteration, Zippel
then introduced a sparse Hensel lifting (ZSHL) algorithm in [Zip81], which uses an MHL
organization different from that of Wang. In this method Zippel suggested that one use
Wang’s LCC.

A new approach for sparse Hensel lifting for the sparse case was proposed by Kaltofen
(KSHL) in [Kal85]. Kaltofen’s method is based on Wang’s incremental design of MHL but
it uses a LCC different from Wang’s LCC and offers a distinct solution to the multivariate
diophantine problem (MDP) that appears as a significant sub-problem in Wang’s design of
MHL.

This thesis presents a new sparse Hensel lifting algorithm proposed by Monagan
and Tuncer (MTSHL) that appeared in [MT16-2]. It outperforms previous algorithms. It
is based also on Wang’s incremental design of MHL and LCC and offers a solution to the
MDP different from the solutions offered by Zippel and Kaltofen. To solve the MDP problem
appearing in MHL, the technique proposed by Monagan and Tuncer uses and improves the
sparse interpolation techniques developed by Zippel.

MTSHL algorithm performs much better than the previous two approaches
ZSHL and KSHL. Also for many cases it is significantly faster than Wang’s
algorithm.

What do we mean by performing better? According to the best of our knowledge the
average complexity analysis of the approaches by Zippel and Kaltofen were not done likely
because of the complicated nature of the algorithms and also because the term sparse is
unclear in a mathematical sense. One can make worst case complexity estimates; these
estimates are not based on sparseness. The papers do not mention an implementation
and we are unaware of any implementation of these algorithms in the literature. We have
implemented these algorithms in Maple and optimized them. We recognized that they do
not behave as the authors expected. For many sparse examples Wang’s proposal is quicker
then these two algorithms. This effect led us to question the assumptions upon which ZSHL
and KSHL are based. According to our experiments these proposals bring new hidden costs

that are not negligible. We will discuss these details and give concrete examples to test



how these approaches work, to find their weak points and to compare their efficiency with
our and Wang’s algorithms to convince the reader. We note again that Wang’s second
algorithm [Wan78] performs better for the sparse case than the previous proposal by Wang
and Rothschild [WR75] and it is the standard algorithm. If one aims to develop a new
approach for a multivariate factorization for the sparse case, it should be compared with
Wang’s second algorithm [Wan78]. We compute the exact complexity analysis of MTSHL.
The complicated nature of the algorithms make the exact complexity analysis tedious and
difficult. Even for Wang’s algorithm in [Wan78] an exact satisfactory complexity analysis
was not done because of its highly recursive nature. For an attempt in this direction see
[Wit04]. This analysis does not take into account the decrease in the number of terms of
a polynomial after evaluation and therefore fails to give insight for the sparse cases. As
we claim that for all cases our MTSHL algorithm performs much better than the previous
two approaches ZSHL and KSHL and also Wang’s algorithm for many cases, we are in a
position not only to implement and to show that MTSHL is quicker for some data but also
to make the term sparse mathematically precise and to compute the average complexity and
to verify our claims by randomly generated sparse polynomials and families of polynomials
with sparse factors. We do not give an exact complexity analysis of ZSHL, KSHL or Wang’s
approaches. After we implemented our approach, we recognized that for the sparse cases,
and when the evaluation points chosen by the algorithm are not all zero, MTSHL performs
better, so we focused on a detailed complexity analysis of MTSHL. This was not an easy
task and required almost half of the thesis, namely Chapters 5 and 6.

For the examples in the thesis and the implementation of the algorithms presented in the
thesis we used Maple, with two key parts implemented in C. This raises an obvious question,
is the gain obtained by MTSHL because of an efficient implementation of MTSHL, but poor
implementation of Wang’s algorithm? Regarding other computer algebra platforms, three
computer algebra systems with multivariate factorization are Magma, Singular and Maple.
For multivariate factorization they all use Wang’s MHL following the representation in
[GCL92]. Table 1.1 and 1.2 below shows that the multivariate factorization timings of

Maple are quicker then Magma and Singular.

1.2 The outline of the thesis

Consider the symmetric Toeplitz matrix T}, below:

€1 €2 ot Tp—1 Tn
) T cr Ip—2 Tn-1
T, =
Ip—-1 Tp—2 - T1 z2
In Tp—1 - €2 Tl



’ n \ #d, \ sizes of factors H Maple ‘ # MDP ‘ MDP% H Magma H Singular ‘
7 427 30, 56 0.035 161 30% 0.01 0.02
8 1628 167, 167 0.065 383 43% 0.04 0.05
9 6090 153, 294 0.166 1034 73% 0.10 0.28
10 23797 931, 931 0.610 2338 76% 0.89 1.77
11 90296 849, 1730 2.570 6508 74% 1.96 8.01

12 | 350726 9579, 5579 19.45 15902 80% 72.17 84.04
13 | 1338076 4983, 10611 84.08 45094 84% 181.0 607.99
14 | 5165957 | 34937, 34937 637.8 | 103591 7% 6039.0 || 20333.45
15 | 19732508 | 30458, 66684 || 4153.2 | 286979 84% 12899.2 -

Table 1.1: Factorization timings in CPU seconds for factoring d,, the determinant of the n
by n Toeplitz matrix 7, evaluated at x, = 1.

Let d,, be the determinant of T},, a polynomial in Z|[z1, ..., z,]. The data in Table 1.1 for
factoring d,, compares Maple 2017 with Magma 2.22-5 and Singular 3—1-6. Column #d,
is the number of terms in the determinant when expanded and the next column gives the
number of terms in the two factors. Column # MDP shows the number of calls (including
recursive calls) to Maple’s MDP algorithm and the column MDP% shows the percentage of
time in Hensel lifting spent solving MDPs. Notice that over 75% of the time is in solving
MDP’s. We also saw examples where over 90% of the time was in MDP. This was our initial
motivation for studying algorithms for solving MDP.

The determinant d,, = det(7,) is homogeneous. Since the difficulty of the factor-
ization of det(7,) depends on which variable is used to de-homogenize the determinant,
we fixed x,, = 1 for all three systems. That is, for det(7,) we time the factorization of
dp(z1, 22, ..., Tp_1,1).

The de-homogenization of di4 is of total degree 14 which has 2 factors. Both of them
are in 13 variables of total degree 7 and each has 34937 terms for a density ratio 0.450684.
The density ratio of a polynomial in n variables of total degree d with T non-zero terms is
given by the ratio T'/ (";rd).

The de-homogenization of dj5 is of total degree 15 which has 2 factors. The first factor
computed is in 14 variables of total degree 8, has 66684 terms and density ratio 0.208537.
The second factor is in 14 variables of total degree 7, has 30458 terms and density ratio
0.261937.

Factoring d,, is a challenging problem. We note that these factors are atypical sparse
examples. Their total degree is small and less than their total number of variables, which
is contrary to our intuition of sparse examples. They are huge and not too sparse; they
can be considered as dense in practical terms. Our natural expectation in this case is that

Wang’s approach is hence preferable to sparse approaches.



’ n ‘ #d, ‘ sizes of factors H Maple ‘ # MDP ‘ MDP% H Magma H Singular
7 246 7,924 0.045 330 90% 0.01 0.02
8 810 8,8,20,86 0.059 218 46% 0.07 0.06
9 2704 9,45,1005 0.225 1810 74% 0.74 0.24
10 7492 10,10,715,715 0.853 1284 62% 8.44 2.02
11 | 32066 11,184756 7.160 75582 91% 104.3 11.39
12 | 86500 12,12,42,78,78,621 19.76 1884 76% 7575.1 30.27
13 | 400024 13, 2704156 263.4 | 1790701 92% 30871.90 NA
14 | 1366500 | 14,14,27132,27132 || 1664.4 | 50381 | 77% > 10° || 288463.17
15 | 4614524 | 15,120,3060,303645 || 18432. | 477882 82% - NA

Table 1.2: Factorization data and timings in CPU seconds for factoring d,, the determinant
of the n by n Cyclic matrix (), evaluated at z,, = 1.

As can be seen from Table 1.1, if we factor di4 and di5 using Maple that uses Wang’s
algorithm for multivariate factorization, the calculation will take 637 s. and 4153 s. respec-
tively. MTSHL factors dyi4 and dy5 in 250s. and 1650 s. resp. 60% and 40% resp. spent
on solving diophantine equations. (Timings were obtained on an Intel Core i5-4670 CPU
running at 3.40GHz.)

Next, consider the Cyclic matrix C), below:

r1 T2 ... Tp-1 Ip

Ty X1 ... Tp—2 Ip-1
Cp =

r3 T4 ... Tl )

o I3 ... Iy ol

The data in Table 1.2 for factoring the determinant of C,, compares Maple 2017 with Magma
2.22-5 and Singular 3-1-6.

The determinant d,, = det(C},) is also homogeneous.

The de-homogenization of dy4 is of total degree 14 and has 4 factors. 2 factors are in 13
variables of total degree 1, has 14 terms and density ratio 1; the other 2 factors are in 13
variables of total degree 6, has 27132 terms and density ratio 1.

The de-homogenization of dj5 is of total degree 15 and has 4 factors. The first 3 factors
are of total degree 1, 2 and 4 with density ratio 1. The last factor is of total degree 8 with
density ratio 0.949573.

For these full dense examples, as can be seen from Table 1.2, if we factor di4 and
d15 using Maple that uses Wang’s algorithm for multivariate factorization, the calculation
took 1664 s. and 18432 s. respectively. MTSHL factors di4 and di5 in 523 s. and 7496 s.
resp. 0.16% and 0.06% resp. spent on solving diophantine equations.



To make this thesis accessible, we begin with a brief introduction to show how Maple,
Singular, Magma or other computer algebra platforms factor such huge multivariate poly-
nomials. We try to keep the requirements to read the thesis to a minimum and follow
a readable approach by giving non-trivial examples; these examples are important, since
as we will see in Chapter 4, without considering some concrete problems the complexity
estimates can be misleading. There can be hidden costs that are thought to be cheap but
that in practice are not. We have a computational problem and it is a natural wish of the
reader to see some live computations. We also supply pseudo-code so that a readers can

generate their own examples to convince themselves.

1.2.1 Various approaches for sparse multivariate factorization

As mentioned above, the most efficient multivariate polynomial factorization algorithm is
based on multivariate Hensel lifting (MHL), which is a natural generalization of univariate
Hensel Lifting. To begin we give an overview of the univariate Hensel lifting so that the
reader can see how the ideas behind univariate Hensel lifting naturally generalize to the
multivariate case. Leading coefficient correction (LCC) plays an important role in this
process; we will illustrate LCC with concrete examples.

In Chapter 2, we explain in detail the steps of the multivariate factorization developed
by Wang. We will see that LCC for the multivariate case and MHL play an important role in
multivariate factorization. We then observe that the MDP problem naturally appears as a
sub-problem during incremental design of MHL and we define the multivariate diophantine
problem (MDP) in detail.

Wang’s design of MHL is incremental; that is, it recovers the variables one at a time.
In a typical application of Wang’s multivariate factorization algorithm, one applies LCC
before the j** lifting step of the MHL. The total complexity of the factorization can then be
obtained as the cost of LCC + the cost of univariate factorization over Z[z1]+ the cost of
MHL. One can readily construct examples in which LCC or factorization in Z[x;] dominates
the total complexity. But such examples are atypical in practice. Generally among these, the
dominating cost is the total cost of MHL; moreover, within MHL solving the MDP dominates
the cost (see section 6.6). So, in Chapter 3 we investigate the ways of solving MDP. We first
discuss the natural attempts to solve the MDP via the use of Groebner bases and pseudo
remainder sequences and then show that these methods are inefficient. Next we will describe
Wang’s solution of the MDP. As we have discussed, although Wang’s approach is much
better than the previous approaches, its efficiency decreases significantly when the factors
to be computed are sparse but their number of terms are not that small and the evaluation
points that the algorithm chooses are non-zero. This leads us to probabilistic approaches
to solve the MDP to exploit the sparsity of the factors. We show that interpolation is an
option to solve the MDP. It may seem that solution via interpolation is a natural solution to
the MDP. But this idea is false. Solution to the MDP via interpolation is not deterministic



but probabilistic and the underlying probability is not immediate to see. Some evaluation
points of the interpolation algorithm will turn out to be unlucky, i.e. useless and in fact
we investigate the distribution of unlucky points. If the factors to be computed are sparse
then the solutions to the MDP are also sparse. Next we will show how to use Zippel’s
sparse interpolation idea to solve the MDP. Although this approach seems promising, it
comes with an additional evaluation cost that dominates as the number of terms in the
factors to be computed increases. One way to decrease the evaluation cost that we explore
in Chapter 3 is to decrease the number of evaluations required by evaluating to bivariate
images instead of univariate images and solve bivariate diophantine equations instead of
univariate ones. In the sparse interpolation one has to evaluate multivariate polynomials
at many points. The final section of Chapter 3 describes the evaluation method that we
have used for subsequent evaluation of a polynomial in sparse interpolation, which brings
a significant advantage over classical evaluation methods.

As noted above, sparse Hensel lifting was first introduced by Zippel [Zip81] and then
improved by Kaltofen [Kal85]. In Chapter 4, we inspect the general SHL ideas and discuss
ZSHL and KSHL in detail. At the j* step of the incremental design of MHL one computes
the Taylor expansion of factors at a random point in a for loop. At the i*® step of the for
loop one computes the i™® Taylor coefficient of the factors by solving an MDP problem.
Let us denote by f; one factor to be computed at the 7t step and by aj the random point
chosen by the algorithm. So at the j** step the Taylor expansion f; = Z?jfj b fii(zj—ay)t
is computed. The coefficients fj; are polynomials in the variables x1,...,z;_1. We make
a key observation that Supp(f;;) € Supp(fji—1) with large probability; by Supp(f;:) we
mean the set of non-zero monomials in polynomial fj;. Therefore, with high probability,
the number of terms of the polynomials to be computed by solving MDP decreases; so that
the sparse approach to solve MDP’s proposed in Chapter 3 becomes more effective as ¢
increases, even for cases in which the factor to be computed is dense. Moreover, while we
compute f;; via solving the MDP, a sparse technique to solve the MDP can take f;;_1 as
a skeleton. This observation means that solving a MDP reduces to solving linear equations
modulo p. Moreover, the linear systems are Vandermonde systems which can be solved very
efficiently. (See [Zip90].) In Chapter 4, we make these statements more precise, propose
and give the pseudo-code of MTSHL. Finally we reconsider the case in which the prime p
chosen by the algorithm is too small to compute the coefficients; in this case p-adic lifting
is needed. The current approach is the one described in [GCL92]. In this case, at the ;™
step of MHL, one projects down and computes the solutions to the MDP first in Z,[x1]
then lifts them to Z, [x1] and then by staying in Z, arithmetic iterates the solutions to
Ly [z1,...,2j-1]. At the end of Chapter 4 we show that a sparse MDP solver developed
in Chapter 3 renders an improved option. Suppose one factor f € Z[zq,...,z,] has a p-
adic representation f = 22:0 frp®. We show that in this case also with high probability
Supp(fx) € Supp(fr—1) if p is chosen randomly. Therefore we propose first computing the



factorization in Zy[z1, ..., z,] by doing all arithmetic mod p where p is a machine prime (e.g
63 bits on a 64 bit computer), i.e. run the entire Hensel lifting modulo a machine prime.
Then lift the solution to Z,, [1,...,2,] by computing fx, again by solving each MDP appear
in the lifting process using the sparse interpolation developed. By this approach we stay
in modulo p to recover integer coefficients. We confirm with experimental data that this
approach brings a significant gain over the previous approach.

Our solution to MDP via sparse interpolation was first presented as a poster at IS-
SAC 2015; then MTSHL was first presented in detail in CASC 2016 and published in the
Proceedings of CASC 2016 [MT16-2]. The final chapter considering the p' case will be

submitted soon.

1.2.2 Efficiency and analysis of MTSHL

MTSHL is a probabilistic approach, like ZSHL and KSHL. To investigate the efficiency of
the MTSHL algorithm we must consider the probabilistic assumptions made in the design
of MTSHL. Given two multivariate polynomials in Fy[x1, ..., 2] in which Fy is a finite field
of g elements and a random evaluation point v = (y2,...,7) € ngl, the solution to the
MDP proposed by MTSHL requires that ged(f(z1,7),g(x1,7)) = 1. This condition is true
with high probability if ¢ is big enough. A point v which does not satisfy this condition is
called an unlucky point. Let X be a random variable that counts the unlucky points for
a given multivariate polynomial pair (f,g). In Chapter 5, we consider the distribution of
unlucky points and calculate the expected value E[X] of X. It was a surprise to us that
E[X] = 1 independent of the degrees of f and g. One should also consider how smooth is
the distribution. To see it we must calculate the variance Var[X] of X, which is difficult to
compute. To attain this goal we must investigate techniques to compute Var[X]. Chapter
5 shows also a pertinent result. Suppose in the discussion above, n = 2 and we change the
field F, with Z,, in which m is a composite number and X is the random variable which
counts the number of roots of f(x) in Z,,. This case is interesting, because as we see in
Chapter 5, in this case too, the expected value E[X] = 1, but we have not a small variance
as one might expect because of the zero divisors. The existence of such zero divisors makes
the computation of Var[X] difficult, but the techniques we developed in Chapter 5 allow us
to compute the variance in this case and to give an explanation to sequence A006579 in the
On-line Encyclopedia of Integer Sequences. Most of the work explained in Chapter 5 was
presented at FPSAC 2016 and published in DMTCS, see [MT16-1].

As a final step we give a precise complexity analysis of MTSHL. As the inner structure
of the algorithm is complicated and as we claim that MTSHL behaves well for computing
sparse factors we must be careful in our complexity analysis. As Chapter 2 makes clear, the
incremental design of MHL is based on the evaluation of one variable of the input polynomial
to be factored at a random point. Each time, the number of terms in the polynomial

hence decreases after evaluation. To have an effective estimate of the complexity we must



estimate the number of terms of a polynomial after each evaluation. For this purpose,
we will make the term sparse more precise by defining the density ratio of a polynomial.
Let f € Zylx1,...,zy] be a randomly chosen multivariate polynomial in which p is a large
prime. Suppose that the total degree of f is d, that f has Ty non-zero terms and that
v € Zjp is chosen at random. Let X be the random variable that counts the number of
terms of f(z1,...,2,-1,7). We first compute the expected value E[X] of X and then give
a good estimate for it. We also discuss the variance Var[X] of X. Each time we make an
observation we confirm our theoretical estimations with experimental data. A well-known
result of Zippel is the sparse interpolation [Zip79] paper. Many gcd computation algorithms
implemented in computer algebra platforms use this approach, including Maple, Magma
and Singular. Our observations in Chapter 6 show that one of the assumptions made by
Zippel in his complexity analysis of sparse interpolation [Zip79] is false. We revise this
assumption and correct the analysis. We hopefully modify the common perception that
in Zippel’s variable by variable sparse interpolation,that most of the work is done when
interpolating the last variable x,,: For most sparse polynomials, the number of evaluation
points needed to interpolate the last n/2 variables is the same. Next we investigate further
and compute the expected number of terms of Taylor coefficients of f expanded around a
non-zero random point . Then we compute the complexity of solving a single MDP. As
the complexity analysis is tedious, we hope it will help the reader to follow the section in
which we compute the complexity of MTSHL. Eventually we present some timing data to
compare our factorization algorithms with Wang’s algorithm, which is currently used in
Maple. Most of the work explained in Chapter 6 has been submitted (to JSC) recently.

1.3 Univariate Hensel Lifting

The aim of this section is to give an overview of univariate Hensel lifting so that the reader
can see how the ideas behind univariate Hensel lifting naturally generalize to the multivariate
case which we will describe later. It is intended to be self-complete. For a comprehensive
introduction and a detailed discussion on the subject we refer the reader to [GCL92]. We
follow their treatment.

Suppose that we are given a polynomial a(z) € Z[z], a prime number p and a pair of

relatively prime factors ug(z),wo(x) € Zy[x] such that
a(z) = uo(z)wo(z) mod p,

and our aim is to lift these factors to a pair of factors u(z), w(z) € Z[x] such that u(z) =
uo(x) mod p and w(x) = wo(x) mod p.

In other words, we want to invert the modular homomorphism
Op : Llz] = Zyp[z].

9



where ¢,(f) = f mod p. The idea of Hensel lifting is to choose I € N big enough so
that p'/2 is bigger than any of the integer coefficients of a(z) and the possible factors
u(z), w(z) € Z]x]. This is done to identify Z with Z, for this specific problem.

Before we explain this approach, it is important to note that such a solution pair in
Z[z] may not exist, even if the polynomial in Z[z| splits into irreducible factors over some
prime p. For example the polynomial a(z) = 2* + 1 € Z[x] is irreducible over Z and splits
into quadratic factors for p = 5: a(z) = (2% + 2)(2% — 2) € Zs[z]. In fact, a(z) splits into
quadratic factors for any choice of p > 2.

Now we explain the lifting process using the bivariate Newton iteration: We start by
assuming that the polynomial solutions @(z),w(x) € Z[z] to the problem exist. Given
a(x) € Z[z] , it is possible to determine such a bound | € N as described above by using the
Mignotte’s bound [Mig74] which is given in the Theorem 1 below.

For a given univariate polynomial f = Y1, f;z* € Z[z] the co-norm is defined as

[ flloc = maxo<i<n | fil-

Theorem 1. (Mignotte’s bound [Mig74]) Let f, g, h € Z[x] be univariate polynomials where
degree of f,g,h is d,m,k respectively. If the product gh divides f in Z[x] then we have

glloolBllos < 2™V d + 1| |-

Corollary 2. Applying Theorem 1 to g = 1 and keeping f,h as before leads to the following
bound for every coefficient of every factor h of f.

hlloe < 2Vd + 1] floo-
Now consider the p-adic representations

i = ug+urp -+ up
w = wo—l—w1p+'--+wlpl.

For 1 <k <, let us define u®) = up and

u® =4  mod pr=uo+up+- +up1pt!

and Au®) = yp¥. Then we have u*+1) = *) 4 Au*). We define similar notation for w.

We want to obtain the factorization a = u*+Dw*+1) mod pF*+! given a factorization

k), (k)

a = u®w® mod p*. We have

a—uE DD = () B (w® )

= a—uPw® — (uaw® + weu®)pt — upwep?

k k+1

= a—uPw® — (uw® + weu™)p*  mod p

10



Algorithm 1 Univariate Diophantine Solver (UniDio)

Input: A field F, a,b, c € F[z] such that ged(a,b) | ¢ with g = ged(a, b).

Output: 0,7 € F[z] such that oca + 76 = ¢ with dego < degb — degg. Moreover if
degc < dega + degb — deg g then 7 satisfies deg T < dega — degg.

Find s,t € F[x] such that sa + tb = g via the extended Euclidean algorithm.
Set & := sc/g and T = tc/g.

Divide ¢ by b/g so that & = (b/g)q + r for some unique ¢, r € Fx].

Set o :=r and 7 := 7 + q(a/g).

return (o, 7).

Therefore if a = u*+Dw*E+D)  mod pF+! we should have

a— u®®
= ———F—— mod p.
p

ukw(k) + wku(k)

Observe that ¢,(u®)) = ug and ¢, (w*)) = wy. Hence we get

WoUy, + UoW, = Pp ( (1.1)

a— u®w®
pk '

It turns out that solving Eqn (1.1) for u; and wy is crucial to get the factors v and w.
Eqn (1.1) is an instance of a univariate diophantine problem (UDP) in Z,[z]. We state it

formally and give an algorithm for its solution :

Theorem 3. Let Flx] be the Euclidean domain of univariate polynomials over a field TF.
Let a,b € Flz| be given non-zero polynomials and let g = ged(a,b) € Flx]. Then for any

given polynomial ¢ € Flx] such that g | ¢ there exist unique polynomials o, € F|x| such that
oa+71h=c (1.2)

where dego < degb — degg. Moreover if degc < dega + degb — degg then T satisfies
degT < dega —degg.

Proof. An algorithm to find the unique solution pair is described in Algorithm 1, UniDio.
Correctness: After finding s, t € F[z] such that sa+tb = g via extended Euclidean algorithm
(EAA) we have s(a/g) +t(b/g) = 1= sc(a/g) +tc(b/g) = ¢ = sa(c/g) +1tb(c/g) = c. Then
let & := s(c/g) and 7 := t(c/g). By dividing & by b/g we get s(¢/g) = (b/g)q + r for some
unique ¢, € Flz] so that deg,(r) < deg,(b/g) = deg,(b) — deg,(g). Now set ¢ := r and
7:=7+q(a/g). Then in Flz] we have

oa+th = ra+(t(c/g)+q(a/g))b = (s(c/9)—q(b/g))a+(t(c/g)+q(a/g))b = s(c/g)att(c/g)b = c.

11



Uniqueness: Suppose one also has o,7 € F[z] such that dego < degb — degg satisfying
ca+7b=c. Then (6 —0d)(a/g) = —(7—7)(b/g). Since ged(a/g,b/g) =1 = (b/g)|(0c — 7).
Then deg(b/g) < deg(c—&) < deg(b/g). Thisis possibleonlyifc—c =0=0c=0=717=T1.

Finally suppose that deg(c) < deg(a) + deg(b) — deg(g). We have shown above the
existence of the solution. So we can write 7 = (c—oa)/b. Then deg(7) = deg(c—oa)—deg(b).
Now if

e degc > deg(oa) = degT < degc — degb < dega — degg.

e degce < deg(oa) = degT < dego + dega — degb < (degb — degg) + dega — degb =
dega — degg.

Now we continue our discussion on univariate Hensel lifting (UHL).
Since ged(ug, wp) = 1 € Zplz|, we can solve Eqn(1.1) using Algorithm UniDio to find

unique polynomials oy, 7, € Zp[z] such that

a0 — u®®
pk

ORUQ + TEWo = Pp (

where deg oy, < degwy.

We then claim that the order k 4+ 1 p-adic approximations to the solutions @ and @ are
uD = 4 ®) 4 b and w D = w®) L gy pk.

Let us state and prove it formally.

Theorem 4. (Hensel’s Lemma). Let p be a prime in 7 and let a(x) € Z[x] be a given
polynomial over the integers. Let u™ w®) e Zp|z] be two relatively prime polynomials over
the field Z, such that

a(z) = uWMw®  mod p.

Then for any integer k > 1 there exists polynomials u®), w®) ¢ Ly [x] such that
mod p*
and

u® =4 mod p and w® = w®  mod p.

Proof. The case k = 1 is already given. Assume that claim is true for £ > 1 and we have

u®) k) ¢ Lk [z] satisfying the conditions given in the theorem. We define

- (1.3)

(@) — ut®
ex(x) = by (”)

12



where all operations are performed in Z[x] before applying ¢,. Since ged(u®, w) =1, by

using Algorithm UniDio we can find the unique polynomials oy, 74, € Zy[z] such that

1)

opu™ + ™ = ¢, mod D (1.4)

where deg o), < degw™). We then define

Lk +D)

= u® 4 7pF and wk D = w®) 4 gk, (1.5)

Let u(®) = Z]Lj;é ugp® and w®) = Z’;:é wgp® where up = uP) and wy = wV). Now passing

k+1

to mod p we have

uF DD = () o Y (w®) + oppF)  mod pF !
= u®u® 4 (gpu® + 7w®)pF  mod pFt

k—1 k—1
= uFy® L (0% Z usp® + T Z wsp®)p*  mod pFtl
s=0 s=0

= u®u® 4 (™ + rwM)pF  mod pFH!
= u®yw® 4 epk mod pFtl, by Eqn(1.4)
= a mod p** by Eqn(1.3).

From Eqn (1.5) it is clear that
uFtD = 4 mod p* and w* Y = w®  mod pk.
Hence by the induction hypothesis

wF D — 4 mod p and w1 = ™ mod D

O

Example 5. This example considers the uniqueness of Hensel construction described in
Theorem 4. Consider the example where a(r) = 22 — 1 € Z[z] and p = 5. Also let
ugl) =x—1, wgl):x—i—l, ugz):x—l, w§2) =x+1

and
uél) =x—1, wél) =x+1, qu) =—-9(z —1), wéQ) =11(z +1).

13



Since —9 =11 =1 mod 5 we have ugl) = ugl) mod 5, wgl) = wél) mod 5 and

a(r) = u§2)w(2)—u(2)w§2
( (
2

1
a(z) = uMw

= Uy
= ugl)w
Thus, even if we impose monicness on a(z) € Z[z] and the factors u), w®) € Z,[x], the
conditions in Theorem 4 do not imply uniqueness of the factors u®), w*) € Ly |x] for k > 1.

On the other hand, note that ug) and u§2) are associates in the ring Z,:[z]. The same
is true for w§2) and ng). In fact one can show that in such a case different liftings must
be associates. (See [GCL92]). This observation will be important to solve the leading
coefficient problem.

If we impose monicness on u®), w*) for each k& > 1, then we have the uniqueness

property of the Hensel construction as shown below.

Corollary 6. (Uniqueness of the Hensel Construction) In Theorem 4, if the given polyno-
mial a(x) € Z[z] is monic and correspondingly if the relatively prime factors MORTIONS
Zp|x] are chosen to be monic, then for any natural number k > 1, monic polynomials

u®), wk) ¢ Zyy[z] in Theorem 5 are unique.

Proof. The proof is again by induction. For the case kK = 1 the given polynomials are clearly
unique since the solution pairs are relatively prime over Z,[z]. Assume that claim is true
for k > 1 and we have unique monic u® w®) Lk [x] satisfying the conditions given in the

theorem. We need to prove the uniqueness of the monic polynomials wktD) (b +1) ¢ L [x]

satisfying
a(z) = uF DD pod pht
and
uF D =M mod p and w® D = M mod p.
We have

a(z) = uFFDwEFD) mod pF! = a(z) = wFFDw*D mod pF.

But then by induction we also have a(x) = u®w®)  mod p* . Hence by induction assump-

tion on the uniqueness of lifting over p* we have

wF ) = ) mod pF and w1 = *)  mod Pk

Therefore p* divides both u**1) — 4*) and w*+1) — *) | Hence we can write
uF D = 4 4 7(2)pF and w ) = w®) 4 o (z)p* (1.6)
for some polynomials o(z), 7(z) € Zy[x] and it remains to prove the uniqueness of o and 7.

14



For a given polynomial f, let us by LCy, (f) we denote the leading coefficient of f w.r.t
variable x;. We don’t use the subscript if f is univariate. According to Eq (1.6) if dego >
degw® then 1 =LC(w*tD) = LC(w® + o(z)p¥F) # 1 because of the multiple p* and
monicness of w*). The argument is similar for 7. So, since a,u!),w™ are all monic for
k > 1, we must have

dego < deg w® and deg 7 < deg uV.

k+1) k+1)

This means that uf and w( must always have the same leading terms as u(!) and
w® respectively (This observation is important for the next section where we discuss the

leading coefficient problem.). Now as before, over Z,+1[x] we have
a=uPw® 4+ (cu® + 7wM)p*  mod pFtl.

It follows that (k),,(k)
oul) 4 rw® = 222 mod p.
p

But any solution o satisfying this equation with
deg(o(z)) < deg(wM(2))

is unique by Theorem 3. By the uniqueness of univariate division in Z,[z], it follows that

7(x) is also unique. O

1.4 Leading Coefficient Correction (LCC)

Corollary 6 that we have proved in the last section shows the uniqueness of the Hensel
lifting in the monic case. We consider the non-monic case now. For a detailed discussion
we refer [GCL92]. Here we sketch the idea behind the LCC.

A polynomial is called primitive, if the greatest common divisor of its coefficients is

equal to 1. Let a = uw with a,u,w € Z[z] all primitive and let
a =LC(a); p = LC(u); v = LC(w).
Suppose also p 1 a. We should satisfy o = uv. Now we define @ := aa. Then
a = pruw = [vul[pw].

So if we define @ := vu and @ := pw, then there is a factorization of the form a = ww € Z[x|
where both factors have the leading coefficient «. This observation suggests that we can
solve the leading coefficient problem by simply correcting the leading coefficient of the lifted

factors by @ mod p*, i.e. each time we compute @¥),@*) in the for loop in the Algorithm

15



UHL and update the correct the leading coefficients by @ mod pF. In other words, if

uw®) w*) denote modulo p* factors @*),w®*) which maintain the conditions of Hensel’s

lemma, we simply define

Note that if p + LC(a) = « then p { LC(u®) and p { LC(w®) so LC(u®)~1 and
LC(w®)~1 exist modulo p*.

Finally since a € Z[x] was assumed to be primitive, after the last step of lifting we define
the actual factors as u = pp(@), w = pp(w), where pp(f(z)) denotes the primitive part of
a given polynomial f(x) € Z[x].

But there is an ingenious modification described by Yun [Yun74] which is attributed to

a suggestion by J. Moses. Modulo p the factors of @ must be of the form

1_|_..._|_50

=41
|

O = apz™ + Bp—12™

(1)

&
Il

apt” + 12" 4+

where oy, = ¢,(). Now suppose that the factors @M, @) are simply changed by replacing
the leading coefficients ay, by a. To this end we define the replaceL.C as follows:

Given a polynomial a(z) € R[z] over a coefficient ring R and a given r € R, re-
placeLC(a(x),r) is the polynomial replacing the leading coefficient of a(z) by 7.

Then after applying replaceLC we get

1

aM = az™ 4 Bp_1z™ -+ Bo

U:](l) — amn —+ 'Ynflwn_l + .-+ Y0-

In other words the leading coefficients of @(!), @) are no longer represented as elements of
the field Z,, but nonetheless we still have a = 4w € Z,|x].
The Hensel construction can therefore be applied using this modified factors: Let us

consider the step 9 in the algorithm in the for loop. We first compute

i — MWy

p

CcC =

Note that the domain of this operation is Z[x]. Since LC(a) = o we have

degc < dega = deg al) + deg oW,

16



This means that the solution to the diophantine equation
ouV) + o) = ¢

will satisfy the usual condition dego < degw™®) and also satisfy the additional condition
(See Theorem 3)
deg T < deg am.

Before we give a concrete example which covers what we explained so far, note that this
last idea allows us to handle LCC outside the for loop as described in the algorithm UHL
below. The fact that LCC can be handled outside the for loop will remain valid for the
generalization of Hensel’s construction for the multivariate case.

Univariate Hensel lifting algorithm described as Algorithm 2, UHL. It is based on
[GCLY92]. A concrete example is in order.

Example 7. Suppose that we are trying to factor
a(r) = 122 + 102? — 36z + 35 € Z[z].
We choose p = 5. Note that LC(a) = a = 12 and p{ a. Observe that a is primitive and

D™ mod 5 (1.7)

a = ul
where u(V) = 2z, w() = 22 + 2 € Zs[z]. Now we define

a(x) = 12a = 14423 + 12022 — 432z + 420 € Z[z).

Now, if there is a factorization a = uw € Z[z] satisfying Eqn (1.7) then there is a factoriza-
tion of a where 12 is the leading coefficient of each factor .

As a first step we update u(1) « ¢5(12-271 - ™M) = 22 and wM) — ¢5(12- 171 wM) =
222 — 1. Then by solving su() +tw(?) = 1 via EEA we get s = z, t = —1 € Zs[x] such that
su® 4+ tw) = 1. Then by applying replaceLC we get

aM =122, oM = 1222 — 1.
Now the error is e; = a — aMwM) = 12022 — 4202 + 420. In iteration step k = 1 we first get

c1=e1/5=24z% —84x + 84.

17



Algorithm 2 Univariate Hensel Lifting (UHL)

Input
1. A primitive polynomial a € Z[z].
2. A prime p such that p{LC(a).
3. uM w) € Z,[2] such that ged(u™®, wM) =1 and a = uMw® mod p.

4. An integer B which bounds the magnitudes of all integer coefficients appearing in a
and its possible factors with degrees not exceeding max{deg u®, deg w(l)}.

Output
1. Polynomials u,w € Z[z] such that a = vw € Z[z] and
monic(u) = monic(u("))  mod p, monic(w) = monic(w™) mod p

where monic denotes the function which makes the polynomial monic as an element
of the domain Zj[z].

2. If there is no factorization of a € Z[x] such that ¢ = uw™ mod p, it returns 'no
such factorization’.

a <+ lcoeff(a)
a <+ aa
uM) « ¢, (amonic(uM)), w) + ¢,(amonic(wl))
uD < mods(u, p), w) < mods(w™), p). (Symmetric range)
u + replaceLC(u()), a), w + replaceLC(w), a)
e(r) < a—uw
modulus < p
while e # 0 and modulus < 2Ba do
¢ + (e/modulus) mod p
(0,7) < UniDio(u™, w® ¢) (Algorithm 1 with F = Z,,).
o < mods(o,p), T < mods(7,p). (Symmetric range)
u 4 u+ 7 - modulus, w + w ~+ o - modulus
€+ a— uw
modulus < modulus - p
: end while
: if e =0 then
return (primpart(u), primpart(w))
. else
return no such factorization exists
. end if

I i e e R
P N SR T ol S el
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By solving ow® + 7u(!) = ¢; by Algorithm UniDio we get ¢ = 1, 7 = 2 — 2 € Zs[z] and

u? = gM+1.5=122+5
w? = oW+ (z—2)-5=122% 4+ 5z — 11.

@@ = —3252 + 475. In iteration step k = 2 we first get

=g

Now the error is ex(z) = a —
cy = 62/52 = —13z + 19.
By solving cw® + 7u1) = ¢y by Algorithm UniDio we get ¢ = 1, 7 = 1 — & € Zs[z] and

u® = a® (1) 5% =122+ 30
w® = @® 4 (1-12)-5% =122% — 20z + 14.

At this point the error is es = @ — 4w = 0 = a = a®w®). Finally taking the primitive

parts we get the actual factors

u(@) = pp(a®(2)) =¥ (2)/6 =22 +5
w(z) = pp(@®(z)) =a®(x)/2 =62 — 10z + 7.

1.5 Multiterm Hensel Lifting

A generalization of the two-term univariate Hensel lifting described in the previous sections

is straightforward. This time we will start with the factorization
a = ugl) w7, [a]

where gcd(ugl),ugl)) = linZy[z| for i # j.
Then during the multiterm Hensel lifting, for each lifting step k£ > 0 we will find UZ-(k—H) €
Zyp|z] to get
ugkﬂ) ( )+ a( )p € Zyk+1[z] so that ugk) = ul(-l) € Zplz]

where deg(agk)) < deg(ugk)). Note that

i=1 i=1 1 j=

ﬁugk—&-l) _ ﬁ( (k) —|—o‘ p H“ (Z (k) ;;)) mod pk+1
1,56
hence
(ﬁ “gkﬂ) - ﬁ%k)) /" = ZT:O’Ek) ﬁ ug-k) mod p.
i=1

i=1 i=1 j=1,j#i
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Therefore we are faced with the multiterm version of the univariate diophantine problem:

Suppose that we are given polynomials uy,...,u, € Zyz] where p { LC(J[{_; ui). Let
bj = [li=1z; ui so that bju; = [[;_; wi. Let ¢ € Zp[x] such that degc < deg(I[;_; u;). The
aim is to find oj € Z,[x], j = 1,...,r such that

o1b1 4+ -+ o, =c

where 0; = 0 or dego; < degu;.
The solution is obtained by first solving the multiterm version of the EEA: Find s; €
Zp|z],j =1,...,r such that
sibi+ -+ 80, =1

where deg s; < degu;.
Before we describe the general solution to the multiterm EEA, let us first consider the

case where r = 4, to see the idea behind: The task is to find s1, s, 3, 54 € Zp[z] such that

S$1b1 + sobo + s3b3 + s4by =
= S1U2U3U4 + SoUIU3U4 + S3UTUUL + S4UTUUZ =

= s1uguguyg + u(Sousuyg + Sgusuy + Squguz) =

—_ = =

= S1ugusuy + uy(sausuyg + ug(ssug + squg)) =
We start by defining 8y := 1 and solve the diophantine equation
stuougus +u1f1 = 1 mod p
for s1,81 € Zy|x] such that deg s; < degu;. Then we solve the diophantine equation
saugug +uzfy = f1 mod p
for s9, B2 € Zy|x]such that deg sy < degusg. Finally we solve the diophantine equation
ssuq +ugfs = P2 mod p

for s3, 83 € Zp[x] such that deg s3 < degug and define s4 = f33.
So, we can describe the general procedure to solve the multiterm EEA: We define §y := 1.

Then for j from 1 to r — 1 we solve the diophantine equation

r
Biju; + s H u; = fj—1 mod p
=41

for B,s; € Zp[x] such that degs; < degu;. Finally define s, := §,_.
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The first task is done. Now we have

T T
Zsjbj =1= chjbj =c.
Jj=1 J=1

Then, since p t LC(u;) we can apply by univariate division to find the quotient and remainder
qj,7j € Zp|x] such that

cSj = ujq; + 1

where r; = 0 or degr; < degu;. Then we define o; := ;. Observe that

cs; = ujq; +0j

T T T
= ijcsj = ijujqj + ijaj
j=1 j=1 j=1

r r or r
=>0ij3]‘ = ZHUin+ijUj
=1 j=1

j=li=1
T r T

=c = HuiZq]'—f—ijaj
=1 j=1 j=1

Since degc < deg([]i=; ui), it follows that 3774 ¢; = 0 and ¢ = 377, bjo; where dego; <
degu;.

The leading coefficient problem is solved in a similar way as in two-term univariate
Hensel lifting algorithm UHL. So, the algorithm for multiterm univariate Hensel lifting is
a simple modification of the UHL algorithm by multiterm EEA and multiterm diophantine

equations as we have described above.

1.6 The generalized Univariate Diophantine Problem (UDP)

We will see in Chapter 2 that during the process of MHL, Wang’s algorithm needs to solve
univariate diophantine problem Eq (1.4) over Z, [r] which is not an Euclidean domain for

I > 1. Instead, we will use the following Theorem.

Theorem 8. [GCL92] For a prime integer p and a positive integer [, let u,w € Zy[z] be

univariate polynomials satisfying
(i) ptLC(u)and pt LC(w) and
(it) ged(op(u), pp(w)) =1 in Z,|x].

Then for any polynomial ¢ € Z, [x] there exist unique polynomials o, 7 € Zy[x] such that

ou+Tw =c (1.8)
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where deg o < degw.
Moreover if degc < degu + degw then T satisfies deg T < degu.

To find the solution in the ring Z[z] for [ > 1, the idea is to find the solution in Zj[x]
and lift it by using Newton iteration. We give the sketch of the proof.
The first step is to find 3, € Zy[r1] such that 3u + tw = 1 mod p'. To reach this
aim, assume a context in which a polynomial solution is known to exist, and let the p-adic

expansions of the solutions 5 and ¢ be

§ = s+spt-+sp’ o+ s
t+tp+- A+t

St
Il

Let also s®) := § mod pFand¢t® :=7 mod pF. The equation that we will apply Newton’s
iteration is: G(s,t) = su+ tw — 1 € Z[x1] for the unknowns s,t. As we did in Section 1, if
we have order k p—adic approximations s*), (%) to the actual solution pair (3,%) and if we

obtain the correction terms As®) := s.pF At .= ¢.pF by solving
Go(s®) N AHE) 4 G(s®) ) As) = —G(s®) ¢ ) mod pht,

then the order (k + 1) p-adic approximations will be s 1) = () 4 As(k) and ¢+ =
t®) 1 Atk) | By substituting the derivatives we get

1— sy — )y
Pk

usy + wty = mod p. (1.9)
Since ged(u™®,w®) = 1in Zp|z1] we can apply Algorithm UniDio algorithm to find s,t €
Z,|x] such that su+tw =1 mod p. Let s() := s and 1) ;= t. Then for k =1,2,...,1—1
Eqn (1.9) can be used to compute sy, t;,’s. This recursive step will be finite. Then 5§ = s()
and 7 = 0,

The next step is to compute o and 7. We proceed as before. Let 6 := sW¢ and 7 := tOe.
We have p { LC(w) so LC(w) is a unit in Z,[z]. Then we can apply Euclidean division
to compute & = wqg+r mod p' for some ¢,r € Ly [z] such that » = 0 or degr < degw.
Finally we define ¢ := r and 7 := 7 + qu.

It remains to show the uniqueness of the solution and the degree constraints. Let
01,T1 € Zy [x1] and 09,79 € Ly [x1] be two solution pairs satisfying the conditions (i) and

(ii). Then we have

(o1 — o2)u —(11 — 12)w  mod P!

¢p(‘71 - (72)%(“) = _¢p(71 - T2)¢p(w) mod p.
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But we have ged(¢p(u), ¢p(w)) =1 mod p. Then ¢p(w) | ¢p(01—02). Note that p { LC(w),
it follows that deg(¢p,(w)) = deg(w). On the other hand, by assumption we have

deg(o1 — 02) < max{deg(o1),deg(02)} < deg(w).

Thus 01 —02 =0 mod p= 7 — 7 =0 mod p. Our aim is to show by induction that
p* | (01 — 02) and p¥ | (71 — 7») for each 1 < k < 1. We have already proved the case k = 1.
For the case k = k + 1: We define

a=(o1—02)/p* and B=—(n—m)/p"
NIz
au = fw mod pl*k.

By repeating the degree argument above we get « = 0 mod p and 8 =0 mod p. This

ML ML (11— ).

Finally we need to prove remaining degree constraints: p f LC(w) implies that LC(w) is

means p o1 — o9) and p

a unit in Z, . Hence the following division will be valid in Z,[z1]:
T(z) = (c — ou)/w.

Then deg(7(x)) = deg(c — ou) — deg(w < max{deg(c),deg(o) + deg(u)} — deg(w)

Now if deg(c) < deg(u) + deg(w) we have 2 cases:

(i) deg(c) > deg(o) + deg(u) = deg(7) < deg(c) — deg(w < deg(u).

(ii) deg(c) < deg(o) + deg(u) = deg(r) < deg(o) + deg(u) — deg(w) < deg(u) since we
have already seen that deg(o) < deg(w). This completes the proof.
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Chapter 2

Multivariate Factorization

2.1 The Steps of Multivariate Polynomial Factorization

In this section we will describe the steps of multivariate polynomial factorization as devel-
oped by Wang [Wan78]. This algorithm is currently being used by many computer algebra
systems including Maple, Magma and Singular. Their implementations are all based on the
description of the algorithm in Chapter 6 and 8 of the Geddes, Czapor and Labahn text
[GCL92]. For the mathematics behind MHL we will follow the treatment of [GCL92] and
also [Wan78] by providing concrete examples.

Suppose that the aim is to factor a polynomial a € Z[z1,...,x,]. By choosing a main

variable, say z1, we may write a as a polynomial in z,
-1
a(x1,...,%n) = )" + cp1x] -+ azi+ oo

with coefficients ¢; € Z[zo, ..., x,] for 0 < i < m and the leading coefficient of a, LC, (a) =

¢m # 0. The content of a, cont,(a), with respect to the main variable z is defined as
conty, (a) = ged(co, €1, .-y Cm)-

The primitive part of a, pp,,(a), is defined as a/cont,, (a). We say a is primitive if
conty, (a) = 1.

We also say a is square-free if a has no repeated factors, that is there is no b €
Z[z1,...,z,] with deg(b) > 0 such that b | a. We have the following useful lemma to

determine whether a polynomial is square-free. For a proof of it see [GCL92].

Lemma 9. Let f(z) be a primitive polynomial in R[x] where R is a unique factorization

domain of characteristic 0. Let g = ged(f,0f/0x). Then a(x) is square-free if and only if
deg,(g) = 0.

Now we describe the steps of multivariate factorization:
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Figure 2.1: Main steps of Wang’s Algorithm

a € Zlxy, ..., xy) a=fg€lxy,... x
T
Ty = Qp :
) T
ap—1 € Z[l‘l,. .,J}nfl] a; :fjgj € sz[$1,$2...,$j]
1 T
f (xj-a5)-adiclift
Tj = Qj T
{ :
&j—l S Z[ml, ey l‘j_l] T
1 a3 = f393 € Lp[r1, 22, 23]
: T
To = (z3-a3)-adic lift
\J T
ay € Zlx1] az = fage € Zy[r1, x2]
! T
FactorinZ (z2-ar2)-adic lift
1 T
a=u=fg€Zr] Passtomodp a1 = fig1 € Zy, [21]

Example 10. With the choice of p =11, [ = 1 and I = [z9 = 2,23 = 5] the steps to factor
a =27 x17m2x36 + 18 x14x22x38 + .- +48 x34 + 18 x23 + 36 z1 + 36 (48terms)
1. Determine the coefficient bound and factor in Z

(@) = (152 + 421 +20) (750 21 + 2503) (75.21° + 1202 + 2503) € Z[z1]

2. Determine the leading coefficients and pass to mod p

i(x1) = (2x1 — ) (—2 P+ — 5) (45613 +4x — 2) € Zplz1]
3. After the first step of MHL in Z,[x1, x2]

(41’13 + 2.1‘23 +4x + 4) (1'1.1‘2 — 5) (3%122622 — 2.1‘13 —4xo+ 3)

4. After the second step of MHL in Z,[x1, z2, 23]

(3 3:13503 + 2298 +4x1 + 4) (3 :1:1:1;23333 + 43:34 + 3) (3 :6133332 + 2x2x34 +3x1%19% + 3)

These are in fact the true factors of a.
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Step 1. Make the polynomial a primitive and square-free: If a is not primitive
the cont,, (a) and pp,, (a) can be factored separately. Hence we may assume that a is
primitive. Let

g = ng((I(l‘b R xn)? 8&/6$1)

Note that a has a repeated factor f if and only if f|g and a/g is square-free. Then
factorization can be continued by factoring a and a/g separately. Thus we may assume a
is square-free.

Step 2. Determine the leading coefficients of factors: The leading coefficient of

a is LCy, (a) = ¢y € Zlza, ..., xy,). By a recursive call, ¢, is factored over Z. Let
Cm:-Qflel 262,_' lsk
where the f;’s are distinct irreducible polynomials of positive degree in Z[xa, ..., x,] and 2

is an integer. Let us assume that ¢, is not an integer, for that case is trivial. As a next

step, a set of integers {aa, ..., a,} will be found satisfying the following conditions:
1. & =cm(aa, ..., ap) #0;
2. ai(z1) = a(z1, ag,. .., q) is square-free;

3. For each f;, fz = fi(aa,...,ay,) has at least one prime divisor p; which does not divide

any fj for j < 4, £2 or the content of a(x1,aq,...,ay) € Z[x1].

This can be done without factoring any integers by the Choose Evaluation Points (CEP)
algorithm described below. CEP calls the algorithm Choose Candidate Points (CCP) which
is also described below. CCP is a slight modification of an algorithm proposed by Musser
[Mus71, Mus75] . It chooses a, until a(z1,...,Zn_1, @,) has the same degree in 1 as a and
is square-free. In the same way a,,_1,..., a9 are chosen so that the evaluated polynomial
remains of the same degree and square-free at each stage. Therefore (g, ..., a,) satisfies
the conditions (1) and (2) of Wang’s LCC.

Termination of CCP can be shown by considering step 6: Note that a(xq,...,zx) is
square-free, so ged(a,da/0x1) # 1 = r = resultant,,(a,0a/0x1) = 0. Note that r €
Z|za,...,xk) and at step 4 ay, is chosen so that LC,, (a(z1,...,zk—1,ar)) # 0. Now, if at
step 6 g = ged(B,0B/0x1) with deg,, g > 0, then B is not square-free and r(zy =) =0
as a polynomial in Z[zsg,...,zg]. If we write r € Z[xg, ..., x| as r = Zé:l ci(zk)M; for
some [ > 0, where M; € Z[zs,...,x_1] are distinct monomials, then r = 0 < ¢;(zx) = 0
for each 1 <y, < 1. Then r = 0 <= cont(,, ., ,)(7)(7x = ax) = 0. Hence the number of
choices of aj, € Z which do not make a(z,...,x_1, ar) square-free is finite. (See Example
11 below.)
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Algorithm 3 Choose Candidate Points (CCP)

Input A square-free polynomial a € Z[x1, ..., zy].

Output Returns an ordered set of candidate evaluation points «s,...,q, such that
a(zy, g, ..., a,) has the same degree in 1 as a and is square-free.

Set @ <— a and d < deg,, (a)
for k£ from n to 2 by —1 do
repeat
Pick ay in Z at random (In practice from a large set.)
B+ d(l’k = Oék)
Let g < ged(B,0B/0x1))
until LC,, B # 0, deg,, = d and deg,, g =0
Set a +— B
end for
return (ag,...,q,)

—
e

Algorithm 4 Choose Evaluation Points (CEP)

Input a € Z[z1,...,x,).

Output Returns an ordered set of evaluation points (asg,...,a,) for MHL and primes
(p1,- -, pk) satisfying the condition (3) of Wang’s LCC.

Set L = (aa,...,a,) < CCP(a)
Set 0 « cont(a(z1,®e,...,an)) €Z
Factor LC,, (a) € Z[za, ..., xy]. Let LCy (a) = Q2f7 f52 - fiF
for i from 1 to k do f; + filag, ..., ap) end for
Set dy < 0 - 2
for i from 1 to k£ do
q < |fil
for j from i — 1 to 0 by —1 do
< dj.
while r # 1 do
< ged(r,q), q < q/r
if ¢ =1 then
return CEP(a) (Restart)
end if
end while
end for
d; < q
: end for
: for i from 1 to k£ do
P +— any prime divisor of dj
: end for
: return L and (p1,...,px)

NN N = = = = = e e e e e
T S e e S S U o S val
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Example 11. Consider the polynomial f below which is primitive in the variable x1:
f= Ta1? 4 221 @024° + 2212374 + 22 + 2Tox3 + x3° + 221 + 229 + 223 + T4.
We have LC,, (f) = 24 and
of [0x1 = 2o’ + 22124 + 23374 + 2.

Then ged(f,0f/0x1) = 1, and hence f is a square-free polynomial. Let r = resultant,, (f,0f/0z1).

If we compute r we get
r= (—4 $45+4 $42)$22+(—8 w44+8 x42)a:2x3+(—8 CC43+8 x42)x2+(—4 $43+4 x42)w32+4 w43—4 x4.

We have conty, ,,(r) = 4v4(z4 — 1).

In fact, for x4 = 1, f(x1,29,23,1) = (1 + 21 + z2 + x3)2 and for 4 = 0 (which makes
LCy, (f)(22,73,0) = 0) one has f(z1,79,3,0) = 292 + 220w3 + 132 + 221 + 229 + 273
which is square-free. Thus 0 and 1 are not viable choices for ay.

If we pick ay = —1 then
f(ZL’l,ZL‘Q,QS‘:g, —1) = —.7}12 +2x129 — 22123 + $22 + 22013 + $32 +2x1+2x90+223—1

which is a square-free polynomial and LC,, (f)(z4 = —1) # 0.

Ideally the random integers at steps 4 of CCP are chosen to be small integers including
zero. This is to make the factorization of a(z1,ag,...,a,) € Z[x1] easier. Any possible
choice of a; = 0 helps retain the sparseness in the intermediate steps of the multivariate
Hensel lifting. This will be described later in Chapter 3 in detail.

As a next step CEP tests whether the choice (ag, ..., ay,) is suitable for choosing primes
satisfying the condition (3) of Wang’s LCC. It avoids integer factorization and instead uses
integer gcd computations since factoring large integers is not easy. It first computes integers
d; for i = 1,...,k which satisfy condition (3). Then any prime divisor of d; serves as p;.

Correctness and termination of CEP can be shown easily by considering step 11. Com-
mon factors are simply removed by taking gcd’s.

Now let 6 = cont(a;(z1)) and u(x) = pp(ai(x1)). Then u(z;) is factored over integers
[Ber48, Ber67].

u(z) = ui(xy) - - ur(z1) € Z[x1).

It follows from Hilbert’s irreducibility theorem [[Lang62], p.14], that for any irreducible
polynomial h(x1,...,z,) over Z the subset {(ag,...,an)} C Z"~! of points such that
h(z1,aq,...,q,) remains irreducible over Z is dense. Therefore with high probability a

factorization of u(x) € Z[z1] reflects the factorization pattern of a.
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Now if none of u;(x1), i = 1,...,r is extraneous, then a factors into r distinct irreducible

polynomials,

a= Hgi(aﬁl, cey Tp).
i=1
Let bi(xg,...,z,) = LC(g;) and b; = bi(ag,...,ay). Then
gi(w1, @2, ..., ) = djui(w)

for some divisor §; of 4. The following observation is central in Wang’s LCC.

Lemma 12. Following the notation above, if there are no extraneous factor, then for all i

and m,
] by <= f | LC(u;)d.
Proof. If fi* | b;, then f,’f | b;. We have gi(x1, a9, ...,ap) = diui(x) = b, = 0;LC(w;).
Hence fJ* | LC(u;)d; = fi* | LC(u;)8. Suppose on the other hand fJ* { b;. Then note
that i
bi = LC(g:) | [JLC(gj) =2 ][ f;"-
j=1 j=1

Therefore b; = wf{ fo? - fi¥ = b; = wffl ;”f,‘j’“ where w | 2, s; > 0 and s < m.
Thus by the choice of pg, pi* { by = f,g” 1 LC(u;)d; = f,g” 1 LC(u;)d. O

This lemma enables us to distribute all f, first, then all fx_q, etc. Thus all d;(z2,...,z,) =
pp(b;) can be determined as products of powers of f;’s. Then it comes to distribute 2. Let
d; = di(ag,...,an). If 6 = 1 then b; = (LC(uZ)/CL)dz Otherwise if § # 1 the following steps
are carried out for ¢t =1,...,7.

1. Let d = ged(LC(u;),d;) and b; = (LC(u;)/d)d;.
2. Let u; = ((L/d)uz
3. Let 6 = 6/(d;/d).

Now if § = 1 the process ends. Otherwise, let u; = du;,b; = db; and a = 6" 'a. In this
case when the true factors over a are found they may have integer contents which should

be removed.

Example 13. Returning to the polynomial of Example 10, consider factoring the following

polynomial a below and where we have only the knowledge of the expanded form of it.
a= (3z3z34+229° + 4z +4)(3z12023° + 4xst + 3)(3z13x3% 4+ 2x0w3” + 321220 + 3).

Our aim is to get the correct distribution of the leading coefficients [3x3, 3923, 323] where

the leading coefficient of a, LCy, (a) = 27x22§.
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We have 2 = 27, f; = x9, fo = x3. If we choose L = [ag = 2, a3 = 5] and then factor

a1 = a(x1, L) over Z we get
ay = u(zy) = (1521° + 421 + 20)(750 21 4 2503) (75 1% + 12212 + 2503).

Note that a; is square-free and we have § = cont(a;) =1, fi =2, fo=5s0op1 =2, pa =5
and hence the choice of L satisfies the conditions of Wang’s LCC.
We start with the distribution of fs:

f3 =125 | LC(ug) =750 = f3 =3 | by
f3=25|LC(us) =75 = fi=uai|bs
fa=5|LC(u) =15 = fa=umz3 | by

We continue with the distribution of fi:
f~1 =2 ‘ LC(UQ) =750 = f1 = I9 ‘ bo.
Therefore we get

di = pp(b1) = 3, d2 = pp(bs) = w223, d3 = pp(b3) = 3.
As a final step

by = (LC(ug)/dy)dy = (750/250)x25 = 3xoa
bs = (LC(uy)/dy)dy = (75/25)x3 = 33.

These are the correct leading coefficients of the factors of a.

Actually the idea behind this process is simple. The aim is first to decompose (LC(a)/2) =
727§ into a product of 3 functions images of which will be [LC(u1), LC(uz), LC(u3)] =
[15,750,75] at the evaluation points L = [ae = 2, a3 = 5]. This is done by choosing a prime
p that divides f; which does not divide any fj with j # 4. Then {2 is distributed in an
obvious way. See also [GCL92], Chapter 8, page 377.

Step 3. Construction of multivariate factors:

(i) Coefficient bound: A coefficient bound, B, can be computed such that for any
integer coefficient b of any divisor of a, B > |b|. The following bound can be used in the

choice of a prime to lift the factors [Gel60].

Lemma 14. Suppose Pi(x1,...,%y),..., Pp(x1,...,2,) are arbitrary polynomials in n

variables with ||.||cc norms Hi,...,H,,. Denoting the ||.||cc norm of and the degrees of
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the polynomial P = [[I*1 P; as H and dy,...,d, in the variables x1,...,x, respectively

then the following inequality holds.

n
H>e HiHy- - Hywhered = > d; withe = Y.0° 1/il.
i=1
Corollary 15. Let Pi(z1,...,x,) be an irreducible factor of the polynomial P(x1,. .., xy)
and the the total degree of P be d. Then the following inequality holds.

1Plloo < e[| Plloc-

(ii) Construction of factors: Recall that in step 2 we have defined 0 = cont(aq(z1))

and u(x) = pp(ai1(x1)) and then factored u(z;) over integers.
u(zr) = ur(z1) - - - up(z1) € Zlaq].

If r = 1, then a is irreducible and we are done. Otherwise, we choose a prime p such that
p! > 2B and % = u mod p has the same degree as v and is square-free modulo p. Then

define 4y, = u; mod p so that
U(z1) = @1 (z1) -+ r(z1) mod (p,I)

where I = (z9 — g, ..., 2z, — ay). This partial factorization of v mod p is used as a basis
for the multivariate Hensel lifting (MHL) to get relatively prime polynomials U;(z1, ..., %y)
fori=1,...,r where U; = 4; mod (p,I) satisfying

a(@1,.. . 2) = Ur(@1,. .y wn) - Upl,.. o 2)  mod (pl, 1)

where h =1+ deg(,, . ,,)(a). Details of MHL will be described in detail in Section 2.2.

The univariate factoring algorithm determines some primes in the process of factoring
u and can be used as a prime p as described above. But it is not necessary to choose p
equal to this prime. In fact, as indicated in [Mus75], it is better to choose a larger prime
(since we are not looking for the complete factorization over Z,) to reduce the number of
Hensel construction iterations. We could in fact choose p large enough to eliminate entirely
the phase of construction which lifts from p to p! but this might mean that p would be a
multiple precision integer. The best approach seems to be to choose p as big as possible
while constrained to be a single precision integer [Mus75]. The architecture of modern
computers now allows us to choose a 64 bit prime (or 63 bit prime if signed 64 bits integers
are used) which is big enough to handle the coefficients of the polynomial a to be factored
for many practical multivariate problems.

(iii) Finding actual factors: If a is monic (with respect to the main variable x;)

then any irreducible factor of a over Z either is equal to some U; or is equal to the product
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of two or more U;’s mod <pl,I h>. If a is not monic these equivalences are up to the
units in the coefficient domain of a. In any case, the irreducible factors of a are found from

combinations of these U;’s by trial divisions.

2.2  An incremental design of Multivariate Hensel Lifting (M HL)

In this section we will give the mathematical details of Multivariate Hensel Lifting (MHL)
which is the core of multivariate factorization. Then we will discuss Wang’s incremental
design of MHL. We start by the main theorem.

Theorem 16. (Multivariate Hensel construction). Let p be a prime number, | be a positive
integer. Suppose a,u,w € Zy[z1,...,x;] wherep{lcoeff(¢r(a)) and I = (x2 — az, ..., 75 — ay)
is an ideal in Zy[v1,. .., x;] with o; € Z. Let uMD(z1),w(z;) € Zyi[71] be two univariate

polynomials in Zy[x1] satisfying

(i) a(z1, . .., z;) = uD(z))w(z1) mod <I,pl> with

(i) ged (@p(u M (21)), 8p(w (@1))) = 1inZy[z1].

Then for any k > 1, there exist u™, w*) e Zyl21,. .. 25 /1% such that
(iii) alz1, ..., z5) = u®w® mod <Ik,pl> and

(iv) u® = u™ (z1) mod <I,pl> , w® =M (z1) mod <I,pl>.

Proof. The proof is by induction on k. The case k = 1 is given by the condition (7). For
k = k + 1: Suppose that we have u® w®*) e L1, . ,x;]/ I satisfying the conditions
(7i7) and (iv). We define the error

e = a(zr, ... z5) —uPw® € Zyfr, .. 4]/ TV

Then we have e®) € I*. Note that I* is generated by all possible k-combinations of
(; — ;) for 2 <4 < k. Then for some c;j(x1) € Z,[r1] where the index i is defined as

i= (il,ig, v ,ik) we have

J J J
e(k) = Z Z Z Ci(xl)(‘ril 70[7;1)('561'2 *ai2)"'($ik *O‘ik)
1=2i—i1  in—ip_1

Since p 1 lcoeff(¢7(a)), by using Theorem 8, for each i we can find unique pairs oj(z1), 73(x1) €
Zy[71] such that
oi(z1)u(z1) + 7 (z)wM (21) = ¢5(z1)
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where deg, (oj(21)) < deg,, (ci(x1)). Now define

i g j
uF P = ™ L YN ST (@) (s — ) (@, — i) - (s, — i)
11=212=11 =1

1e=1k—1

g J
wkth = ® 4 Z Z Z oi(@1) (@i — iy )(@iy — @iy) -+ (i), — ).
i1=2ig=iy  dp=ip_1

Then, we compute w1 w*+1) and pass to modulo I®) and get

LD (D) o () (K)
J J J
+ DY (Ui(wl)u(l)(xl) + Ti(xl)w(l)(wl)) (T — iy ) (i, — @iy) - (@), — )
i1=2is=i1  ip—ip_1
mod (I*+1pl).
Hence

kDB — gy (B) (k) 4 (k) — a(zy,...,xz;) mod (5L ph.

By definition of ©**1 w*+1) above we have
uFt) = u(l)(azl)mod <I,pl> ,wk D = w(l)(xl) mod <I,pl>.

O]

The idea of the constructive proof of Theorem 16 was used in multivariate polynomial
factorization by Wang and Rotschild [WR75]. One major difficulty in this approach is the
intermediate expression swell when we compute the error term where we need to use non-
zero’s for a;’s. Let I = (xo — 1,23 — 2,24 — 3) and consider the [-adic expansion of the
monomial zhxir}. It has (r + 1)(s + 1)(¢t + 1) many terms. So when non-zero evaluation
points are used an intermediate expression swell is inevitable. However it is not always
possible to choose the evaluations points to be zero, because in applications of the MHL
for multivariate polynomial factorization, the leading coeflicient must not vanish under the
evaluation homomorphism. As one may guess, for many applications the leading coeflicient
is a monomial which maps to zero for any choice of zero for one of its indeterminates.

A construction was proposed by Wang in [Wan78] behaves better in comparison with
the previous approach. Before we explain it, let us state and prove the uniqueness of the

multivariate Hensel construction.

Corollary 17. (Uniqueness of the multivariate Hensel construction). In Theorem 16, if the
given polynomial a € Zy, [x1,...,x;] is monic in the variable x1 and correspondingly if the

univariate factors u(z1), wM (z;) € Zy|71] are chosen to be monic, then for any integer
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k > 1 conditions (i), (ii) of the Theorem 13 uniquely determine the factors u® w®) ¢

Zylxy,. .. x;]/1% which are monic in the variable x; .

Proof. We follow the idea of the proof of Corollary 6 in Chapter 1 and use induction on k.
Let

k k k k
(@ 0™, W W)y € Z[xr, .. )/ TF

be two monic solution pairs in the variable x; which satisfy the conditions (i) and (i7) of
the Theorem 16.

For the case k = 1 note that Z[z1, ..., x;]/I = Zy[z1, ..., 75/ (v2 — az,...,7j — a;j) =
Zy[r1]. So the uniqueness follows from the uniqueness of univariate Hensel construction
given by Corollary 6.

For the case k = k + 1 : Let (u®),w®) Zylx1,...,25]/I% be a solution pair. Note
that

a(zy,...,xj) = uk+ D *+D) mod <Ik+1,pl> = a(xy,...,25) = w1+ mod <Ik,pl>
Then by the induction assumption on uniqueness we have
wF ) = %) mod <Ik,pl> and w1 = * mod <Ik,pl> .

Then uw* D — ¢*) and w*+D — (*) are both in I¥. Hence for some for some pairs

0i(21), Ti(71) € Zy[z1] where the index i is defined as i = (i1, i2,...,1x), we can write
Jj o J J
u(k—H) = U(k) + Z Z ce Z Ti(xl)(xh - a’il)(xiQ - ai2) T (xlk - aik)
i1=2do=i1  ig=ip_1
Jj J J
wh D = w® 3TN N () (i, — ) (@i — i) - (w0, — )
i=2io=i1  ig=ig_1

Now if for some index i, deg,, (o7) > degxl(wgk)) then LC,, (w**t1)) # 1 which is against
the induction hypothesis. The argument is similar for 73(x1). Hence for all indices i, we
have deg,, (03) < deg,, (wgk)) and deg,, (13) < degml(ugk)). Therefore the leading coefficient
of w*+1) in z1, is the leading coefficient of w™) in x; which is 1. Similarly for «(**+1). (This
observation is important and indicates that Yun’s replaceLC procedure can be
applied to the multivariate case as well).

It remains to show the uniqueness of o3(1), 7i(71) € Zy[z1]. But this is easy by consid-
ering u*TDw(* +1) a5 in the proof of Theorem 16 above and using Theorem 8 which states
that the solution to the generalized univariate diophantine problem has unique solutions

oi(z1), 1i(z1) € Ly [x1] where deg,, (03) < deg,, (wgk)) and deg,, (13) < deg$1(u(1k)). ]
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We can now describe Wang’s incremental design of MHL in [Wan78] to find u(*¥), w(®).
It behaves much better when the factors to be computed are sparse. The idea is to lift the

solution over Zp[z1] to Z,[r1] and then lift the solutions one variable at a time

from Z,[z1] to Zy[z1,12]

from Zpl [:Cl, .’L‘Q] to sz [1‘1, 9, 1'3]

then from Zy[21,...,2j-1] to Zy[ry,... )]

Assuming that a polynomial solution is known to exist, the idea is to use Newton’s

iteration. Consider the (x; — a;)-adic representation of the solution polynomial
w=uM +uy(z; — aj) +ug(; — o)+ -+ up(ej; — ;) + -

with u(l),uj € Zyi[r1,. .., xj-1]. We define

u® =l pug (2 — ag) +ua(ay — o) 4w (g — ag)
At this point we want to give an example to emphasize how important the choice of the

evaluation point is. Let p = 31 and let

f=a*—zy? -2
be the factor to be computed. Notice f is sparse in z. The solutions to the MDP’s are
the Taylor coefficients of the factors. This means if z = 0 is the evaluation then at the 3"
step of MHL the solutions to the MDP’s will be simply the coefficients of f in z, namely,
—1,0,—xy and 0. That is, one needs to solve only two MDP’s. This is why, for Wang’s
design of MHL zero evaluation points are desirable. However it is not always possible to

choose 0 as an evaluation point. For z = 5 the Taylor expansion of f is

f = 2*+6ay—5+ (—10zy—4) (2—5)
given fa Solution to the 1st MDP
+  (cay+5) (2-5)
—_——
Solution to the 2nd MDP
+ (+11) (z—5)°
——
Solution to the 3rd MDP
- (1) (z—5)*
~——

Solution to the 4th MDP

which is no longer sparse in z and one needs to solve 4 MDP’s.
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‘We continue our discussion. We have
u® = wmod (2 — ;).

Let us define
wF ) = ) 4 AB) Ay = up(j — )"

wkHD = w®) 4 Aw® | Aw®) = wy (25 — aj)k.

where ug, wy, € Zy[r1,. .., 5-1].
To compute u**Dand w* D from uFand w*) | we first define F(u, w) = a(z1, ..., 2z,)—
uw € Zlx1, ..., xy)[u, w] . As before we apply Newton iteration to the function F' and get

Fu® + Au® w® 4 Aw®)) = F(u® w®) + F,(u® w®) Au®)
+ Fp(u® w) Aw® + B

where the term FE contains terms (z; — «;)° with s > k 4+ 1. Observe that F(u,w) =
Omod (z; — a;)* = F(u® w®)) = 0mod (x; — a;)F for all k > 1. So, passing to modulo

(zj — a;)F 1 we get

Fo(@®, w®)Au® 1 Fy(u®, 0 ®) Aw® = —F(@®, ®)

where Au®) and Aw®) are to be solved. Let e®)(z1,...,2,) = a(z1,...,z,) — uPw®),
We have F,, = —w and F,, = —u. Hence we get

w1, .. r)uk(, - rio1) (@ — o) Fule, . z)wg(2, .z (25— aj)f

=) (zy,...,2)

This shows that at the k' step (z; — a;)¥ divides e*(z1,...,7,) and we obtain

U)(ZL'l, s 7$j)uk(x17 ) $j,1)+U(IE1, s 7:Ej)wk(xla ) :L‘jfl) = e(k)(xla cee 7$n)/($j_aj)k
Evaluating this equation at z; = o; we get

k
w(x, ..., xj-1,05)up(T1, ..., Tj—1) w1, ..., Tj-1, @) we(x1, ..., Tj-1) = e/l(C ) (2.1)

where e,(f) is the k" Taylor coefficient of e(¥), that is

SR _ e(k)(xl, .. ,xn)’
k= Ti=a;
(zj —ag)k
Suppose that a € Z,, [1,...,2j—1] is monic in x; and we have the factorization of
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a(zy,...,xj—1,05) =u(xy, ..., xj—1, a5)w(@, ..., Tj-1, ;).

Then if we can solve Eqn (2.1), we can lift u(z1,...,2j-1, ;) and w(z1,...,2zj-1,a;) to
get a(z1,...,zj—1,2;) = u(zy,...,xj_1,zj)w(z1,...,zj-1,2;) as follows:
1. We start with ug := u(z1,...,2j-1,®;),wo := w(xy,...,2j—1,q;) and compute e =
a(zy,...,x;) — ugwo.
2. Then we compute egl) =eM/(z; - @j)|z;=a; and solve the MDP uqw; + wou1 = egl)
for uy, w1 € Zp[zq, ..., xj-1].

3. Then we get u") = ug + u1(z; — ;) and w) = wy + wi(z; — a;).

4. The next step is to compute e® = ¢ — uMw®. If ¢ = 0 then we have the
factorization.
(2 _ (2 N2 _ .2
5. Else we compute ey’ = e'¥ /(x; — a;j)|s;=a, and solve the MDP uqwz + wouz = ey
for Uz, W € Zp[ml, R ,:L'j_l].

6. Then we get u® = u() + uy(z; — a;)? and w® = w) 4wy (z; — ;)2

3) Dw®...

7. The next step is to compute e®) = a — u@w(

We follow these steps above finitely many times until we get e(™ = 0 for some m > 0 or we
stop when we exceed a bound. Algorithm 5 below describes the ;' step of MHL for j > 1
and when the inputs are monic.

Eqn (2.1) is an example of a multivariate diophantine problem (MDP) which we will
investigate in Section 2.3 in detail. Hence Wang’s incremental design of MHL is reduced to

finding an effective solution to the MDP problem.

Example 18. Suppose we seek to factor a = fg where f = 21° + 321229132 — Ta1? —
4zx1x3+ 1 and g = z1° + z12x0xs — Tas* — 6. Let ag = 2 and p =23 —1,1 = 1. Before

lifting we have

FO = flas=2) =2 - T  + 1221200 — 821 + 1
g0 = g(z3=2) = z,° + 221 %20 — 118,

In the following all operations will be in mod p and e,(ck) denotes the coefficient of (z3 — 2)*

in the Taylor expansion of the error e*) about z3 = 2.

Let also fo := f©), g0 := ¢, f®) := ¥1 filws —2)', g™ := 1 gi(w3 — 2)".
Stepi=1: e =a— fOg® Then we compute the Taylor coefficient

egl) = 1321 @y — Ta1%09 — 4218 + 36 2120 — 224 2,0

+ 1568 21% — 16 21° 19 — 4103 21229 + 2264 11 — 224
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and solve the MDP fog1 + gof1 = egl) for (f1,91). The solution pair is (the next Chapter
will show how to find f; and g¢1). (f1,01) = (1221%w2 — 421,1221%29 — 421). Now we
update

FO = O+ i (s - 2)
= .’E15 — 7%14 + 12 x12a:2x3 —12 x12x2 —4dzxizr3+1

gV = O 4 g (23 —2) = 21° + 2122023 — 224 23 + 330
Stepi=2: e® =a— fWg) Then we compute the Taylor coefficient
e = 3217wy + 6214007 — 168217 + 1176 21" — 2370 21 %25 + 1344 21 — 168.

and solve the MDP fogo+gof2 = 652) for (f2, g2). The solution pair is (f2, g2) = (3 z1%x2, —168).

Now we update

f(Z) == f(l) + f2 : (:1:3 — 2)2 = :1:15 + 31312332%32 — 71’14 — 4%11’3 +1
g = W gy (23 —2)% = 21° + 21 2w9x3 — 168 23% + 448 15 — 342

In fact, at the end of the 2"¢ iteration we have recovered f already. g = a/f can be obtained
by trial division. Maple does this. But let’s go further.
Stepi=3: ¢® =a— f@ ¢ Then we compute the Taylor coefficient

) = —56.21° + 3922, — 67221 %7, + 448 71 — 56.

and solve the MDP fyg3 + gof3 = eés) for (fs,g3). The solution pair is (f3, g3) = (0, —56).

Now we update

f(3) — f(2) + f3 - (z3 — 2)3 = 11" + 321%00x3% — Ta* —dmqzs + 1
g(?’) = g(z) + g3 - (w3 — 2)3 = 21° + 2122923 — 56 23° + 168 132 — 224 25 + 106.

Stepi=4:e® =q— G g(?’). Then we compute the Taylor coefficient
eV = 72,5 + 49211 — 8421225 + 561, — 7

and solve the MDP fog4 + gofs = 64(14). The solution pair is (f4,94) = (0,—7). Now we
update

f(4) = f(g) + f4 . (.%'3 — 2)4 = .%'15 =+ 3x12x2x32 — 7$14 —4xiz3+1

d@ = ¢® 4 g (23— 2)* = 215 + 2120015 — T2zt — 6
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Algorithm 5 ;% step of Multivariate Hensel Lifting for j > 1.

Input : Q; € sz, a; € Zpl [.1‘1, R ,wj], fj_l, gj—1 € sz [.%'1, R ,Jﬁj_l] where Qj, fj—l: gj—1
are monic in 1 and a;(z; = o) = fj—19-1-

Output : f;,g; € Zy[z1,. .., 7] such that a; = f;g;.

1: g0 fj_l, Tj0 < gj—1, 05 < 050, Tj < Tj0, monomial < 1

2: error <— aj — fi—19j-1

3: for i from 1 to deg(a;,z;) while error # 0 do

4: monomial < monomial x (x; — o)

5: ¢ < Taylor coefficient of (z; — a;)* of error at z; =

6: if ¢ # 0 then

T Solve the MDP 04iTjo + Tj050 = ¢ In sz [xl, R ,ij_l] for 0jj and Tji-
8: (0j,7j) < (0 + 0ji x monomial, T; + Tj; X monomial).
9: Error <— a4 — 05 Tj.

10: end if

11: end for

12: fj < oj and g; < 75

Step i=5: e® =qa— fWg* = 0 and we have the factors! As explained in Section 1.2
following Yun’s idea, using the replaceLC procedure the leading coefficient correction can
be handled outside of the for loop for the non-monic case. So to make the explanation
easier, in the Algorithm 5 below, the j*" step of Multivariate Hensel Lifting for j > 1 is

described for the monic case.

2.3 The Multivariate Diophantine Problem (MDP)

As seen in Section 2.2, Eqn (2.1) is an example of a multivariate diophantine problem which

we describe below in detail. We seek now an effective solution to the MDP problem.

Definition 19. (MDP) Let p be a prime number. Let j,I > 1 and u,w, c € Z[71, ..., 7;].
Let I; = (2 —a2,...,7; —a;) be an ideal of Zy[zy,...,x;] with a; € Zy (not dis-
tinct). Let ¢, ) @ Zyl1,...,25] — Zp[z1] be an evaluation homomorphism and p {
LGy, (¢1;(uw)). Let d be the maximum total degree of u and w wrt. the variables xa, ..., z;.
Let also vV (z) = b1,y (1), w (zy) = ¢(1;p)(w) . Then the MDP problem is to find mul-

tivariate polynomials o, 7 € Z[1,. .., x;] such that
ocu+Tw = ¢ mod <I]‘.l+1, pl>
with deg, (o) < deg,, (w), where it is given that

ged (u(l)(l‘l),w(l)(xl)) = linZp[z4].
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The case where j = [ = 1 is the univariate diophantine problem considered in Section
1.3, Theorem 3.

The case j = 1, [ > 1 is the generalized univariate diophantine problem considered in
Section 1.6, Theorem 8.

However the solution is not that obvious for the cases where 57 > 1. In Chapter 3 we
will have a closer look at different ways of solving an MDP. Before we close this Chapter,
let us establish the uniqueness of the solution and the fact that as long as the ged condition
is satisfied the solution to the MDP is independent of the choice of ideal.

Proof. Consider the case wherel = 1: Let I; = (2 — oo, ..., 25 — o) , Kj = (2 — Pa, ...,z — B;)
be ideals of Zy[z1, . . ., x;] with a;, B; € Z,; and suppose one has two solution pairs (o, 7), (7, 7)

to the MDP defined for an ideals I;, K; resp. with the same initial conditions:

(i) deg,, (o) < deg,, (w) and  ged (67, (), b1, 5y (w)) = 1 € Zyfas]
(i) deg,, (5) < deg,, (w) and  ged (G, ) (1), S, (w)) = 1 € Zy[an]

Let g =ged(u,w). We first claim that if the MDP conditions satisfied, then g €
Lplza,. .., zj]:

Since g | u, there exists s € Zy[x1, ..., x;] such that gs = u. Let by LC, we denote the
leading coefficient in the variable z;. We have LC(gs) = LC(u) = LC(g)LC(s) = LC(u).
So, LC(g) |[LC(u). So p { LCqy, (01(g)). Let’s set Y = [xg,...,2;] and let d; = deg,, (9).
Then g(z1,Y) = LC,, (g)xilg+h(x1, Y) with deg,, (h) < dgordy =0,i.e. g€ Zp[zs,...,x;].
On the other hand, since p { LCy, (¢1(g)) one has g|u = ¢, »y(9) | ¢z, py(w). The same
is true for w. Hence we have ¢, ;) (9) | ged(dz, py(v), d(1; py(w)) = 1. Again, since p {
LCy, (¢1(9)) it follows that ¢r, ) (9) = é(1, ) (LCa, (9)) - 217 + b1, () =1 = dg = 0, L.e.
g € Lplxa, ...,z

At this point consider the natural onto ring homomorphism
O Zplzi,. .., xj] = Ly[z,. .. ,xj]/I;l'H
given by f(z1,2z2,...,25) = f(z1,22 —ag,...,x; — ;) + IJdH. Then
o(f) € I]C-H'l = O(f) = flx1,220 —ag,...,z; — ;) =

> Chgoonky (T15 -+, T5) (T2 — ) (2 — ) =
koot hy=d-+1

k k;
f(z1,22,...,25) = Z ck%_“,kj(a:l,a:g—l—ag...,xj—|—aj)a:22-‘-a:j]
kot =d+1
for some cp,,. k;(z1,22,...,25) € Zp[z1,...,7;] if and only if f € L?‘H where L; :=
(z9,...,2;). Hence we have a ring isomorphism Zy[x1, . .., x;]/ L4t & Z,[z1, ... ,:vj]/IJC-lH.
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Therefore we have

d+1 ~ d+1 ~ d+1
sz[xl,...,xj]/Kj :sz[:z:l,...,a:j]/Lj :sz[$1,...,xj]/fj
and hence we may consider 0,7,5,7 € Zy[v1,...,2j]/ LjdH i.e. the solution polynomials
up to total degree d with respect to xa,...,z; and represented in the natural way, via the

coordinate translation isomorphism as described above.

Now as for the univariate case we have (0 — &)u = —(7 — 7)w. Then (0 — )y =
—(r=7)§ = 5 |(0c —5). But degy, (7) = deg,, (w) — deg,, (g9) and we have just shown
that g € Zplxs, ..., x;] = deg,, (9) = 0. So, deg,, () = deg,, (w) — deg,, (9) = deg,, (w) <

deg,, (0 — ) < deg,,(w). Hence 0 =6 =0=0=06 =7 =7,
For the case [ > 1, we will use induction on [ just as in the proof of the uniqueness part
of Theorem 8. We have already seen the case | = 1 . Now suppose that the claim is true

for 1 < k < 1. Then we can define a = (0 — &)/p* and B = —(7 — 7)/p*. Note that
(0 —6)u=—(t—7)w mod p' = au=pw mod p'*.

By repeating the degree argument above we get @ = 0 mod p = ¢ = & mod pFth

Similarly we get 3 =0 mod p =7 =7 mod p**! and we are done. O
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Chapter 3

Solving Multivariate Diophantine

Equations

3.1 Solution via polynomial remainder sequences

Our first natural attempt to solve the MDP problem is to generalize the idea of the solution
to the univariate case. The proof of the following well-known facts about resultants can be
found in [CLOO07].

Proposition 20. Let F be a field, A, B € F[z1,...,x,] have positive degree in x1 and let R
be a Sylvester resultant of A and B, denoted R = Resg, (A, B). Then

(i) Resy, (A, B) € Fza, ...,z (x1 is eliminated),

(ii) There exist S,T € Flx1,...,x,] such that SA+TB = R,

(iii) deg R < deg Adeg B (Bezout bound),

(iv) R =0 if and only if A and B have a common factor in Flz1,. .., z,] which has positive
degree in x1,

(v) For A and B monic in 1 and o € F*~!, Res,, (A(z1,a), B(z1,a)) = R(a).

As a first step let | = 1 and u,w € Zy[z1,...,x;] be monic in the main variable, say ;.
According to Proposition 20-(ii), there exist S,T € Z,[x1,...,2;] and R = Resy, (u,w) €
Zplza, ..., x;] such that Su+Tw = R.

Now we can proceed as in the univariate case: Given w,w,c € Zplxi,...,x;] as in
the MDP problem, we must have that ged(u,w) = 1. Hence by Proposition 20-(iv) R =
Resg, (u, w) # 0. First we define 6 := Sc and then by pseudo division with respect to the
variable x1, we get mé = qw + r with deg, (r) < deg,(w). Note that m = 1 since w is

monic. Now, define 6 :=1, 7 := T + qu. Then

ou+Tw = (6 — qw)u + (cI'+ qu)w = (Su+ Tw)c = Re.
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o

Now since R € Zy|xa, ..., z;], if we define 0 := & and 7 := i

then we have ou + 7w = ¢
with degree condition on z satisfied (since R does not depend on r1). By uniqueness we
conclude R in fact divides both & and 7 and we have the solution o, 7 € Zp[z1, ..., z;].

In the procedure described above one can choose to compute o first and then compute
7 by multivariate division. One way of computing the resultant and the polynomials S, T
described in Proposition 20 is the reduced-PRS (Pseudo Remainder) algorithm or Subresul-
tant PRS algorithm. (For details, see [GCL92]). Before we discuss how efficient this method
is, consider the following concrete example in which each of the polynomial solution pair

(0,7) to the MDP has only 1 term.

Example 21. Let p = 13 and the parameters of the MDP be

v = 28— 23:y4 + 5y2
w = 25—-22322 — 5yt +42y?
¢ = —4aby+42Tyz —52%y2? — 623" + 52202 — 323> — 6xy32.

The actual solution to this problem (that we will compute) is (o, 7) = (4 zyz, —4 2%y).
We first call reduced-PRS algorithm to compute

S = 4%y + 522222 + .+ +42y0 + 5410 (79 terms)
T = —4z25% — 542 +---—|——4xy10—5y10 (68 terms)

and the resultant

R:4y26—3y +2y14 10 4y16z6+y12210 y20+2y1822+y P +2y18

10 6 12 2 10 4 12

6Z12 5y —y

—|—y1622—|—y z6—|—5y —i—y +4y 22 +3y 4y828—|—5y +5y
We have ¢ = Sc mod p, which has 550 terms! As a next step we compute ¢ = Prem(6, w, 1)

mod p and

=3y 24+ 2y z — 5yttt — 3y 2T + AxyBM — s — 52yt B34
4ayt" —5ayt®z +4ayt T3 4 42y — 62y 2P + dayt T2 + 3ayl®3

—xynz7 3xy”2% —62y'®z — 6 xy'323

+ 62y —4xy'3s

Finally 0 = % = 4xyz. Then we compute 7 = (¢ — ou)/w = —4az%y.

Although it is a short and a direct approach to solve the MDP problem, this method
is very bad, since in the subresultant PRS (and also the primitive PRS) an intermediate
expression swell occurs in all variables except x1 and in the coefficients. This is inevitable
because of pseudo-division. As Example 21 shows, even for very sparse solutions (solutions

in this example have only 1 term), the polynomials S, T, R are much bigger than the input
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polynomials. Also ¢ in the MDP problems is a Taylor coefficient of the error which is in
general huge. This means & = Sc is even larger (in this simple example it has 550 terms).
These facts make the intermediate computations of the algorithm very expensive. Our
experiments confirmed this. As, even for [ = 1 and the monic inputs this method is not
effective even for sparse solutions, therefore we look for another method to solve the MDP

problem.

3.2 Solution via Groebner Basis

We can see the MDP problem as an ideal membership problem. If the solution exists
then c is in the ideal Z generated by the polynomials u,v in the ring Z,[v1,...,z;], i.e.
¢ € T = (u,v). Once again, as a first step let [ = 1 and u,w € Zp[z1,...,z;] be monic in
the main variable, say x;.

For j > 1, by generalization of univariate division to multivariate division one can find
quotients 01,71 and a remainder r in Z,[x1,. .., z;] so that ¢ = oyu + v 4+ r. However by
changing the order of u and v we may get a different remainder. So, this method does not
result in a unique remainder r in general.

However this task can be accomplished by using Groebner basis. For an introduction
to Groebner basis theory see [CLOO0T7] or [GCL92|. Let G = (g;) where g; € Zy[x1, ..., xy]
be the Groebner basis of Z so that Z = (u,v) = (g;). Then by the property of Groebner
basis, there exist quotients @;’s and a unique remainder 7 in Zp[z1,...,x;] such that ¢ =
> Qigi + r. For a different ordering of g;’s the @);’s may be different, however this time r
is unique. If r # 0 then r ¢ (g;) = r ¢ Z and hence there is no solution to the MDP.

Now, if » = 0 then ¢ € (g;) = Z. Let us consider Z and G as column vectors. The
Groebner basis computation algorithm can be implemented in such a way that it computes
G as well as the the transformation matrix U from Z to G such that G = UZ, with basically
no extra effort. It is called as extended Groebner basis algorithm. (See for example [KR00].)

When the number of variables is finite, Zp[z1,...,xy] is a Noetherian ring, i.e. every
ideal of it finitely generated. Hence the cardinality of the Groebner basis is finite. Suppose

that the number of polynomials in the Groebner basis is m. Then U is a m X 2 matrix and

c=[Q1 . Quo=1Q .. QuUD=(Q ... QulU)T.

Therefore [ 6 7] =[] Q1 ... Qp |U is a candidate solution: 5u + 7v = ¢ mod p. But
the degree condition may not be satisfied, so the solution may not be unique. Note that v
is monic in z1. To reduce the degree of &, we can proceed as if in the univariate case: We
consider ¢ and v € Zy[za,...,z;|[x1] and do the pseudo-division w.r.t the variable 1 and
define o as the remainder of this division as we did in Section 3.1. Then we can compute 7

accordingly.
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The problem with this approach is the complexity of finding a Groebner basis and
the size of the transition matrix U. Even for small examples the size of U can be very
big and the computation cost of U can be very expensive. Although it is mathematically
interesting, unfortunately this approach is not practical for solving the MDP’s that appear

in the multivariate factorization.

Example 22. Suppose that we’re trying to solve the MDP problem ocu + 7w = ¢ mod 13

for (o, 7) where:

u = 25— 2%y? 4 242
w = 20 —22% +2¢°
c = =220 2273 + 428y + 2230 — 428 — 40

The actual solution (that we will compute) to this problem is (o, 7) = (-2 %%z, —22%). Note
that each of the solution pair has only 1 term!

Let Z = (u,w). First we compute the Groebner Basis of the ideal Z. The Basis com-
mand in the Groebner package of Maple computes the Groebner basis and it also returns the
transition matrix from the basis of Z to Groebner basis G = (g;) so that Z = (u, w) = (g;).
By using the commands G,C := Basis([u,w] ,tdeg(x,y,z),characteristic=13,output=extended)
and U:=Matrix(C) we have:

_—6x4—x2y—3x2—2y 6x4+3$2—6y2—5y-
522 —y —5x2 44y
U:
—6 6
1 0

So, if we use the command I:=Vector([u,w]) in Maple, then we have G = UZ:

gt —
2293 + 613 26 — 22y% + 242
g: :U
rly + 6 2%y? 28 — 22ty + 242
26 — 2292 + 242

The NormalForm command in Maple, computes the representation of ¢ given the ideal 7
with the Groebner basis G, i.e. it computes );’s and r such that ¢ = )", Q;g; + r. We call
r:=NormalForm(c,G,tdeg(x,y,2),’Q’,characteristic = 13) and Q:=Vector [row] (Q)
and obtain

Q= |23y +22%—day—4ax —225—23—52 42 —2x4]
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and r = 0. In the command above tdeg(x,y,z) represents the grlex order, for which
Groebner basis computation is fastest in general. Then we compute QU and simplify it

with the command simplify(expand(Q.U) ) mod 13, to get

- 2y +4x" —22%y% + 5 2%y — 5xy?
—aTy —4x" + 233 +4a3y? — 22* — 293¢ + 5y

In fact 6u + 7w = ¢ mod 13. But note that deg, (&) £ deg,(v) . So, to get the unique
solution, we proceed as in the univariate case: We consider ¢ and v € Z;3[y|[z] and do
the pseudo-division w.r.t the variable  and define o as the remainder. (In Maple use the

command Rem(tildeSigma,v,x) mod 13 ):

o=-2yr=71=(c—ou)/w=—2z"

3.3 Wang’s solution
Once again, the problem is to find multivariate polynomials o, 7 € Z,, [x1,...,x;] such that
— d+1 1
ou+ Tw = ¢ mod <Ij ,p>. (3.1)

Wang’s solution idea is the same idea we used to solve MHL incrementally, namely, to use

a (z; — a;)-adic Newton iteration. Let j > 1 and

Aa(k) = sk(xl, oo ,xj_l)(a;j - Oéj)k, 0’<k+1) = U(k) + AO'(k)

AR = tk(iﬂl, e l'j_l)(.%‘j — Oéj)k, kD) = (k) + AT
Since deg;(o) and deg;(7) are bounded, for some & we must have o = o®) and 7 = (¥,
Let now G = ou+ 7w —c and [;_1 = (x2 — a2,...,2j—1 — a;_1). Then for any k > 1 we

have
G0, 79) = 0 o ({2~ )" 145, 1f).

As before we have

u(zy, ... ,1‘j>8k((131, e ,wj_1> + w(a:l, e ,{L‘j)tk<x1, e ,{L‘j_l)
c(zy,...x;) — oPu(ey, ... 2;) + 7®w(a, ..., 2;)
(w5 — o)F

mod <(l’j - aj)kaffff,p>. (3:2)

Note that the interpretation of I is the empty ideal and the discussion above assumed that

74 > 1, since for 7 = 1 we know the solution already.
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Algorithm 6 WDS (Wang’s Diophant Solver)

Input A prime p, polynomials u,w, ¢ € Zp[z1,z2, ..., x;], ideal I; = (2 — o, ..., 25 — a; )
where the MDP conditions satisfied. Also the maximum degree d of the solution w.r.t
L2y ev.y Tj.

Output (0,7) € Zp[z1, 22, ..., 2] such that ou + 7w = ¢ € Zy[x1, 2, ...,z;] or FAIL . It
returns FAIL if there is no solution.
if j =1 then call Algorithm UniDio to return (o, 7) € Z,[z1]? or FAIL end if
(Uays Way,s Cay) < (u(zj = o)), w(zj = aj), c(r; = aj)) € Lplr1, T2, . .. ,xj—)?
Ij_l — <x2 —2,...,Tj—1 — aj_1>
(0,7) < WDS(uq,, Wa;; Ca; Lj—1,p)
if (o,7) = FAIL then return FAIL end if
ETrTOr — C— OU — TW
monomial < 1
for ¢ from 1 to d while error #0 do
monomial <— monomial X (z; — o)
c; + Taylor coefficient of (z; — a;)" of error at z; = o
if ¢; # 0 then
(s,t) <= WDS(uq,, Wa,, ¢, Lj-1,p)
if (s,t) = FAIL then return FAIL end if
(s,t) < (s x monomial,t x monomial)
(0,7) (o +s,7+1)
error < error — tu — sw
end if
: end for
. if error = 0 then return (o, 7) else return FAIL end if

—_

e e e e e e e =
N e ST A i

We have thus a recursive algorithm to solve Eqn (3.1). To solve Eqn (3.1) we pass to

modulo (z; — ¢;) and try to solve

o(z1,...,a5)u(x,...,a5) +7(z1, ..., 05)w(xy, ..., a;5) = c(z1,...,a;) mod <Iﬁ'11, pl>

= oWu(zy,...a;) + 7Ww(x, ... ;) = e(x1, . .. aj) mod <I]C-lj'11, pl> .

To do that we use Eqn (3.2) for k =1,2,...,d, i.e. solve

k
usy + wty, = e,g )(xl, ...,xj—1) mod <(33] — aj)k, I]C-ljll,p> .
where eg(z1,...,2j-1) denotes the coefficient of (z; — a;)¥ in the (; — a;)-adic represen-
tation of
e®(zy, ... ,Tj) =cC— c®y — 7Ry

Also by construction we will have degree,, (o(z1,...2;)) < degree, (w(z1,...x;)).
Algorithm 6 (WDS) gives the pseudo-code for Wang’s recursive solution to MDP, for
[ = 1. It can easily be extended to the case [ > 1 by use of Theorem 8.
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3.3.1 On Wang’s MDP solver

Let the factors to be computed at the j* step of MHL be i = Z?io fii(zj — ;)" and
95 = XLy gjilz; — o)’

To compute fj; and g;; during the ith iteration in the for loop, MHL calls WDS and
WDS computes Taylor expansions of (fj;,gj) at xj—1 = aj_1. (That is, to solve MDP,
WDS simply mimics MHL.)

To compute the Taylor coefficients of fj; and g;; WDS makes a recursive call (just as
MHL does). To see the approximate number of calls to Algorithm UniDio by WDS for «;,
let C(z5) be the total number of calls to UniDio to recover zs. We have C(z1) = 1.

If aj # 0, to recover x; WDS makes O(d;)C(z;—1) calls to UniDio as in this case we
expect Taylor coefficients to be non-zero. Therefore if all evaluation points are non-zero
Cla;) € Oy ).

If H(zy) is the number of calls made by MHL to recover factors then

H(xn) S O(dn . dg) + O(dn_l .- -dz) + -+ O(dgdz) + O(dg)

If d > d; we obtain
H(z,) € Od" 1 4+d" 24 +d) € Od")

We see that as n increases the number of calls to Algorithm UniDio increases exponen-
tially especially for the case where evaluation points are non-zero.

If the evaluation points are all-zero then sparse polynomials remain sparse in all stages
of MHL and WDS. This is the case where WDS is very efficient (See Section 6.6), as
the number of MDP to be solved significantly decreases. This is the main advantage of
incremental design of MHL and explains why Wang’s second proposal [Wan78| behaves
better than his previous proposal with Rothschild [WR75].

For a non-zero evaluation, Taylor expansion most likely turns out to be dense, that is
most likely the Taylor coefficients become non-zero polynomials (See Section 4.4) and the
number of MDP to be solved by WDS increases rapidly.

As explained in Chapter 2 it is not always possible to choose evaluation points to be
zero, because Wang’s LCC does not work for all-zero (or many-zero) evaluation points, for
many practical examples (See Example 13 and also Section 6.6)

This leads us to search better ways to solve MDP than WDS, especially for the sparse

case where evaluation points are non-zero.
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3.4 Solution via interpolation

Once again, as a first step let | = 1 and u, w € Zp[x1, ..., ;] be monic in the main variable,

say x1 and the problem is to find multivariate polynomials o, 7 € Z,[x1, ..., z;] such that
_ d+1
ou+ Tw = ¢ mod <Ij , p> . (3.3)

We consider whether we can interpolate xa,...,z; in 0. If B € Z, with 8 # «;, then we

have
o(x; = Buz; = B) + (x; = Bw(z; = B) = c(x; = f) mod I3,

For the ideal K; = (2 — a2, ...,zj—1 — aj_1,2; — ) and G; = ged(umod K, wmod Kj),
we obtain a unique solution o (z1,...,x;_1, 3) iff G; = 1. However it is possible that G; # 1.
Let R = Resg, (u, w) be the Sylvester resultant of u and v taken in z;.

Going back to our discussion, since u, w are monic in 1 Proposition 20 implies that
Gj # 1 <= Resy, (umod K, wmod K;) = 0 <= Rmod K; = 0.

Therefore Pr[G; # 1] = PrfRmod K; = 0]. To compute an upper bound for this probability

we need Schwartz-Zippel Lemma.

Lemma 23. [Sch80, Zip90] Let f € Zp[z1, ..., xy] be a polynomial of total degree d. Assume
that f is not identically zero. Let S C Z, be any finite set. Then, if we pick ai,...,ap

independently and uniformly from S
PI’[f(Oél,. . 'aan) = 0] < d/|S|

Now, proposition 20 also implies that deg(R) < deg(u) deg(w) . Then by the Schwartz-

Zippel Lemma
deg(u) deg(w)

p—1
If B # «; is chosen at random and p is large, the probability that G; = 1 is high so

Pr[G; #1] <

interpolation is thus an option to solve the MDP. If G; # 1, we could choose another §3.
The bound above for Pr[G; # 1] is a worst case bound. We will show in Chapter 5 that the
average probability for Pr[G; # 1] = 1/p.

A natural algorithm for the solution to the MDP via interpolation is: (All computations

are in mod p)
1. If j = 1 then use UniDio to compute o, 7 € Zp[z1] and return (o, 7).
2. Initialize c =0, H =0, M = 1.

3. Repeat
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(a) Pick a random «a € Z,, uniformly and pass to modulo (z; — a):
Uo = u(Z1,...,T5 = a),we = w(1,...,2; = «) and
Cq = C(x1, s, Ty = Oé) S Zp[xl,azg, e ,l’j_l].
Here if j = 2 and ged(uq, ws) # 1 Restart.

(b) Apply the algorithm recursively to solve the equation cyuq + ToWwa = ¢q to find

Oa,Ta € Lplx1,...,xj-1].

(c¢) Incrementally interpolate o :
Solve H = 0, mod (z; — ) and H = o mod M for H € Zplx1,...,x;].

(d) Update the monomial M: M = M - (z; — ).

(e) If H = o then check whether w | ¢ — ou. If true, define 7 = (¢ — ou)/w and

return(o, 7) else o < H.

Note that the division in step 3-(e) is in Zp[x1,...,x;] and checking the exactness of this
division can be done by using the division algorithm for the multivariate case [CLOO07].
For an efficient implementation using heaps which works well for the sparse case see also
[MP11, Joh74]. Since the solution is to the MDP is unique there must be a stabilization
and hence the result.

Solution for the non-monic case and [ > 1: To see that the interpolation ap-
proach also works for the non-monic case and [ > 1, first note the MDP condition that p {
LGy, (¢1; (uw)) implies that the leading coefficients of u and w will not vanish mod (p, I;)
and hence the argument based on the resultant is still valid in this case.

As a next step, we need to modify the interpolation procedure described above to make
it work for mod p'!. We can choose to apply a Newton’s iteration as before to extend the
solution mod p to mod p!. But there is an easier way: This time the a’s will be chosen
from Z,;. This may yield a problem at step 3-(c). To overcome this problem we look closely
how the incremental interpolation works in mod p:

The aim is to find H € Zy[x1,. .., x;] such that H = 0, mod (p,z; —«a) and H = 0 mod
(p, M). Note that M € Z,[x;]. The division algorithm gives M = ¢(x; — a) + r for some
q € Zylz;] and r € Zy. Then r*M —r~1lg(x; —a) =1 mod p. So if we define s = r~! then
sM =1 mod (p,z; — ). Now we define H = 0 + sM f where f = (04 — 0) |z,=a- Hence
H =0 mod M and H =0, mod (z; — ).

Now in Z,[z;] the division algorithm will work since z; — a is monic. But if r =
M(a) =0 mod p then r will not be invertible in mod p!. Hence to make the interpolation
algorithm work for [ > 0, all we need in the procedure 3-(a) above to choose a € Z;; such
that M(a) #0 mod p .

Finally the condition p { LCy, (¢1; (uw)) also implies that p { LC(w) € Z,;. Hence LC(w)
will be invertible in Z, and the division algorithm will work for the (¢ — ou)/w mod p at
step 3-(e).
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Example 24. Let p = 5 and ¢ = p?> = 25. Consider the MDP example in Zss where
Iy =(z2 =123 =2)

u = —71‘141'22 —12 :U34 —12z1+1,w= 61’14{[}3 + 4x12x22a:3 + 2 and

c=-12 x17x22 + 4215293 + 91 w0 + 3 1% w0205 — 310 wows® — 6 11 a0l ws? + 22130 g

3 3

- 2%13.%2 x32 - 7.75151‘32 - 6x14x2 — .73141,‘22.T3 + 12 x13$22x32 + 8$13$34 —11 x12x2x34

— 69523:1:34 + 43:36 + 49523:34 + 99635 + 81’14 — 1121329 — 62129 — 9212 + 32129 + 2129°

— T1x9x3 + 4&:19532 —1229% + 4 x129 — 10 T1T3 + 83;32 +8x9 — Tx3
Note that
u(l)(:rl) = ¢<I3,5>(u) =—2xmt—22 — 1, w(l)(:rl) = <Z><1375>(w) =zt — 12 +2
and ged(uM, w™) =1 mod 5. We first choose o = 0 and get
H = —93:13 + 3x12$2 — 123:23 + 8 x9.
Now M = z3. Then we choose @ = 1 and update H,
H=—-92%+321%00 — 1229% + 829 + 3.

Now M = z3(x3 — 1). Next we choose v = 11. But M(11) = 110 = 0 mod 5. So we skip

it. Then we choose @ = 9 and update H,
H = —9$13 +3l’12$2 — 12%23 —{—81’32 +8x9 — Tx3

For the next choice of o we realize the stabilization of H. Then we assume ¢ = H and
check <=7 = —12 x129° + 12212923 + 32123. Note that all computations are in mod 25

and we have in fact the true solution pair (o, 7) € Zs2[z1, T2, T3].

3.5 Sparse interpolation

Our experiments showed that the solution via dense interpolation is not efficient enough.
It is exponential for sparse inputs. Therefore we are led to consider a sparse interpolation
approach for sparse v and w. Assuming that the solutions to the MDP are sparse we can

use the idea behind the computation of GCD via sparse interpolation by Zippel [Zip90].
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We explain the idea of sparse interpolation with an example let

A = (3713 + 11711:23.%’3 + 2 x1x2$32 + 2)(2 T1Tox3 + 3712 + 3)

B = (x13 + zixoiws + 21 wowsy® + 2)(3:13 + z1x0 + 2123 + 1)
and suppose we want to compute
g =gcd(A,B) = (x13 + (x23:c3 + 23:23332) x1 + 2) € Zi1[x1, 2, 23]
given the expanded form of inputs A and B. Suppose we computed recursively at x3 = 2
g1 = ged(A(xy, x2,2), B(z1,12,2)) = 25 + (225 — 329)z; + 2 mod 11
and we want to compute a second image at x3 = —5
g2 = ged(A(z1, T2, —5), B(x1, 22, —5)) mod 11
From ¢g; we will make the sparse interpolation assumption that
g =t + (fi(zs)as + folxs)wa)ar + fa(ws)
for some polynomials fi, fo and f3 in Zq1[z3]. So g2 will be in the form
gf = z} + (123 + come)1 + €3

for some constants c1,co,c3 € Z11. Now focus on the coefficients ¢; and cs. Picking the

random values, say —3 and 2 for x9 we compute in Z11[z1] using the Euclidean algorithm

ged(A(z1, -3, —5), B(z1, -3, —5)) = 2} — 4x1 + 2 = gy(v1,—3) mod 11
ged(A(w1,2, —5), B(21,2,—5)) = 2% + 5r1 + 2 = g¢(x1,2) mod 11

Equating the coefficients in z; of LHS and RHS of the equations above, we obtain the

following linear systems mod 11: ¢3 = 2 and

—501 —302 = —4
—3c1+2cs = 5

Solving these linear systems mod 11 we get ¢; = co = —5 and c3 = 2. We conclude that

g2 = 3 4 (=53 — bxy)xy + 2 mod 11

52



Assuming that the form assumption is correct, to compute go, what this small example
suggests to us is that we should focus on the non-zero coefficients of powers of x1 separately.
If the suggested form had a term say (djz3 + dg)x? we could focus on dy, dy separately and
work with a 2 x 2 linear system, instead of considering ¢y, co, c3, d1, d2 all together and work
with a 5 X 5 linear system.

Let the assumed form of the monic-GCD be

m ti
n; V2j Tnj s
g5 = Zci(xg, oy Tp)xy" where ¢ (22, ..., zy) = Zcijarz 7w with ¢ # 0.
i=1 j=1
where ¢;(zo,...,2z,) = 1. Suppose t is the maximum number of terms in the coefficients of

g, i.e. t = max]", #t;. In sparse interpolation we should get each ¢;(x2, ..., z,) by solving
at most (m — 1) t x ¢ linear systems (for the leading term we don’t need that), by giving
random values to the (n — 1)-tuple (z2,...,z,). That is much more efficient than solving a
t(m — 1) x t(m — 1) linear system. As explained in [Zip90], by choosing evaluation points
carefully each linear system can be solved in O(#?) arithmetic operations in Z,.

Note that this algorithm is probabilistic, since each sparse interpolation based on the
assumption that coefficients which are zero in one dense interpolation will probably be zero
in all cases. For example in the example above g; does not have the term z123 and we
guessed that the it won’t have this term for the next step. If the actual GCD had the term
r123(23 — 2) and then this term would be evaluated to 0 for x3 = 2 and the assumption for
g2 would be incorrect.

The nice thing is that the probability that the assumption is incorrect can be made
arbitrarily small by using a large enough range for evaluation points, i.e. using big primes,

based on Lemma 23, Schwartz-Zippel Lemma.

3.6 Solution via sparse interpolation

Once again, as a first step let [ = 1 and u, w € Zy[x1, ..., x;] be monic in the main variable,

say x1 and the problem is to find multivariate polynomials o, 7 € Z,[x1, ..., z;] such that
_ d+1
ou+ Tw = ¢ mod <Ij , p> . (3.4)

Following the sparse interpolation idea of Zippel in [Zip90], given a sub-solution o;(z1,...,2; =
aj) for o € Z, we use this information to create a sub-solution form o; and compute
oj(x1,...,x; = Bj) for other random f;’s in Z, with high probability if p is big. Suppose

the form of o; is

m t;
of = Zci(mg, oy Tj) )" where ¢; = Z Cikrg? .- ZL‘;-W with ¢;, € Z,\{0}.
i=1 k=1
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Let ¢ = max}*,t; be the maximum number of terms in the coefficients of . In sparse
interpolation we obtain each ¢;; by solving m linear systems of size at most ¢ x t. As
explained in [Zip90], each linear system can be solved in O(t?) arithmetic operations in Z,.
We then interpolate z; in o; from oj(x1,...,2j-1,0k) for k=0,... ;deg, (0j). Finally we
compute 7; = (¢; — oju;)/w;.

This method will also work for the case [ > 1 by a careful choice of evaluation points
as explained in Section 3.5 with one more additional condition: The sparse interpolation
routine method explained in [Zip90] uses Vandermonde matrices. To make the explanation

easier consider the Vandermonde matrix

a b ¢
V=1a® b
at oA

We have det(V') = —abc (b —¢) (a — ¢) (a — b). If a, b, c are all distinct in Z, then det(V) is
non-zero and hence invertible in Z,. So to make it invertible in Z,; we should choose p { abe
and the a, b, c shouldn’t be p apart. This condition can easily be checked in the sparse
interpolation routine. We take one more step before we give an outline of an algorithm to

solve an MDP problem via sparse interpolation.

3.6.1 First Improvement

The approach introduced in the preceding section solves the interpolation problem based
on projection down to Zp[z1]. To reduce the cost we tried projecting down to Z,[x1, x2]
because this will likely reduce the number ¢ of evaluation points needed. Let the total degree
of o in x1, 2 be bounded by d and let

Sik

of = Z Cik (T3, ..., :1:J):L"1:L‘12€ where ¢;;, = Zciklx;f” e :U]-jl with ¢ € Zp\{0}.
i+k<d 1=0

Let s = max s;;, be the maximum number of terms in the coefficients of o;. Here we solve
O(d?) linear systems of size at most s x 5. For s < ¢, the complexity of solving the linear
systems decreases by a factor of (t/s)2. We also save a factor t/s in the evaluation cost,
which is often the most costly operation in sparse interpolation.

To solve the MDP in Zy[x1, 2] we have implemented an efficient dense bivariate diophan-
tine solver (BDP) in C. The algorithm incrementally interpolates x2 in both ¢ and 7 from
univariate images in Zy[z1]. When o and 7 stabilize we test whether o(x1, z2)u(x1, x2) +
T(x1, z2)w(w1, v2) = c(x1,T2) using sufficiently many evaluations to prove the correctness
of the solution. The cost is O(d?) arithmetic operations in Z, where d bounds the total

degree of ¢,u,w,o and 7 in 21 and x3. We do not compute 7 using division because that
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could cost ©(d*) arithmetic operations. This bivariate MDP solving algorithm is presented

as algorithm BSDiophant below.

3.6.2 The evaluation cost

The drawback of the interpolation method is the evaluation cost it brings. This is especially
the case when the number of terms and the number of the indeterminates of the polynomial
that we want to evaluate is high. In our experiments we found that the sparse interpolation
approach we propose reduces the time spent solving MDP’s but evaluation becomes the

most time dominating part of the factoring algorithm.

Suppose f = Y7, ¢X;Y; where X; is a monomial in x1,x2, Y; is a monomial in
x3,...,Tpn, 0 # ¢; € Z, and we want to compute
._ _ ] — A -
fi=f(x1,20,23 =0,...,2p =qaj), forj=1,...,t

To compute f; efficiently, one way is to pre-compute the powers of o;’s in (n — 2) ta-
bles and then do the evaluation using tables. We implemented this first. Let d; =
deg(f,x;) and d = maxs<;<n d;. For a fixed j, computing the n — 2 tables of powers of
a{’s (i.e. 1,05{,04?, . ,azc-lij) costs < (n — 2)d multiplications. To evaluate one term ¢;Y;

at (o, ...,ad) costs n — 2 multiplications using the tables. Then the cost of evaluating f
at (ag, ...,ad) is s(n — 2) multiplications. Hence the total cost of ¢ evaluations is bounded
above by Cp = s(n — 2)t + (n — 2)dt = t(n — 2)(s + d) multiplications using tables.
However when we use sparse interpolation points of the form (ag, coad)forj=1,...t
[Zip90] we can reduce the evaluation cost by a factor of (n — 2) by a simple organization.

As an example suppose
f=a¥ 120300425 + 37x1xgx§x4 - 92x1xg$§ + 6y w532

and we want to compute f; := f(ml,xg,aé,ai,ag) for 1 < j < t. Before combining and

sorting, we write the terms of each f; as

fi = P+ 720&10&%1‘?1‘% + 37(04%)2041@3:3 - 92(0&%)21‘11‘3 + 6a§(ai)2x1x?2’

= 2P £ 72(oqas) airh + 37(adau) z125 — 92(ad) 2125 + 6(azal) z123.

Now let
9 =11,72,37,-92,6] and 0 :=[1, a5, 2oy, of, azal].

Then in a for loop j = 1, ..., t we can update the coefficient array ¢(9) by the monomial array
() j—1

6 by defining ¢;”’ = CZ( 0; for 1 < i < s so that each iteration computes the coefficient
array

V) = [1,72(aqas)’, 37(aFas)’, —92(ad), 6(aza3)’]
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Algorithm 7 Sparselnt

Input: A big prime p and u,w,c € Zylx1,22,...,z;] and Supp(c) the support of o €
Zp|z1,x2,...,2;] and u, w are monic in z.
Output : The solution (o, 7) for the MDP ou + tw = ¢ € Zp[x1, 22, ..., x;] or FAIL

1:

, .. i
Let of = > o<itk<d cik(xg,...,xj)leazg where c;r, = > cira My with ¢ unknown
coefficients to be solved for and M;y; € Supp(o).

Let s = max s;, = max #c;. .

3: Pick (as,...q;) € (Z,\{0})7~2 at random.
4: Compute monomial evaluation sets

{S’ik:{mikl:Mikl(a?n'--vaj):]- Slgszk} for0§i+k§d}.

If [Sik| # six for some ik try a different choice for (o, ..., ;). If this fails repeatedly,
return FAIL. (p is not big enough)

5: for i from 1 to s do (Compute the bivariate images of o)

10:
11:
12:
13:
14:

15:
16:
17:
18:
19:
20:
21:

Z,

Let V; = (23 =a},...,z; = aj).
Evaluate u(x1,x2,Y;), w(x1,x2,Y;), c(x1,x2,Y;) by the method explained in section

Solve o;(z1, x2)u(z1, x2,Ys) + Ti(x1, z2)w(z1, 22, Y;) = c(21,22,Y;) in Zp[x1, 29] for
oi(z1,z2) using BDP (see Section 3.6).

if BDP returns FAIL then

return FAIL (Y; is unlucky or there is no solution to the BDP).

end if
end for
for0<i+k<ddo

Construct and solve the s;; X s;; linear system

Sik
{Z cimmly, = coefficient of xtxk in o, (21, 29) for 1 <n < sik}

=1
for the coefficients c¢;x; of ¢;x(z3,...,2;). Because it is a Vandermonde system in m;x;
which are distinct by Step 4 it has a unique solution.
end for

Substitute the values c;i; in o to get o
if w|(c— ou) then

Set 7 = (¢ — ou)/w and return (o, 7)
else

return FAIL (o is wrong )
end if
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Algorithm 8 BSDiophant

Input A big prime p and w,w, ¢ € Zy[x1, 2, ..., z;] where the MDP conditions satisfied.
Output (0,7) € Zp[z1,22,...,2;] such that ou + 7w = ¢ € Zp[x1,29,...,2;] or FAIL .
It returns FAIL if condition 2 of the MDP is not satisfied for the choice of any § in the
algorithm. This is detected in subroutine BDP.

if n = 2 then call BDP to return (o,7) € Zy[x1, x2]* or FAIL end if.

—_

2: Pick 1 € Z, at random

3: (uﬁl’wﬁNCBl) — (u<xj = 51>7w(xj = ﬁl)?dxj =5)) € Zp[xlvx% T 7xj—1]3'
4: (01, 71) < BSDiophant(ug, ,wg,,cs,,p).

5: if o1 = FAIL then return FAIL end if

6: k< 1,04 01, ¢ < (xj — B1) and o5 < skeleton of oy.

7: repeat

8: h+o

9: Set k < k + 1 and pick S € Z, at random distinct from 1, ..., Br—1

10: (’U,gk, wg,, Cﬁk) — (u(xl, N S ,Bk),w(xl, N /Bk), c(a:l, ce, T = ,Bk)
11: (oK, ) <Sparselnt(ug, ,wg,, cs,,0f,p) (Algorithm 7)

12: if 0, = FAIL then return FAIL end if

13: Solve o = h mod ¢q and o = o}, mod (z; — By) for o € Zp[x1,2,. .., 2]
1 g g (25— )

15: until o = h and w|(c — ou)

16: Set 7 < (¢ — ou)/w and return (o, 7).

using s = # f multiplications in the coefficient field to obtain
fi = 2P+ 72(aqas) xdas + 37(a3as) 2125 — 92(ad) z125 + 6(azad) zi23.
Then sorting the monomials and combining terms we get
fi = 2P + 72(auas) wizs + (37(ajau) — 92(ad) ) w12l + 6(azad) x5,

Note that sorting is time consuming so it should be done once at the beginning. Then
compute the arrays ¢) and then combine according to the sorting rule. In the example
above by looking at the terms of f we know that after the evaluation the first and the
second, also the third and the fourth terms of f will collide. Hence after computing each
cU) we know that the sum of the first and the second, also the third and the fourth terms
of each array will correspond to the coefficients of f;, so we won’t spend time to sort the
terms of each unsorted f;.

With the organization described above one evaluates Y; at (as, ..., ay) in (n — 3) mul-
tiplications using tables. The cost of n — 2 tables of powers is < (n — 2)d. Then at the
first step the cost of (creating monomial array) is < s(n — 3) + (n — 2)d. After that the
cost of each t evaluations is st multiplications. Hence the total cost is upper bounded by
Cy = st+s(n—3)+(n—2)d. Then Cr —Cy = (t—1)((n—2)d+ (n—3)s) > (t—1)(n—2)d.

Hence the relative gain is approximately a factor of (n — 2).
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For a recent research along this direction, see [MW17]. See also [BLS03]. The complex-
ity, Cy € O(st) can be reduced to O(slog?t) by using FFT based methods.
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Chapter 4

Sparse Hensel Lifting (SHL)

4.1 The main assumption of SHL

We start Chapter 4 by recalling the notation. Also, by now so as not to complicate the
explanation we will assume that the input polynomial to the MHL algorithm is monic and
l=1.

Suppose that we seek to factor a multivariate polynomial a € R = Z[z1,...,z,] and
a = fg with f,gin R. As explained in Chapter 2, the multivariate Hensel lifting algorithm
(MHL) developed by Yun [Yun74] and improved by Wang [Wan78] uses a prime number
p and an ideal I = (z2 — aa,...,Tp — ) of Zp[z1, ..., 2,) Where ag,a3,...,a, € Z,p is
a random evaluation point chosen by the algorithm. As discussed in Section 2.1 we want
a; = 0 if possible.

For a given polynomial h € R, let us use the notation
hj = h(z1,...,2j,2j41 = Qjy1,..., Ty = ap) mod p

so that a1 = a(x1,a9,...,a,) mod p. The input to MHL is a, I, fi,¢g1 and p such that
a1 = fig1 and ged(f1,91) = 1 in Zy[z1]. The input factorization a; = fig;1 is obtained by
factoring a(z1, a9, ..., a,) over the integers.

Let d; denote the total degree of a; with respect to the variables xa,...,z; and I; =
(X2 — @g,...,x; —ay) with j < n. Wang’s MHL lifts the factorization a; = fig1 variable
by variable to a; = fjg; € Zp[xl,...,:cj]/ljc-lﬁl. It turns out that f,, = fmodp and
gn = gmod p. For sufficiently large p we recover the factorization of a over Z.

Factoring multivariate polynomials via Sparse Hensel Lifting (SHL) uses the same idea

of the sparse interpolation from Section 3.5 . At the (5 — 1) step of MHL we have

d

fi-1 = $1f +cji My + -+ e My,
d

gi-1 = 7 + 8 N1+ -+ sjr, Ny,
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where t; is the number of non-zero terms that appear in f;_1, Mj’s and N;’s are distinct

monomials in z1,...,2;_1 and ¢, sj € Zy. Then SHL makes a probabilistic assumption
that
d
fi = a2l + M) My + -+ Ay () My,
d,
9i =y’ +Tj(x)Ni+ - + Dy (25) Ny,

for 1 <k <tj and 1 <1 <rj, where

0 1 2 (dj.) -
A = C§k) + C§'k)(mj _ Oéj) + Cg'k)(xj _ Oéj)2 S Cjkjk ($j _ aj)d]k
0 1 2 (dj,) ,
r, = 551) + 55'1)(5'73‘ —aj) + 551)(%‘ —a)? 4+ s’ (x5 — a;) %

with cﬁ) := ¢ji and where df = deg, (f), dj, = deg, (Ajx), with cézk? € Zy for 0 <@ < dj,,
and sg(l)) (? € Zyp for 0 < i < dj,.

:= s; and where dg = deg,, (9), d;, = deg,, (I'ji), with s;

So for each step j, the assumption of SHL is pictorially

aj = fig; = (@ +ApMi+ -+ Ay, My )@ + TNy + -+ Ty, Ny
f
aj—1 = fj—19j—1 = (ac(llf +ciiMy+---+ Cjtthj)($(1ig + 851N+ -+ 55, Npy) (41)

where s, 7; and NN}, are defined as above.

Of course, this assumption is probabilistic. f; (or gj) may contain a term AM where M
is a monomial in x1,...,2j_1, A € Zp[z;] and A(a;) = 0. If a;j # 0 is chosen random then
Pr[A(a;) = 0] < deg, (4)/p < d;j/p. So at the §* step, this probability is < d;(r; +t;)/p.

Note that if A € Z,[x;] is a monomial then a; # 0 = A(a;) # 0. Therefore, if the
number of terms of f,g is Ty, Ty resp. then at the 4 step the probability that SHL
assumption is wrong is < d(r; +t;)/2p < d(Ty + T,)/2p. Hence, in total, the probability
that SHL assumption is wrong is < d(n — 1)(Ty + Ty)/2p.

Therefore, if the factors to be computed are sparse and the evaluation points (as, . .., ay)
are random and p is big then the SHL assumption is reasonable and true with high prob-
ability. In fact, for many practical sparse problems the probability bound given above is
very generous. (See Chapter 5).

We close this section with a historical remark. In [Zip93] Zippel claims that, although
the sparse interpolation algorithm is more widely known than the SHL discussed in this
section, the SHL dates to the spring of 1977. Trager suggested to Zippel that the same

techniques could be used for modular interpolation in May 1978.
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4.2 Sparse Hensel Lifting by Zippel (ZSHL)

Zippel’s sparse Hensel lifting (ZSHL) is a combination of the SHL idea discussed in the
previous section and the multivariate version of Newton’s iteration [Zip81, Zip93]. It does
not follow the MHL procedure described by Zassenhaus. We will briefly sketch the idea and
give a concrete example to show how it works. For more detail see [Zip81].
The reader may want to read the explanation below along with the Example 26.
Recall the Eqn (4.1). At the ;' step of MHL we have the knowledge of a; and by

looking at the factorization of a;_1, we have the assumption
a; = (.T?f + Alel + -+ Ajtthj)(l‘ilg + Flel + -+ Fjerrj)- (42)

Expanding the RHS of Eqn (4.2) and equating the coefficients of the monomials in zs, ...,z
on the LHS and RHS of Eqn (4.2), the aim of ZSHL is to compute Aj;,I';; by using the
multivariate version of Newton’s iteration and sparse interpolation techniques discussed in
Section 3.5.

Now, in a more general setting, let R = Z,[x2,...,2,| and we are given a system of

polynomial equations over R

f1(91, e ,Gm) = pl(l‘Q, e ,l‘m)

fnO1,..0.0m) = po(x2,...,2m) (4.3)

where m < n and p; are polynomials in R. In addition suppose we are given an oracle
that provides a solution to this system modulo I = (z; — a4, i = 2,...,n) for any choice of
«; € Zyp. Let us also be given bounds on the degree of each variable x; of 6;’s.

Our aim is to solve Eqn (4.3) for 6;’s, i.e. if we define g; = fi(01,...,0m)—pi(z2, ..., Tm)
then g; € R[f1,...,0,] and we are looking for a common root of {g;} in R™.

The following proposition is by Zippel [Zip93].

Proposition 25. Let § = (gi(01,...,0,), i =1,...,n) be a set of polynomials defined in an
integral domain R with a prime ideal . Let J denote their Jacobian with respect to 0;. Let
§=(s1,...,5n) be a solution of § modulo o such that the determinant of J(s1,...,S,) has
an inverse in R/p. Then there exist unique elements § = (81,...,5,) of R, with §; = s;

mod g for which §(51,...,5,) =0.
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Proof. Consider g; for some j € {1,...,n}. Its Taylor series expansion at 5 € R™ is

g9 = 9j(§)+zggz (5)(6; — si)

Yy

The first summation in Eqn(4.4) is the inner product of the vectors

01 — 51

99 o _ (99 995 (2 7o
7= (G 5L (9) and (- 5) =

0 — sn

Using this notation the first two terms of Eqn (4.4) is

— —

5(0) = () + B(5) - (T 5) 4

Now more generally ¢ = (gi(61,...,0,),i=1,...,n) is a map from R™ — R™. Since R is
an integral domain and g is prime, the natural map R — R,, is injective, ¢ induces a map

R{ — R{ which can locally be expressed as

—

J=3&+TE-(0-5)+--

where J(5) is the Jacobian matrix

991 9q1 .. Ogq1

00, 00, o6,

0 992 092 . . Og2

20, 00 90y,
JE=—==| "7 " .
o0 : . :

O9n  Ogn .. Ogn

90, 00, 00y,

Now let @ € R{ be in the kernel of g. If we define @ = 5 and @* as the image of @ in

(R/p*+)" then (&) = §(@*) mod pF. Now, by expanding § at &@ — @*~1) we get
0=ga® )+ g@* . (a@—a* v +o(a-ak1)?. (4.5)

The term O((a&—a%*=Y)?) is in p?. If the rank of the Jacobian J(5) is n, then it is invertible

and we get
a—a* b =_73" (@—a®*) mod gr. (4.6)

If we define § as the projective limit of the coherent sequence @*)’s constructed by an

iterative use of Eqn(4.6), we have the desired solution. To see the uniqueness, assume that
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(91, .. .,0n) also satisfies the proposition and k is the smallest value for which

& # 9 mod ph (4.7)
for some 7. Note that &k > 0 and
(81,5 80) = (1, -, 9n) = A%V mod pF.
But then
(81,...,8,) —a*=b ~T(@N (@ — &% D) mod pFt!
(D1, 0n) —aF ) = — 7@t (@—-a*"b) mod ph*!
which contradicts to 4.7. O]

Based on Proposition 25, ZSHL applies a recursive procedure: At the k*" stage we have

a system of the form

f1(01, .. ,Gm) = pl({L‘Q, e ,l’k)

fa(01,...,0m) = pu(xe,...,z8). (4.8)
Next we choose oy, € Z,, and solve Eqn(4.8) modulo (z — oy) to get
Hi:ci1M1+---+citthi 1=1,...,n.

Let T'= ;"1 t;. Then we introduce T" new variables A;;,1 < j <t;, one for each possible
coefficient ;. By using the sparse interpolation idea, each of the equations in Eqn (4.8) is

now re-written using A;;:

fj(cilMl + -+ Citthiu"'7ci1M1 + -+ citthi) - p1($17"')$k—1;xk) (49)

By equating the coefficients of the monomials in x1,...,2x_1 on the LHS and RHS of

Eqn(4.9) we get a new system of equations

91(/111,---,/1mtm) = Ch(ﬂﬂkz)

gN(A117 s 7Amtm) = QN(QUk) (410)
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From Eqn (4.8) we know that
Aij = Cij mod (:Ck — Oék) (4.11)

If the Jacobian of Eqn (4.10) is not zero, we use this as a starting point for multivariate

Newton’s iteration to lift Eqn (4.11) to a solution modulo (z; — ay)! for any I:

Aij = cij + cgjl-)(xk —ag) + cg-) (zp —ag)? +---

After sufficiently many iterations we expand and rewrite A;; as
Njj = di +dap + dad +
and finally the solution to Eqn (4.8) is computed as

0; = (din +d\Pap + dPad + )My + - + (digy + dYay +dPad + )My,

7

For some problems there will be more equations than unknowns and thus the Jacobian is
not a square. In this case a subset of these equations is used. Since this is a probabilistic
approach at every stage k, the solutions obtained should be verified.

Now we give a concrete example how to use this procedure to factor a multivariate

polynomial.

Example 26. Suppose that our aim is to factor
F = 2% + 2122303° — 21200% 03 — 11200232 + 6 212023° — 202232 — 6 21223 + T120. (4.12)
We choose p = 31 , evaluation points as = 2, 3 = 1 and then compute
F(z1,z0=2,23=1) = (x1—2) (3:12 — 1021 + 2) . (4.13)
Following the sparse interpolation idea we assume that
F = (z1—6y) (:c12 — 0oz + 93) (4.14)

where 6; = 0;(x2,23) for 1 < i < 3. Equating coefficients in x1 of Eqn (4.12) with Eqn
(4.14) we obtain the set of equations

E = [9193 = x22x32, 0105 + 03 = x23x33 + 61‘21'33 + 29, 01 + 09 = x22m3 + .7321732 + 6$3].
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To solve this system of equations for 0; € Z,[x9, x3], we first reduce to modulo z3 — 1 by

defining w; = 0;(x2,x3 = 1) for 1 < ¢ < 3 and obtain
G=E(xz3=1)= [:L‘22—w1w3 =0, 22° —wiwy — w3+ Txe =0, 292 — w1 —wy + 2+ 6 = 0].

Before we start the iteration, first we compute the Jacobian 0G;/0w; for 1 <i,5 <3

—w3 0 —wn
J = w2 w1q 1
-1 -1 0

Note that by construction none of the terms of G; will be in the form w;z5. So when taking
the derivatives 0G;/0wj, the terms containing the variable x5 will disappear and the entries
of J will be formed by polynomials in w;’s. We have det(J) = —w? 4+ wiws — w3. We
need to start the iteration with the choice of w; such that det(J) #0 mod p. We start by
choosing w = [3, 15, 3] and then compute det(J(w)) =2 mod p and

-3 0 -3 16 17 20
Jo=Jw)=1] 15 3 1 mod p= J, =] 15 14 10 mod p.
-1 -1 0 25 14 11

So we start by initializing the array s = [3, 15, 3] and start the multiterm version of Newton’s

iteration (all computations are in mod p).

1. For j from 1 to 2 do

2. t; « Gi(w; = s;) for 1 <i < 3.
3. qi +ti/(xa —3)) for 1 <i < 3.
4. Q + [q1q243]"

5. c J;1-Q

6. C < c(x2 =3).

7. 8; < 8; + Ci(wy — 3)7

8. End for loop.

After the iteration we have s = [r9, 23 + 6, 75]. Hence we conclude that
w = [xg,xg + 6, .CCQ].
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This time again following the sparse interpolation idea we assume that
01 = hi(x3)ws, 02 = ha(x3)xs + h3(x3), O3 = ha(xs)ws.

Now substituting these into E we obtain

L= [—1‘22I32 = —h1x22h4, x23x33 + 65623333 + 29 = h1h2x23 + hihszs + hyxo,

— zo%x3 — wox3® — 623 = —hoxo® — hixy — hg).
From L we deduce
K = [~x3® = —hihy, 6 23°+1 = hihg+hy, v3° = hihy, 623 = —hs, —w3”> = —h1, —w3 = —hy).

Following the same procedure this time by 4 x 4 Jacobian matrix which has a non zero

determinant at the chosen initializations for h;, 1 <7 <4 , as above we get
hi = a3, hy = x3, hg = 613, hy = 1.
Finally substituting these equations into Eqn (4.14) we get
F = (xl - x2x32) (:U12 — T3 (:U22 + 6) T+ .’Bg) .

This is in-fact the true factorization.

4.2.1 Some remarks on ZSHL

In [Zip81], it is claimed that this organization of Hensel lifting, for all practical purposes
does not exhibit the exponential behaviour of Wang’s incremental design of MHL. However
it is a question how efficient this algorithm will be for practical purposes. ZSHL is trying
to recover one variable at a time, and at each stage, tries to solve all diophantine equations
at once with the help of the Jacobian matrix (See [Zip93]). Even for this small example
Wang’s incremental design behaves better then ZSHL without the SHL assumption. When
we consider the examples where the number of terms of each factor is 100 terms, at the last
step the Jacobian matrix becomes (200 x 200). In general if the factors f, g to be computed
have s, t terms respectively, then at the last step the expected size of the Jacobian matrix is
(s+1t) x (s+t). Hence, extracting the equations, forming the Jacobian matrix and inverting
it takes too much time. This hidden cost is not negligible according to our experiments.
There is no complexity analysis given in [Zip81] for this method.

Although the idea of ZSHL is important as a first step to factor sparse polynomials,
according to our experiments, in practice, this method is not effective. Next, we review a

simpler and a better approach to SHL proposed by Kaltofen in [Kal85].

66



4.3 Sparse Hensel Lifting by Kaltofen (KSHL)

In a classical implementation of MHL, at the ;' step just before the loop one applies the
leading coefficient correction (LCC). Kaltofen’s proposal for SHL in [Kal85] follows the
incremental design of MHL by Wang and offers a different LCC from Wang’s LCC. It is
done in the for loop. As we noted earlier we will be using Wang’s LCC (before the for loop).
So, to have a fair comparison with the solution that we will propose in the next section,
from now on we will explain and develop an optimized version of Kaltofen’s SHL for the
monic case.
The reader may want to read the following discussion along with Example 27.

Following the same notation introduced in Section 4.1, let at (j — 1) step we have
fim1=ciMi+ -+ cji;, My,

where ¢; is the number of non-zero terms that appear in f;_1, M}’s are the distinct mono-

mials in z1,...,2j_1 and ¢;; € Zpfor1 < k <t;. Then at the 7' step SHL assumes
fi=AnMy+ -+ Aj, My,

where for 1 <k <t;

d; .
A = c§?2 + Cﬁ) (zj —aj) + Cﬁ) (zj —a;)® + -+ C;-k”“)(%‘ — aj)

(© ) := c; and where dj, = deg, (A;;) with cglk) € Zy for 0 < ¢ < dj,. The assumption

with ¢;
is the same for the factor g;_i.

To recover f; from f;_1 and g; from g;_1, during the j™ step of MHL (see Algorithm
5) one starts with oj0 = fj—1, Tjo = gj—1, then in a for loop starting from i = 1 and
incrementing it while the error term and its i** Taylor coefficient is non-zero, by solving

MDP’s

0j0Tji + Tjooji = eg-i) in Zpxi,...,zj-1] (4.15)
for 1 < i < max(deg, (f;), deg,, (45)
de o i)
After the loop terminates we have f; = >, go W) ojr(z; — a;j)*. On the other hand if

the assumption of SHL is true then we have also

dj
fi = 2 +( Cgﬁ)(fj a;)") My + - ZC j— o) )My,
=0
dj
= 2 > ()Mtj)( o).
=0
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Similarly for g;. Hence we see that if the assumption of SHL is true then the support of
each oj;, will be a subset of the support of f;_1. Therefore we can use fj_; as the skeleton
of the solution of each 0. The same is true for 7.

Now let g;_1 = x(lig + 81N1 + - - -+ sjr; N, To solve the MDP’s in Eqn(4.15) at the 4th

step, before the loop, we introduce unknowns uy, for 1 < k <t; +r; and assume that

O'ji = u1M1 + .- —l—utthj

Tji == utj+1N1 + - +utj+7’]'NTj'

After this assumption, by expanding Eqn (4.15) and equating the coefficients of the same
monomials appearing on the LHS and the RHS of Eqn (4.15) one obtains a system of linear
equations. By construction these equations will be homogeneous linear equations in the
uy’s. Hence one has to solve a system of linear equations to get the factors.

At the 5 step of MHL , throughout the loop 00, Tjo remains the same. So, if the SHL
assumption is true the assumed solution structures of oj; and 7;; will remain the same on
the LHS but only the RHS of Eqn (4.15) will change. Hence just before the loop it is enough
to find r; +¢; linearly independent equations among O(r;t;) linear equations while keeping
track of which monomials they correspond. We call this monomial set Mon, construct the
corresponding matrix L, and compute L~!.

5})
of the error, extract the coefficients of it corresponding to each monomial in M on, form the

Then in the for loop, for each i, one simply has to compute the Taylor coefficient of e

related vector v, and then simply compute w = L™ 1v to recover uy’s.

It may be possible that there is not enough linearly independent equations. In this case
we terminate the algorithm. Algorithm 9 below describes the j* step of KSHL.

Before we discuss further how effective this approach is, it is helpful to see a working

example.

Example 27. Suppose we seek to factor a = fg where

f = z1° + 3x12x2x32 — Tzt - drizs+1

g = r1° + :1:123321'3 — 73:34 —6

Let a3 = 2,p = 231 — 1. Suppose MHL is at the last step, i.e. 7 = 3 and we want to recover

the variable x3. Before lifting we have a and

f(o) = f(zg=2) = 21° — Tt +122,%200 — 821 + 1
g = g(xzz =2)= z1° + 211 %29 — 118.
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Algorithm 9 j* step of optimized KSHL

Input : a; € Zy[x1,..., %], [i-1,9j-1 € Lp|z1,...,xj—1] and o € Z, where aj, fj—1,9j-1
are monic in z1. Also, aj(z1,...,zj-1,2; = &) = fj—19j-1-
Let fj1 = a:cllf +ciiMy + - + ¢, My, and gj1 = xfg + sj1N1 + -+ + sjr; Ny, where

Mi,...,

M, and Ny,...,N,; are monomials in z1,...,z;—1 and df = deg, f and dg =

deg,, g. Output : f;,g; € Zp[x1,...,x;] such that a; = f;g;
or FAIL (No such factorization exists.)

1:

2
3:
4

(50, Tj0) + (fi-1, gj—1)-

2 (04, 75) + (750, Tjo)-
monomial < 1.

: Introduce unknowns w1, ..., up;4¢; and D < ojo(ur Ny + -+ + up; Ny, ) + 70 (w41 M7 +
ce U Mtj)
Expand D and collect the coefficients of the monomials in 1, ..., z;_1. Each coefficient

is a homogeneous linear equation in wug’s.

Let S be the array of all these homogeneous equations and Mon be the array of mono-
mials such that S; is the coefficient of Mon; in the expansion of D.

Find i1, ..., 4¢; such that B = {S;,..., SZ-TJ, +t]~} is a linearly independent set. Do this
choosing equations of the form of cuy for some constant c first.

8: if no such F exists then return FAIL (SHL assumption is wrong) end if
9: Construct the (r; +t;) x (r; + t;) matrix L corresponding to the set E such that the

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

th oolumn of L

unknown u; corresponds to ¢
Compute L~1.
error < a; — fj—19j-1
for ¢ from 1 to deg(aj,x;) while error # 0 do
monomial < monomial x (x; — o)
¢ « coefficient of (z; — ;)" in the Taylor expansion of the error about z; = a;
if ¢ # 0 then
for k£ from 1 to rj +¢; do
v, < the coefficient of Mon;, of the polynomial ¢
end for
w <+ L™l
Oji < 2?:1 wkMk and Tji < 271;]:1 warthk'
(0j,7j) < (0 + 0ji x monomial, T; + Tj; X monomial).
error <— aj — 0;Tj.
end if
end for
if error # 0 then return FAIL else return (o;,7;) end if
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If the assumption of SHL is true then we have
degg, f deg,, g
f= Z fi(zs —2)" and g = Z gi(xs —2)"
i=0 i=0

where each f; and g; is in the form

fi = ugi)x14 + ug)xl%g + ug.j)xl + ufli)
g = ulz’ws +ul!

for some unknowns C' = {ng), uél)ﬂ ui(’)z)v Uz(;) ) Ug)7 Ug) }

At the beginning the unknowns are C' = {u1, u2, u3, us, us, ug} in Z,. We construct

D = (:B15 — 7.21314 + 12 .21312.’/62 —8x1 + 1) <U51‘12$2 + u6)

+ <$15 + 2:1:12332 — 118) (U11}14 + UQ.T121’2 + uszx + U4) .

Expanding D we see the system of homogeneous linear equations as coefficients

D = uyz1 "+ (ug + us) £1 2o+ (2u1 — Tus) 21820t usz: O+ (ug + ug) 21°+(2up + 12us) 1 20>
+ (=118 uy — Tug) 21 4+ (2uz — 8us) 130 + (—118 ug + 2uy + us + 12 ug) 129
+ (—118 us — 8u6) Tl — 118 ug + ug

We need 6 linearly independent equations from these. First we check whether there are any

equations in one unknown. In this example we see that u;,us corresponding to monomials

212, 215 are there already. Then we go over the equations one by one to get a rank 6 system.

In this example we find that equations corresponding to the set
Mon = {xlg) x16a 1:17332) x16x27 2715, IE14}

are linearly independent. Then we prepare the matrix A
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In the following egk) denotes the coefficient of (z3 —2)* in the Taylor expansion of the error
about z3 = 2. Let also fo := f(0), gg := g, f®) := 321 fi(ws—2)", g®) := 1 gi(w3—2)".

In the algorithm 4.1, the vector v is constructed by extracting the coefficients of eék)

corresponding to monomials in Mon = {xlg, 215, w17m2, 21929, 217, x14} and w = A~y mod

D.
Now for the loop, i =1:

error = a—f(o)g(o)
eél) = 13 1‘171‘2 — 71‘161‘2 — 41‘16 + 36 1:141:22 — 224 :U15
+1568 214 — 16 71329 — 4103 1229 + 2264 7, — 224
vo= [0 —4 13 -7 -224 1568 |
w o= [012 401 22|

f(l) — f(o) + (12 z1%79 — 4951) (3 —2)

= 21° =Tt + 1221 %005 — 1221209 — d2qm5 + 1
gV = g0+ (12 - 224) (25 - 2)

= x1° 4z woxs — 224 w3 + 330

1= 2:
error = a—f(l)g(l)
e = 3xTmy 4 62y s — 168215 + 1176 21 — 2370 21 %25 + 1344 21 — 168
v =1[00 30 -168 1176 |
w =1[03000 -168 ]
F@ = U4 3%y (xs — 2)°

= :L'15 + 3$12$21‘32 — 7$14 —4xix3+1
9@ = ¢® —168(z3 - 2)?
= 21° 4+ 2127973 — 168 232 + 448 25 — 342
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error = a— fPg?
) = 5617 +392a," — 67221 0y + 4482, — 56

v =10000 -5 302 ]
w =1[00000 -5 |
f(3) — f(2) +0
= z° 43z 2w0x32 — Tt — Az + 1
g3 = ¢® 56 (x5 —2)°
= :z:15 + :1:12:52:1:3 — 56 x33 + 168 :c32 — 224 3 + 106

At the end of the 3™ iteration we have recovered f and g can be obtained by early
detection via trial division. But let’s go further.

fori=4:

e = 75 +492,* — 842 2wy + 5611 — 7
v =1[0000 -7 49]
w=1[00000 -7]

f(4) _ f(3)_|_0

= :L’15 + 3m12x2$32 — 7m14 —4xix3+1
g = g¥ -7 (25-2)

= 3315 + 3312x2x3 — 71‘34 )
for i =5, error = a — f® g = 0 and we have the factors!

4.3.1 Some remarks on KSHL

We have implemented our optimized version KSHL in Maple and made experiments. The
most time consuming step is the step 7 of Algorithm 9 where one has to find r; 4-t; linearly
independent equations out of O(r;t;) linear equations and invert the corresponding matrix.
This is not an easy task, since as we noted one should keep track of the monomial to which
the linear equation corresponds. Therefore the most obvious way to get the system is to
start with a set of one equation and set the rank= 1, then each time add a new equation to
the set if it increases the previous rank by 1, until we reach a full rank r; + ¢;. To do this
we have used Maple’s RowReduce function which performs in-place Gaussian elimination
on the input mod p Matrix L. This function is implemented in C and optimized. The
time complexity is the time complexity of Gaussian elimination O((r; +t;)3) plus the time

complexity of failed cases, which is according to our experiments not negligible.

72



One can argue that taking random linear combinations of equations would rapidly gener-
ate linearly independent equations but this would depend on the total number of equations
which is quadratic in r; +¢;. Another hidden cost is that it requires O((r; + ¢;)?) space.

In our experiments we have observed that this algorithm works well for very sparse
polynomials but relatively poorly otherwise. According to our experiments, although our
optimized version of KSHL is significantly faster than described in [Kal85], it is still slower
than Wang’s algorithm for most of the cases (see Chapter 6.6).

Suppose that the degree of the factors are di; and dp;. In practice one obtains the
factor which has the smallest degree first, say in this case di; < daj, and gets the other
factor by trial division. On the other hand, for the non-zero ideal point «;, since even a
sparse polynomial turns out to be dense in (x; — «j)-adic expansion, one expects to solve
dij MDP’s. If we proceed in the way described in [Kal85], we need to set up a system of
equations dj; times and hence need to find a linearly independent system di; many times.
However in our organization we need to set up system of equations only once as can be seen
from Algorithm 9. Hence the cost of Gauss elimination decreases from O(dy;(r; + t;)3) to
O((rj +1;)%).

It should be mentioned that for very sparse problems the system of homogeneous equa-
tions contains many equations of the form cuy for some constant c¢. In our implementation
we took advantage of this observation to reach the full rank as fast as possible. We use
these equations first, substitute them and then try to find a set of linearly independent
equations for the remaining. We have implemented this version too. The drawback is that
in this case at each step in the for loop one should construct another matrix and a vector
since the new equations are no longer homogeneous. We have observed that it does not
bring any advantage and it is even worse for practical problems. For example when we are
trying to factor the determinants of Toeplitz matrices or Cyclic matrices we have observed

that there is no simple homogeneous equation of the form cuy.

4.4 Sparse Hensel Lifting by Monagan & Tuncer (MTSHL)

In this section we state one of the main ideas of MTSHL and give the pseudo-code for
it. Before we go into the details we explain the idea of MTSHL by an example. Let
fj € Zplx1, ..., x;] be a factor to be computed at the 4% step of MHL and a; € Zy be the
randomly chosen point by the algorithm (in the beginning). Say j = 3,p = 11, ag = 2 and

f3 = a:“;) + 41:123333 -2 x1x23x3 + 4.7323334 — x1x2x32 — T1IT2
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Now consider the Taylor expansion of f3 = Z?:o f3,i(zs — 2)% in Zq1[z1, 22, 73]

f3 = (:L'? — 4:E1:L’23 — ZE12 —b5x1209 — 2:E2) + (—2 .”1311'23 + 4{L‘12 —4xix0 — 4$2) (1‘3 — 2) +

(2 1'12 — 1T — 31‘2) (1’3 — 2)2 + (4 1'12 — xg) (1‘3 — 2)3 + 4 x9 (xg — 2)4

We see that
Supp(fs4) = {z2}
C Supp(fsz) = {z1% w2}
C Supp(fz2) = {&1® w12, 22}
C Supp(fs1) = {z122®,21% 139, 00}
C Supp(fzo) = {af, 132", 1% 2179, 2}

If f3 is a factor that we want to compute via MHL at the 3" step, the SHL idea explained
in the previous section makes an assumption that Supp(fs0) = Supp(f3(xzs = 2)) with high
probability. This is the

Supp(fjo) = Supp(f;j(z; = o)) (SHL assumption)

The example above shows that more is true. As the next Theorem shows, if p is big enough

and a; chosen at random from [0, p—1], in fact at the 5" step of MHL, with high probability

MTSHL assumption :

Supp(fj,0) = Supp(f;j(z; = a;)) and Supp(fj,i+1) € Supp(f;:) for 0 < i < deg,, f;.

What does this buy us? Note that at the j* step of MHL, in the for loop one first solves
an MDP to get f;1 then f;2 and so on. So if we use the sparse interpolation approach
to solve an MDP as MTSHL does, while we are solving the MDP to compute f;;11 we
can use f;; as a skeleton of the solution. That is, it eliminates the computational cost
of recursive steps of Zippel’s sparse interpolation. Also, since the size of the supports get
smaller as ¢ increases, this significantly decreases the evaluation cost of MTSHL. Because,
during MTSHL, one solves MDP’s of the form ocu 4+ 7w = ¢ and when the solutions o, 7 to
be computed (which also means the actual factors to be computed) are huge, the expected
size of ¢ is huge. (See Chapter 6). It also eliminates the sparse interpolation and reduces
solving an MDP to solving a single (Vandermonde) linear system. What does this cost us?

It increases the failure probability of the algorithm and this must be investigated.

Theorem 28. Let f € Z,[x1,...,2z,] and by Supp(f) we denote the set of monomials

present in f. Let a chosen at random in Z, and f = Z?;O bi(x1,...,Tn 1)(zn — a)® be the
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(zn — a)-adic expansion of f, where d, = deg, f. Then for a given j with 0 < j < d,,

dn - .7
Pr[Supp(bj+1) € Supp(b;)] < |SuPp(bj+1)’m-

Proof. For simplicity assume that p > j, otherwise we will need to introduce Hasse deriva-
tives but the idea will be the same. We have

1 0

ﬁ@ (L1, Tp—1, Ty = Q).
° n

bj(a?l,...,ﬂjn_l) =
If we write f € Zplay]x1,. .., Tn—1] as

f=ci(xn) My + co(xn) Mo + - - - + g () My,

where M}’s are the distinct monomials in x1,...,2,—1 and we denote %cl(wn) = cz(])(:nn)
then

0 j ‘ ‘
b= fen=a) = @M+ (@)My+ -+ ()M

ozl

9 (G+1) (j+1) (j+1)
bj+lzﬁf($n=a) = ¢ (a)Mi+cy " (@)My A4 e () My

Tn

For a given j > 0, if c(j+1)(a) # 0, but cgj)(oz) = 0 then M; ¢ Supp(bj). We need to

i

compute Pr[c(j)(a) =0]| cgjﬂ)(a) # 0]. If A is the event that cl(-j)(oz) = 0 and B is the event

7

that c(j+1)(a) = 0 then

7

Pr[A] — Pr[B]| Pr[A| B] < Pr[A]

PriA]B] = Pr[B] = Pr[BY
By the Schwartz-Zippel Lemma
Prfd] _  deg, ()P (d-i)fp  du—j
Pr(B = 1 — (deg,, (V™)) /p) ~ 1= (dn=d=1)/p p—dutij+l

O
Theorem 28 shows that for the sparse case, if p is big enough and « is chosen at random
then the probability of Supp(bj+1) € Supp(b;) is high.
4.4.1 Bad evaluation points for MTSHL

Following the notation of the Theorem 28 above, let f € Zy[x1,...,z,], o is chosen at
random in Z, and f = 2% bi(z1, ..., 2y 1) (2, — @)’ be the (z, — a)-adic expansion of f,

where d,, = deg,, f. For a given o € Z,, let us call « a badpoint, if Supp(bj+1) € Supp(b;)

75



for some 0 < j < d,. As in the proof of Theorem 28, consider

P A
bj = —8 f(acn—a)—c(])( )M1+c(])( )Mg—i—---—l—c,(j)(a)Mk.
Tn

So, for a given f, if cgj ) has a root but does not have a double root at T, = «, then
«a is badpoint for bjy1, i.e. Supp(bj1) € Supp(b;): Consider the following example where

Supp(b;+1) € Supp(b;) for j =0,2. Let
fi=(@f 42} +af)(wo = 1)° + (@f + 2] + 2f) (w2 — 1) + (2] + 1) € Zsog[21, 72

But if we choose another point say as = 301 and compute the (z2 — 301)-adic expansion of
f= Z?:o b;(z1)(x2 — 301)" we have

bo = x| 49528 + 39529 + 39527 + 30023 + 1

by = 23028 + 23120 + 23127 + 23
by = 39128 + 39127 + 3917
by = af+a)+a]

and we see that Supp(bj+1) € Supp(b;) for 0 < j < 2 . In fact for this example o =
1,209, —207 are the only badpoints as can be seen by considering f € Zsog[x2][x1]:

f=a]+ (22— 1)325 + (29 — 209) (29 — 1) (22 + 207) + 25 (22 — 209) (x2 — 1)x] + (v2 — 1)af +1

Note that these points are badpoints only for bs. Before we give an upper bound for the

number of badpoint points we consider the following example. Let p = 1021,

f = (zo—841)(xy — 414) (29 — 15) (a3 — 277)x]
+ (29 — 339) (2o — 761) (29 — 752) (20 — 345)z]

and f) = -2 f(x1,25). Then
2

fO = 4z — 384)(x9 — 230) (g — 291)x) + 4(xp — 441) (22 + 127) (xo + 453)z]
@ = 12(xy — 89)(x2 — 174)2) + 12(2g — 473) (22 — 115)z]

@ = (24xy — 93)af + (24x9 + 91)2] and

FO = 2429 4 2447

So, the maximum number of badpoints occurs if each cl(-j )
[Supp(f)[#=3-

splits for different points, hence

is an upper bound for the probability of hitting a badpoint.
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Algorithm 10 j** step of MTSHL

Input : a; € Zp[xl, R ,xj], fj_l,gj_l S Zp[ib‘l, ceey xj_l] and aj € Zp where aj, fj—l:gj—l
are monic in z1. Also, aj(z1,...,zj-1,2; = o) = fj—19j-1-

Output : f;,g; € Zp[x1,...,x;] such that a; = f;g; or FAIL (No such factorization exists.)

1: if r; > t; then interchange f;_; with g;_ end if

2 ()0, 7jo) < (fi-1, 9j-1)-

3: (g, 7j) < ()0, Tjo)-

4: monomial < 1.

5: error <— aj — fi—19j-1

6: for i from 1 to deg(a;, z;) while error # 0 do

7 monomial < monomial x (z; — a;)

8 c « coefficient of (z; — ;)" in the Taylor expansion of the error about z; = a;
9 if ¢ # 0 then

10: 04 < skeleton of 7;,_1

11: (0ji, 7ji) <Sparselnt (oo, 7jo, ¢, 04, p) (Algorithm 7)

12: if (O’ji,Tji):FAIL then

13: (0ji,7ji) < BSDiophant (oo, 7j0,c,p) (Algorithm 8)
14: if (0j;, 7ji)=FAIL then restart the factorization with a different ideal
15: end if

16: end if

17: (0j,75) <= (0 + 0ji x monomial, Tj + Tj; X monomial).
18: erroT <— G5 — 04T;.

19: end if

20: end for

21: if error # 0 then return FAIL (No such factorization exists)
22: else return (o, 7;)
23: end if

For a sparse polynomial with 1000 terms, d,, = 20, for p = 23! — 1, this probability is
0.000097. This observation also suggests that while solving the diophantine equation 4.15
at the i*® iteration of the jth step of MHL, we use 0; 1 (or 7; j—1) as a form of the solution
of i (or 75).

Back to our discussion on SHL, based on the observation above the j*" step (j > 1) of
MTSHL is summarized in Algorithm 10.

Example 29. Suppose we seek to factor a = fg where

f = 218 + 2z a0’ asd s + driae’as® + 3wl rans® + xolasrs — 5
g = .%'18 +3 $12x2x3x42m5 +5 .%'121'21'32334 -3 .%‘421'52 +4 x5
Let a3 = 1,p = 23! — 1. Before lifting we have a and
f(o) = flxzs=1)= 3;‘18 + 4x13:22x33 + 2x1x22$43 + 3.1‘1:622264 + x22x3x4 -5

g(o) = glas=1) = xlg + 53:12m23332m4 + 33:12:U2:L‘3x42 — 3:642 +4
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If the assumption of SHL is true with x5 = a = 1 then at the first step we assume that

dEgz f ; degz g ; .
f=>,_0" files —1)"and g =3, gi(xs — 1)" where f; and g; are in the form
_ 3 3 2 2
f1 = C123" + Cax4” + C3%4 ) T1X2” + Cc4x2”X3X4 + C5
_ 2 2\ . 2 2
g1 = (C6X3°T4 + CTT3T4" ) U1 T2 + C8T4™ + C9
for some unknowns C = {cy,...,co}.

In the following eék) denotes the coefficient of (x5 — 1)¥ in the Taylor expansion of

the error about x5 = 1. Let also fo := f©), gp := ¢(@, f#) .= Z?:o fi(zs — 1)1, g% =
Yo gi(ws — 1)1
We start by computing the first error = a — f(0¢g(9). We obtain

1
eé ) =3 2102003242 + 2219222243 + 6 2120204 + 1221300305 14 + 10 213003 w5204
3m32x42 + 27 x13x23x3$43 + 33312.%'233?32%43

2

+ 12 m13x23x3x45 —6 :6'183342 + 30 3313.%'2

+ 4.%18 — 24 x1x22x33x42 — 18 x129 .’B45 —15 .’B12.%'2$3.I‘42 + 16 1‘11‘221‘33

—20 x1x22x43 —6 .1‘22.%'3.21?43 + 36 x1$22x4 + 4:622333334 + 30 x42 —20

The MDP to be solved is:

D: fo ((669632334 + 079633?42) x1%w9 4+ cgs® + 69)

+ g0 ((019333 + cax4® + 631‘4) 21797 + cawo®v3my + C5> = eél)-

Our aim is first to get ((cox3?x4 + crz324%) 11229 + 3742 + 9), since it will create a smaller
matrix. We need 2 evaluations only: We choose 2 evaluation points: [x3 = 2,24 = 3] and

[x3 = 2%, 24 = 3?] and compute

D[z = 2,24 =3]) : (21° +952125° + 6257 = 5) (125 + 18cr) 21222+ I s + <9 )
+ (xls + 114 x12x2 — 23) ((8 €1+ 27¢ca+ 3c¢3) x1x22 + 6043;22 + 05)
= 5421 029+72 21292 —50 218 +13338 213 29°+324 71229 — 270 1 222 — 6406 2125° —300 2524250

D[z = 4,24 =9)) : (21° + 174121297 + 36252 = 5) (144 6 + 324 ¢7) 21705 + 81 5 + o)
+ (215 4169221225 — 239) (641 + 729 00 + 9 ¢5) 1257 + 36 caza® + ¢5 )
= 97221 %9 + 15122, %292 — 482 2,8 + 4250556 z1 325>
+ 34992 x1 2253 — 4860 122 — 1200530 21292 — 17352 52 + 2410

78



Now calling BDP we see that the solutions to these bivariate diophantine equations are

respectively
[o1,71] = [54x12x — 50,72 1297
[o2,72] = [972 212w — 482,1512 x1x22].
Hence we have
(12¢6 + 18¢r) 12w +9cg +co = BHdai’re — 50

(144 c + 324 ¢7) w1%xy +8lcg +cg = 972x1%xy — 482
Then we form the (Vandermonde) linear systems
12 18 Cs 54 9 1 cs —50
= and =
144 324 cy 972 81 1 Cy —482
and we obtain cg = 0,c7 = 3,c8 = —6,c9 = 4. So g1 = (3z12w2w374% — 6242 + 4) . Then by

eél) — fog1

= (27179743 + 8 2923*). Hence
go

division we get f1 =

f(l) = fo+ (2 T1T9° x> + 69613322904) (x5 — 1)

g(l) = go+ (3 x12:1:2563.7342 — 65842 + 4) (1’5 - 1) .

Note that we use the division step above also as a check for the correctness of the SHL
assumption. Since the solution to the MDP is unique, we would have gg ¢ eg) — fog1, if the
assumption was wrong.

Now following Theorem 28 by looking at the monomials of f; and g1, we assume that

the form of the fo and g9 are

fo = crr1a9ws® + comyao®ry + c3
_ 2 2 2
g2 = C4T1 T2T3T4° + 524" + C
for some unknowns C' = {c1,...,cg}. The next error is error = a — f(Ng(1). Then
2
eé ) — 321%29%xs — 3218242 + 15 x13w23x32$42 + 9w13x23x3x43

— 12 x1m22x33x42 — 63311'223345 — 18 x1m22x43 — 3.%‘22$3:C43 + 12 $1$22$4 + 15 .7342
The MDP to be solved is:

2 2 2 2 2 2
D: fy (04901 Tox3T4” + C54° + 06) + 9o (clxla:Q :U43 + cox1x9 Ty + 03) = eé ).
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We need 2 evaluations again: Choose [r3 = 5,74 = 6] and [r3 = 52, 24 = 6%] and compute

D(([wg = 5,24 = 6]) := (21" + 950 212 + 30 25° — 5) (180 cams s + 36 c5 + 5 )
+ (wls + 1290 21229 — 104) (216 1192 + 6 com1ma? + 63)

= 18721792 — 108 21° + 23220 213 29° — 104472 x129% — 3240 9% + 540

D(([ws = 25,24 = 36]) : = (21° + 155920 21257 + 900 — 5) (32400 cazr®w2 + 1296 c5 + ¢ )
4 (a:18 + 209700 2,229 — 3884) (46656 crr1ae? + 36 coxymo? + 63)
= 108 21292 — 3888 1% + 22647600 z1°25> — 606636432 x129% — 3499200 252 + 19440

Now calling BDP we see that the solutions to these bivariate diophantine equations are
respectively

[o1,71] = [-108,18 71257
[02,72] = [—3888,108z172]
Hence we have
180 C4l‘12$2 + 36 cs+cg = —108
32400 cyx1’xe + 1296 ¢5 + c¢ = —3888

Then we solve the Vandermonde linear systems

e 36 1)[es]_[ —108
[180] [c4] = [0] and l 1296 1 ] l Ce ] [ —3888 ]

and obtain ¢4 = 0,c5 = —3,c6 = 0. So go = —3x4%. Then by division we get fo =
M = 3mx0’my (15 — 1)2. Hence
90
@ =W+ 3aas’ey (x5 — 1)
= x18 + 23:1x22:c43x5 + 433130221‘33 + 3:U1:L‘22;134x52 + 1‘22x3$4 -5
g2 =gW+ (-324%) (25— 1)°

= ;v18 +3 m12:n23:3x42x5 +5 $12x2m32$4 -3 m42x52 +4xs.

The next error is error = a — f(?¢) = 0 and we have the factors!
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We have used 4 evaluations and solved three (2 x 2)— system and one (1 x 1) system.
For the same problem KSHL would need to find 9 linearly independent homogeneous linear
equations out of 28 equations first. A natural question is, is it possible for KHL to focus
on to some subset of the variables first? The answer is no. The system of equations that

are constructed by KSHL are coupled.

4.4.2 Some remarks on MTSHL

We give a detailed complexity analysis of MTSHL in Chapter 6. Before doing so, several
remarks on Algorithm 10 are in order:

Step 8 in the for loop computes the " Taylor coefficient of the error at xj = aj. Maple
used to compute this using the formula ¢ = g(z; = «a;)/i! where g is the i’th derivative of

error wrt x;. Instead, Maple now uses the more direct formula

d
c= Z coeff(error, z*)a~F (Z)

k=t

where d = deg,  error which is three times faster [MP14].

At step 10 MTSHL makes the assumption Supp(7j;) € Supp(7j;—1) based on The-
orem 28. Note that, if the minimum of the number of terms of each factor of a; is
t = min(#fj, #g;), then at step 11 the probability of failure of the assumption is <
= d‘jﬂ _(271) < pidedj and cost of solving each MDP is the evaluation cost + cost of a system

of linear equation solving which is bounded above by O(t?).

Another costly operation is the cost of the multivariate division, oj; = (¢ — 007ji)/Tjo0,
which is hidden in sparse interpolation. If the algorithm fails to compute (o;;,75;) at step
11 then it passes to a safer way at step 13.

Another expensive operation in the Algorithm 10 is the error computation, error <

a;—0;Tj, in the for loop. To decrease this cost, one of the ideas in [MY74] can be generalized

deg, . 0; i ; N
to MHL. Let 0; = Zsj)] ! 0js(x; —a;)® and O'J(-) = e—00js(xj —aj;)® (similarly for 7).
One has
i+l i) _(i i1 i (i—1 i
e§- = a; — 0'](- )T]( ) = aj — (U§ )+ oji(x; —aj) )(Tj( )+ Ti(x; — o )')
= a; — O'J(-I_I)Tjgz_l) — (Uj(-z_l)’rjﬂ' + T](Z_l)aj,i)(xj — aj)i
= ey) —y® (xj — ozj)i
where U®) := (a](i_l)rj,i + Tj(i_l)aj,i). Hence in the for loop we have the relation e§-i+1) =
egl) — (zj — a;)'UW for a correction term U € O((zj — ;)" 1). Also for i > 0 it is known

that (z; — ;)" divides egi). So if we define ng) = eg-z)/(;vj — a;)’ then cg-i) can be computed

efficiently using
Y = () - UD) /(@) - ).



Hence we may compute cg-i) for ¢ = 1,2,... until it becomes zero instead of computing
ey). According to our experiments, this observation decreases the cost when the number of
factors is 2. For more than 2 factors, the generalization of it does not bring a significant
advantage. So, in our implementations we only use this update formula when the number
of factors is 2.

Also note that, MTSHL makes use of only one of the SHL. assumptions because it aims
to get one of the factors. Also it eliminates the recursive step in MHL to compute the

skeleton of the solution.

4.5 Reconsidering the case modulo p’ with [ > 1.

In the previous sections we have seen that the lifting process has two main stages. The
first step is to find a prime p and a natural number [ > 0 such that the ring Z, can be
identified with the ring Z. That is, we find a bound B such that the integer coefficients of
the polynomial a to be factored and its factors to be computed are bounded by B. One
way to choose such an upper bound B is given by Lemma 14. Then we choose [ such that
p! > 2B. Next the solution in Z,[z;] is lifted to the solution in Zyi[z1]. The second step is to
lift the solution from Z,[z1] to Z,[x1,...,7,]. Note that in the second stage all arithmetic
is in Z, with p' > 2B.

This strategy is described in detail in [GCL92| and it is currently implemented by most
of the computer algebra platforms including Maple, Singular [Leel3] and Magma [Steel].
In this section we will question whether the strategy described above is the best way to
manage the task for the case [ > 1.

How should we choose p and how big should it be? As indicated previously by Musser,
if we choose p > 2B then p is large enough to eliminate entirely the phase of construction
which lifts from p to p' but this might mean that p would be a multiple precision integer
which will increase significantly the cost of all coefficient arithmetic. The best approach
seems to be to choose p as big as possible while constrained to be a single precision integer
[MusT71].

Suppose for example that the coefficients of the factors are bounded by p'®. Before
the factorization we don’t have this information. Since most likely the coefficient bound
B > p?°, this means that all arithmetic throughout MHL is in Zy20, which will be very
expensive.

Our design of an efficient sparse multivariate diophantine solver as we described in
Section 3.6 allows us to propose a more efficient approach that eliminates most of the multi

precision arithmetic. (See Figure 4.1)

e First compute the lifting upper bound ! = [log, B] by using Lemma 14.
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Figure 4.1: Wang’s Algorithm vs MTSHL

MTSHL Wang
a=fg€Zxy,...,rm a € Zlxy, ..., xy) a=fg€lxy,... x)
T \: T

p-adic Lift Ty = Qo :

T \: T
an:anHEZp[l‘l,...,:En] Ap—1 GZ[IL‘l,...,ZEnfl] a; :fjgj GZpl[l‘l,...,l'j}
T \: T

(Solve MDP's sparseint) : (xj-a;)-adiclift
: Tj = Q4 T
aj = fjg9; € Lplz1,. ..,z i) (Solve M DP's recursive)
T CNL]'_1 S Z[$1, R ,xj_l] 1T
(xj-a)-adiclift i} a3 = f393 € Zy[r1, 22, 73]
1 | 1
: T9 = Qg (z3-arz)-adic lift
T \J T
ag = f292 € Zp[xl,l'z] a € Z[l’l] as = fggg S Zpl [331,.%‘2]
T \: T
(x2-ar9)-adic lift FactorinZ (z2-ar9)-adic lift
T o T
a1 = f1g1 € Zp|x1] bp a=fg € Zlx] bpl a1 = f191 € Zy[z1]
b LS

e Then choose a random (m + 1)-bit machine prime p, i.e. p € [2™ < p < 2™F!] and
compute the factorization of a by lifting the factorization in Z,[z1] to in Zp[z1, ..., zy]

with MTSHL so that most of the work uses a machine prime p.

e Then as a second stage lift the factorization from Zy[x1, ..., 2] to Zy[z1, ..., 7,] via

p-adic lifting using the sparse MDP solver.

The following observations and the data in Table 4.1, which compares the efficiency of
the both strategies, makes it clear, why this strategy is better than and should be preferred
to the previous one.

Suppose that a = ww where a,u,w € Zlz1,...,z,] and u,w are unknown to us. As a
first step we choose an evaluation ideal I = (r3 — ag,...,Z, — a,) with randomly chosen
a; from [0, p — 1] such that the conditions of the Theorem 16 are satisfied with [ = 1. Then
there is a factorization a = u™w™ ¢ Zplz1, ..., zp]. This factorization is computed using
MTSHL.
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Now suppose that u (similarly w) has the form

u=coMy+c1My+ -+ ci. My,

-1 I-1 -1
= (O s0ip" )Mo+ (Y sup’ )My + -+ (O spip') My,
i=0 i=0 i=0
where M; € Z[z1,. .., 7,] are distinct monomials, 0 # ¢; € Z with ¢; = Eé;(l) sjip’ where

—p!/2 < s;i < p'/2. Then we have

k k k
w= (Y sjoM;)+ (D spMpp+---+ (3 spMy)p'™!
j=0 =0 =0
=g+ up + ugp® + -+ + u_1p' !

where u; = Z;?:o sj; M. It follows that

u— YRt = ik = i—k S i~k
;;—’;0 = (Z soip"™ ") Mo + (Z sup” )My + -+ (Z skip " ) M.
i=k i=k i=k

Also, we have ug = u mod p # 0 since in the first stage w is lifted from ug. Now we make
a key observation:

If p is an m-bit prime, p € [2™,2™F1] and if p is chosen at random, the probability that
pleis Prlp | ¢i] = #distinct (m;-nll)]l;ii;c E;i:ll;divisorsofci

Since there are at most [logym (¢;)] many (m + 1)-bit primes dividing ¢; we have

. Let m(s) be the number of primes < s.

[logym (cs)] ¢
Prlp | ¢i] < W(2m+12) —r(2m) < m(2m+T) — 7 (2m)

This probability is very small because according to the prime number theorem m(s) ~
s/log(s) and hence 7(2m*+1) — 7(27) ~ #7;(2).
In fact, for m = 30, it has been shown in [Law17] that the exact number of 31-bit primes
is 50697537 > 5 - 107. Therefore in our implementation the support of ug will contain all
We make one more key observation and claim that Supp{u;} € Supp{u;_1} for1 < j <l
with high probability: We have

monomials M; and Supp{u;} C Supp{uo} with probability > 1 —k

u; = SojMo + Slel + -+ Sijk.

ujr1 = Soj41Mo+ 81401 My -+ S 1 M.

For a given j > 0, if s;41 # 0, but s;; = 0 then M; € Supp(u;j+1) but M; ¢ Supp(u;).
We consider Pr(s;; = 0|s; j41 # 0]. If A is the event that s;; = 0 and B is the event that
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Sij+1 = 0 then
Pr[A] — Pr[B]Pr[A| B] < Pr[A4]

Prid| B = Pr[B] = Pr[Be]’

It follows that

Prid] _ /(@) —x(27) !
Pr(Be] = 1= 1/(m(2m*h) —m(2m))  (w(2mFh) —m(2m)) —

Hence the probability that

l
((w(2mH) —m(2m)) =1

Pr[Supp{u;} C Supp{u;—1} |1 <j<I]>1-k

As an example for m = 30,1 = 5, k = 500, this probability is > 0.99993.

Hardy and Ramanujan [HR17] proved that for almost all integers, the number of distinct
primes dividing a number s is w(s) ~ loglog(s). This theorem was generalized by Erdos-Kac
which shows that w(s) is essentially normally distributed [EK40]. By this approximation
note that

PriA] _  loglog(si;)/(m(2"*!) — m(2™)) log(llog p)

Pr[B¢] = 1 —loglog(sij+1)/(m(2m 1) —m(2m)) — (w(2mF1) — m(2m)) — log(Ilogp)’

Hence the probability that Supp{u;} € Supp{u;_1}is 21— k%. As an example
for m = 30,1 = 5, k = 500, this probability is > 0.99995.

What does this mean in the context of multivariate factorization over mod Z, for
I > 1?7 It means that the solutions to the multivariate diophantine problems occurring in
the lifting process will, with high probability, be a subset of the monomials of the solutions
of the previous step and these solutions can be computed simply by solving transposed
Vandermonde systems by using a machine prime p and hence by an efficient arithmetic
using a sparse MDP solver as described in Algorithm 7.

We sum up the observations made in this section in the Theorem 30 below.

Theorem 30. Let p be a randomly chosen m-bit prime, i.e. p € [2™ < p < 2™, With

the notation introduced in this section

kl

Pr(Supp{u;} € Supp{u; 1} foralll <j <I)>1— ((w(2mtt) —m(2m)) =1

This probability can be approximated by

kmlog(lm)
2m — mlog(lm)’

Pr[Supp{u;} C Supp{uj_1} foralll <j <l 21-
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Algorithm 11 LiftTheFactors

Input : a € Z[z1,...,z4], fo,90 € Zy[x1,...,x,] where a, fo, go are monic in z;
and a = fogo in Zy[x1,...,2,]. Also an integer bound I > 0 (For example, [Lemma 14,
[Gel60]]).

Output : f,g € Z[z1,...,z;] such that a = fg € Z[z1,...,z,] or FAIL

if #fo < #g0 then (ug, wo) < (fo, go) else (wo, uo) < (fo, go) end if
(f, g) < (mods(ug, p) mods(wo, p)). (# use symmetric range)
modulus < 1.
error < a — fg, oy < skeleton of f
for i from 1 to [ while error # 0 do
modulus <— modulus X p, ¢ « (error/modulus) mod p
Solve the MDP o ug + 7 wo = ¢ for o and 7 in Zy[z1, ..., 4]
using oy and sparse interpolation (Algorithm 7)
(0,7) < (mods(o,p), mods(7,p)). (# use symmetric range)
if (0, 7)=FAIL then return FAIL end if
of o0, (f,g) < (f + 0 xmodulus, g+ 7 x modulus).
error < a — fg.
: end for
. if error # 0 then return FAIL else return (f,g) end if

—= = = = =
Ll e

Algorithm 12 LiftTheFactors (optimized)

Input : a € Z[z1,...,z4], fo,90 € Zp[x1,...,x,]) where a, fo, go are monic in z;
and a = fogo in Zy[x1,...,2,]. Also an integer bound I > 0 (For example, [Lemma 14,
[Gel60])).

Output : f,g € Z[z1,...,z;] such that a = fg € Z[z1,...,z,] or FAIL

1: if #fo < #g0 then (ug, wo) < (fo, go) else (wo, uo) < (fo, go) endif
2: (f, g) < (mods(ug, p), mods(wp,p)). (# use symmetric range)
3: modulus < 1.

4: error < (a — fg)/p, o5 < skeleton of f

5: for ¢ from 1 to [ while error # 0 do

6: modulus < modulus X p, ¢ < error mod p

7 Solve the MDP o ug 4+ 7 wg = ¢ for o and 7 in Zy[z1, ..., 4]
8: using oy and sparse interpolation (Algorithm 7)

9: (0,7) < (mods(o,p), mods(,p)). (# use symmetric range)
10: if (0, 7)=FAIL then return FAIL end if

11: of < o, error < (error — (fT + go) + o1 x modulus)/p

12: (f,9) < (f + 0 x modulus, g+ 7 x modulus).

13: end for

14: if error # 0 then return FAIL else return (f, g) end if
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|lp| D—MTSHL | MTSHL | ty5 |
5 | 5.866 (5.101) | 0.438 (0.132) | 0.241
5 | 9.265 (7.937) | 1.194 (0.186) | 0.48
5 | 14.448 (12.826) | 2.202 (0.264) | 1.332
9 | 6.923 (6.104 ) | 1.067 (0.156) | 0.553
9 ( )
9

’ n/d/Tfi ‘ t ‘ !
5/10/300 | 0.07 | 2
5/10/500 | 0.11 | 2
5/10/1000 | 0.23 | 2
5/10/300 | 0.07 | 4
5/10/500 | 0.11 | 4
4
8
8
8

10.971 (9.737) | 1.854 (0.219) | 1.231
16.943 (15.183 ) | 3.552 (0.35) | 2.632
17 | 8.638 (7.596 ) | 2.553 (0.201) | 2.076
17 | 13.118 (11.686 ) | 3.101 (0.28) | 2.396
17 | 19.031 (17.225) | 4.905 (0.459) | 4.032

5/10/1000 | 0.23
5/10/300 | 0.07
5/10/500 | 0.11
5/10/1000 | 0.23

Table 4.1: The timing table for D — MTSHL vs MTSHL

4.5.1 Data for sparse lifting

In Chapter 6 we give data for the performance of MTSHL. In this section, we give some
data in Table 4.1 to compare the -direct approach-, i.e. implementing MTSHL so that it
computes a bound [g and factors staying in modulo Ly arithmetic, with the -lift at the
last step approach- , i.e. staying in Z, arithmetic approach-, as explained in this Section.

We generated 2 random polynomials in n variables of total degree d with T’ terms of
density ratio ¢ containing some terms that have coefficients in mod p'. Then we multiplied
them in Z, factored the expanded polynomial and factored it with the direct approach. We
called the algorithm which uses the direct approach as D — MTSHL. Since D — MTSHL
does not know what the actual value of [ is, it needs to compute the coefficient bound
Ip (using Lemma 14) and stays in the Z,, arithmetic. It factored the polynomial in
tX(tY) seconds where tY denotes the time spent on solving MDP’s. Then we factored the
polynomial with MTSHL which uses the -lift at the last step approach- explained in this
Section. It factored it in X (tY") seconds, spent t;;¢; s for [ liftings.
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Chapter 5

The Distribution of Unlucky Points

5.1 Unlucky points in computer algebra

To investigate the efficiency and determine the complexity of the MTSHL algorithm we
need to consider the probabilistic assumptions made by the design of MTSHL. Given two
multivariate polynomials in Zy[x1, . .., z,] and a random evaluation point v = (y2,...,7n) €
Zg_l, the solution to the MDP proposed by MTSHL as described in Section 4.4 uses the
condition that ged(f(x1,7),9(x1,7v)) = 1, which is true with high probability if p is big
enough. A point v which does not satisfy this condition is called an unlucky point.
Unlucky points appear elsewhere in computer algebra. Let A, B be polynomials in
Zlxg,x1,...,2,) and G = ged(A4, B). The cofactors A of A and B of B are defined as
A = A/G and B = B/G respectively. Thus A = GA and B = GB. Modular GCD
algorithms compute G modulo a sequence of primes pi,p2,ps3,... and recover the integer
coefficients of G using Chinese remaindering. The fastest algorithms for computing G
modulo a prime p interpolate G from univariate images. Maple, Magma and Singular all

currently use Zippel’s algorithm for computing G [Zip90]. Let us write

k l m
A= Zaixﬁ, B = Zbixzo, and G = Zcixf)
i=0 i=0 =0

where the coefficients a;,b;,¢; € Zy[x1,...,2,]). Roughly, Zippel’s algorithm picks points

@; € Z,, computes monic univariate images of G
9i = ng(A(:L‘o, ai)> B(:an ai))v

scales them, then interpolates the coefficients ¢;(z1,...,x,) of G from the coefficients of

these (scaled) images.
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Consider the unlikely situation that gcd(ﬁ(mo,aj),é(xo,aj)) # 1 for some j. For
example, if

-~

A=22+29 and B =22+ 29+ (x1—1)

then gcd(ﬁ, E) =1 but gcd(ﬁ(xo, 1,ﬂ),§(:co, 1,/)) # 1 for any 8 € Z,. This is a problem
for the algorithm and hence the evaluation point (1, /) is said to be unlucky because we
cannot use the images ged(A(zo, 1, ), B(zo, 1, 5)) to interpolate G.

The same issue of unlucky evaluation points arises in MTSHL, where, given polynomials
a,b,c € Zylx1,...,x,) we want to solve the diophantine equation ca + 706 = ¢ for o and 7

in Zplz1,...,xy,] by interpolating o and 7 modulo a prime p from univariate images (see
Section 3.6).

What is the maximum number of unlucky evaluation points that can occur? What is
the expected number of unlucky evaluation points? We answer the first question for A and
B monic in xy. Proposition 20 implies v € Zg_l is unlucky if and only if R(y) = 0 where
R = res,, (A,B) e Zplz1,z2]. If o is chosen at random from Zg then by the Schwarz-Zippel

lemma implies

Applying Proposition 20 once again gives deg R < degg degé < deg Adeg B. If the
algorithm need ¢ images to interpolate G modulo p, then we can avoid unlucky evaluation
points with high probability if we pick p > tdeg A deg B.

This is an upper bound, it is the worst case bound for the GCD algorithm. Furthermore,
one can easily construct very sparse polynomials A, B where deg A and deg B are big enough
to make this bound useless. Researchers in computer algebra have observed that unlucky
evaluation points are rare in practice and that we “never see them” when testing algorithms
on random input. Theorems 33 and 34 give the first results on the distribution of unlucky
evaluation points. In particular, for co-prime A and B of positive degree, Theorem 34

implies Pr[a; is unlucky | < 1/p.

5.2 An overview of the Chapter

The main goal this chapter is to investigate the distribution of unlucky points. To manage
the task we use a generalization of the Inclusion Exclusion principle (Proposition 32) which
allows us to determine E[X]| and Var[X]| without having explicit formulas for Pr[X = kJ.
Then in the second part, by the techniques developed in the first part we generalize a
Theorem of Schmidt [Sch76] which considers the distribution of the number of roots of a
polynomial in a univariate polynomial ring F,[z] in Fy, where F, the finite field with ¢

elements, to the ring of integers modulo n Z, where n need not to be a prime.
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5.2.1 An overview of the first part

What we will prove in the first part is not only true for the case where the coefficients of
the polynomials are in Z, but also true if they are in [F,. So we switch the notation from
Zy, to Fy for this section. Let X be a random variable which counts the unlucky points
for a given multivariate polynomial pair (f,g) with coefficients in F,. In the first part we
calculate the expected value E[X] of X. But one should also consider how smooth is the
distribution. To see this we need to calculate the variance Var[X] of X which is difficult to

compute. The main result we will prove in the first part is the theorem below.

Theorem. Let F, be a finite field with q elements, and let f,g € Fylx1,x2,...,2,] be of
the form f = ¢t + Zé;(l) c_i(ze,...,xn)2" and g = dpaP + Z;’;_Ol dm—i(22,. .., 202"
where ¢; # 0, dy, # 0, degey—; < 1 — 14, and degdym—; < m —1i. Thus f and g have total
degree | and m respectively. Let X be a random variable which counts the number of points

Y= (727"'7’7%) € ]ngl such that ng(f(xla’YQa"'7771,)79('7:17721'"7771,)) ?é 1. Ifn > 1;
[ >0 and m > 0 then

E[X]=¢"% and Var[X]=¢"%(1 - 1/q).

We initially found this result by direct evaluation. For quadratic polynomials f,g of
the form f = 22 + (a1y + a2)x + azy? + aqgy + a5 and g = 22 + (bry + ba)x + by? + by +
bs over finite fields of size ¢ = 2,3,4,5,8,9,11 we generated all ¢'° pairs and computed
X =[{aeFy:ged(f(z,a),g(x,a)) # 1}|. We repeated this for cubic polynomials and some
higher degree bivariate polynomials for ¢ = 2, 3 to verify that E[X] = 1 and Var[X] =1-1/¢
holds more generally. For yet higher degree polynomials we used random samples. That
E[X] = 1 independent of the degrees of f and g was a surprise to us. We had expected a

logarithmic dependence on the degrees of f and g.

5.2.2 An overview of the second part

Let f be a polynomial in Z,[z] of a given degree d > 0 and let X be a random variable
which counts the number of distinct roots of f in Z,.

In the case when n = p is a prime, Z, is a finite field. In the finite field case, F,, where
q is a power of a prime, the distribution of X has been studied extensively, see for example
[Pan13]. Schmidt proves in Ch. 4 of [Sch76] the following result.

Theorem. [Sch76]. Let q be a power of a prime and Fy be a finite field with q elements.
Let X be a random variable which counts the number of distinct roots of a polynomial of
degree d in Fylz]. Then for d > 1, E[X] =1 and Var[X] =1-1/q.

This result has been generalized by A. Knopfmacher and J. Knopfmacher in [KK93] who

count distinct irreducible factors of a given degree of f.
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When n is composite, the ring Z,, has zero divisors which complicates the investigation
of the distribution of X. It is interesting to see that just as in the finite field case, here also
E[X] = 1 although zero divisors exist. Naturally we don’t expect a smooth distribution in
this case and want to investigate further Var[X].

Let ¢(n) = [{1<i<n:ged(i,n) = 1}| denote Euler’s totient function. In the second

part we will generalize Schmidt’s results and prove the following theorem below.

Theorem. Let X be a random variable which counts the number of distinct roots of a monic
polynomial in Zy|x] of degree m > 0. Then E[X]| =1. For m =1 Var[X] =0. Form >1

valx]= Y Gty =3 e

d|n,d#n n din
In particular, if n = p* where p is a prime number and k > 1, Var[X] = k(1 — 1/p).

We found this result by direct computation and using the Online Encyclopedia of Integer
Sequences (OEIS) see [OEIS|. For polynomials of degree 2,3,4,5 in Z,[z], we computed
E[X] and Var[X] for n = 2,3,4,...,20 using Maple and found that E[X] =1 in all cases.

Values for the variance are given in the table below.

n 9 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 2 4 3 6 3 4 17 10 7 12 25

VarlX] |3 5 1 5 5 7 3 3 1 11 35 13 14 2 2

a(n) 1 2 4 4 9 6 12 12 17 10 28 12 25 30 32

When we first computed Var[X] we did not recognize the numbers. Writing Var[X] =
a(n)/n we computed the sequence for a(n) (see the table) and looked it up in the OEIS.
We found it is sequence A006579 and that a(n) = Y.7—{ ged(n, k). The OEIS also has the

formula a(n) = 34,(d — 1)o(3).

5.3 Generalization of the inclusion-exclusion principle

In this section we will first introduce a notation and remind the reader of some basic
counting principles (See for example, [GR03]). Next we will present our first result, the
generalization of the inclusion-exclusion principle.

Given a set U and the finite collection of sets I' = {A4;,7 = 0,...,n — 1} where each
A; CU, let us define Cyp = U, Cpyq := 0 and, for 1 < k < n,

Cy = U (AnmAzzmAzk)

0<i1 << <n—1

Then for 1 < k < n, C} is the union of all possible intersections of the k—subsets of the
collection I' . In particular C7 = AgUA 1 U---UA,_1and C, = AgNA1N---NA,_1. Let
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Figure 5.1: Show sets Co, C3, Bs for three sets Ag, A1, As

By, := Cf — Cg4q for 0 < k < n. Observe that Cy O Ck1, so |Bg| = |Cx| — |Cry1]|. Let us
also define
by := |Bk‘ and t; := Z |A21 N Ai2 - N Azk‘
0<i << <n—1
Note that t; = Z:»L:_Ol |A;| and to = > 0<i<j<n |A; N Aj|. Also, b, =t, and b1 = tp—1 —
(1)bn. Now AgNA1N---NA,_1isasubset of (",) = (;) sets of the form A; NA,N---NA;,_,
and each (n — 1)-section A;; NA;,N---NA nmh) = (") sets of the form

Ai1 ﬂAi2 n--- ﬂAZ‘wﬁz with i1 < i9 < -+ < iy_9. Therefore b,_o = t,,_o9 — (n;l)bn_l — (g)bn

in_1 is a subset of (

Similarly, since each (n — k + i)-section is a subset of ("7f+i) intersections of (n — k)
sets for ¢ = 1,..., k, we have the recursive formula
Foln—k+i
bp_p =tn_g — Z ) bp—gy; for k=0,...,n. (5.1)
i=1 L

The following lemma is standard. See for example Theorem 8.2 in [GR03]. For com-

pleteness we give a proof.
Lemma 31. Following the notation introduced above
k (n—k+i
byt = Z(—l)’ _ tn_gri for k=0,...,n. (5.2)
i=0 L

Proof. We will prove the claim by strong induction on k. For &k = 0 we have b, = t,,. Now
assume that the claim is true for any integer ¢« < k in place of k.

By the recursive formula (5.1), we have

bn—(k+1) = tn—(k’-{—l) - (nIk)bn—k - (n_IQH_l)bn—k—i—l — (kil)b”
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On the other hand by using induction and multiplying each equation b,_; with —( kﬁ]_il),

we get the equations

(" Dbt = = (" Dt + (D (D
(2 )bna = (1Dt + (2D ("7 Dt — (2D G)tn

—~
3
=
N
~
S
i
x>
I

~(" Ttk + (T O D s = (CDF T () e

After summing all these equalities, we consider the sum by focusing on the summands

that are multiples of ¢, on the right hand side:

F g1 (n—k+1 n
eltn) = >_(-1)" H( i+1 )(k:—z)

For d < k one has

Then

k
eltn) = (k: Z 1) g(_l)lmﬂ (ll{;t 1) T (k: Z 1) (-1 = (=D (k:i 1)'

where the last equality follows from the binomial identity

o)1) (1) oo (1) i

Similarly for s = 1,...,k we have
C(t ) _ ’S(_l)kfsfz%l n—s—k+i n
= i+ 1 k—s—i
k—s
_ n—=:s k—s—i+1 n _ k—st1[ T —S
= -1 = (-1 .
<k—s+1>;( ) <k—s—i> (=1) (k—s—l—l)

Finally, substituting s = k — ¢ in the formula above gives

k .
bn—(k+1) = ;:0(—1) * < i1 )tnkJri-
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We are now ready to state the generalized inclusion-exclusion principle.

Proposition 32. Following the same notation above, for 1 < k <mn,

In particular:
(a) S0 gibi =t1 = S0 |Ai| (Inclusion Exclusion Principle) and;
(b) Yioi®bi =ty + 2ty = S0 | Adl + 23,5 [Ai 0 A
Proof. According to Lemma 31 we have
by, =tn

bnfl =tp-1— (?)tn
bn—2 =tlp-2— (nil)tn—l + (g)tn

by =ty — (D)ts+ Gta+ -+ (D) "3 () ta1 + (=)™ 2(," ) tn
b=t — Dta+ Otz + Gtat -+ (1) 2" Dtnor + (=1)" 71" )tn

n—1

After summing 7, i¥b;, for 1 < s < n, we consider the sum by focusing on the sum-

mands that are multiples of {5 on the right hand side:

— 3 (s ° Z) (—1).
=1

We claim that ¢(ts) = 0 for k<s<n. We prove this by strong induction on k. For k=1 we

elts) = Z( i} ) (-1 = Z() (-1 Zs<j B i)( i

=1

have

Since s > 2, we may substitute m =s—1>1and j =i — 1 to get

- sf: (;”) (—1)™ = (1 —1)™ = 0.

J=0

Now assume > 5 i (Sii)(—l)s_i =0forany 1<l <kandl+1<s<n.Then

olts) = Sy (1) (1) = i M G) (- 1) = iy sit () (1)

Substitute m=s—1>12>1and j =7 — 1 to obtain
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Since | < k, the induction hypothesis implies each summand
o~ m) meg Nt ™ m—j _
S (=3, e -0
=0 (j j=1 m-=7

Hence ¢(ts) = 0. On the other hand for 1 < s < k the sum of the summands containing 7
on the right hand side is Z?Zi(—l)j *i(ji i)tj‘ Hence we have the result. In particular, for
k = 2 the non-zero terms on the right-hand-side are ¢t; — (%)tg + 22ty = t1 + 2ts. ]

5.4 Results on the distribution of unlucky points

In this section we first consider the bivariate case and next we will prove the general multi-
variate version. The generalized inclusion exclusion principle will play a central role in the

proofs .

Theorem 33. Let IF, be a finite field with q elements, f,g be polynomials in Fy[z,y] of the
form f = cpa™ + S04 ?:_8 cijz'y’ and g = dpa™ + 7! Z;”:_Oi dijz'y’ with ¢, # 0 and
dm # 0, thus of total degree n and m respectively. Let X be a random variable that counts
the number of v € Fy such that ged(f(z,7v),g9(x,v)) # 1. If n >0 and m > 0 then

E[X]=1 and Var[X]=1-1/q.

Proof. Let us first explain the strategy of the proof. We note that without loss of generality

we may assume f and g are monic in x because

ged(f(x,7),9(x,7)) =1 < ged(c, " f(x,7),dy, ' g(z,7)) =1

If we want to compute E[X] and Var[X] by using explicit formula of Pr[X = 7] then the
computations will be somewhat difficult. Instead we want to use the generalized inclusion-
exclusion principle described in Proposition 33.

In the first part of the proof, to compute E[X], for v € F,, let us define A, as the
set of polynomial pairs (f,g) € F,[r,y]*> where f,g are monic in z with total degrees,
deg(f) =n > 0 and deg(g) = m > 0 such that ged(f(x,v),g(z,7)) # 1. Our first goal will
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be to compute |Ag| and then show that |Ag|=|A,| for v # 0. Once we have this fact, we
can invoke Proposition 32 and compute E[X] easily.

In the second part of the proof, to compute Var[X], for (v,0) € }Fg with v < 0, let us
define A, ¢ as the set of bivariate polynomial pairs (f,g) where f, g are monic in z with
total degrees, deg(f) = n > 0 and deg(g) = m > 0 such that ged(f(z,v),9(z,7v)) # 1 and
ged(f(z,8),g(z,0)) # 1. Our first goal will be to compute |Ag 1| and then show that |Ag 1]
= |A, ¢| for any pair (v, 0) with v # 6. Once we have this fact we can invoke Proposition
32 again and compute Var[X] easily.

Let (f,g) € Ag. Since f and g are monic in z, f(z,0),g(x,0) are monic polynomials
of degree n and m respectively in Fyzx]. We have finitely many choices, say s, for non-
relatively prime monic polynomial pairs (h;(z),l;(z)) with deg(h;) = n and deg(l;) = m
with i = 1,...,s in Fy[z]%. Let (f(z,0),g(x,0)) = (hi(z),l;(z)) for some fixed i where
1 <i<s. Infact s = (¢"q™)/q = ¢"™ !, since there are q"¢™ possible choices for monic
polynomial pairs (h, 1) in Fy[x] with deg(h) = n, deg(l) = m and the probability that a given
monic pair is non-relatively prime over Fy[z] is 1/q (see [Panl3, Ber68] and also [BCO07] for
an accessible proof).

Let f(z,y) = 2"+ cpo1(y)z" 1+ -+ c1(y)z + co(y) where cq(y) € Fyly] of total degree
deg(cn—q(y)) < d and let ¢,_4(y) = a((infd)yd +- 4 a(()nfd) where al(nfd) e,

Let hi(z) = 2™ + al? B aéi) with ol € F, for 0 < v < n —1. Then for

1 < d < n, we have ¢,_4(0) = a(()"fd) = affzd. It follows that there are ¢¢ choices for

such ¢,_4(y) and hence there are ¢'¢?- - - ¢ = ¢"("+1/2

(m+1)/2

choices for such f(z,y). Similarly
there are ¢™ choices for g(z,y). Let us denote these numbers as D = ¢™"*t1)/2 and
R = ¢™(m+1)/2_ Since we have s choices for i, |Ag| = sDR.

On the other hand for a given v € Fy if (f(z,y),9(z,y)) € Ao then (f(z,y—7),9(z,y—
7)) € Ay, since f(x,y—y) is again a bivariate polynomial which is a monic polynomial in
of total degree n and g(x,y—-y) is again a bivariate polynomial which is a monic polynomial
in z of total degree m. This correspondence (coordinate transformation) is bijective. Hence
for any v € F,, one has |A,| = sDR.

For a general polynomial f(z,y) € F,[z,y] which is monic in = and of total degree n > 0,

one has ¢%¢%-- - ¢"t!

= ¢"D choices. Similarly for a general polynomial g(z,y) € Fy[z,y]
which is monic in z and of total degree m > 0, one has ¢%¢®---¢™™! = ¢™R choices and
therefore there are ¢" ™™ DR pairs (f, g) which are monic in z with total degrees deg(f) =n
and deg(g) = m.

Let x; := Pr[X = ¢]. This is the probability that ged(f(z,v),g(x,v)) # 1 for exactly i
different 4’s in Fy, i.e. the probability that (f,g) € B; in the notation introduced in section

5.3 considering the finite collection of sets I' = { A,y € F,}. Hence x; = qnfTiDR. Then by
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Proposition 32

b Y0 |Al X sDR . gsDR - qq"t!

q q
[ ] Z{:} v ;} ¢ qn+mDR qn+mDR qn—l—mDR qn+mDR qn+m

To determine the variance of X, our proof assumes a set ordering of the elements of I,. For
this purpose let us fix a generator « of Fj and use the ordering 0 < 1 < a < a? < < a2

Recall that (v,0) € Fg with v < 6, we defined A, ¢ as the set of bivariate polynomial
pairs (f, g) where f, g are monic in x with total degrees, deg(f) =n > 0 and deg(g) =m > 0
such that ged(f(x,v),g(z,7)) # 1 and ged(f(z,0), g(x,0)) # 1.

Let (f,g) € Ag1. Since f and g are monic in z, f(z,0), f(x,1) are monic polynomials
of degree n and g(x,0), g(z, 1) are monic polynomials of degree m in Fy[z]|. We have finitely
many choices for non-relatively prime monic polynomial pairs (h;(x),;(x)) with deg(h;) = n
and deg(l;) = m with i = 1,...,s in F [z]?.

We have (f(x,0),g(z,0)) = (hi(z),l;(x)) and (f(x,1),g9(z,1)) = (hj(z),l;(x)) for some
fixed pair (7,7) where 1 <1i,j <'s.

Now suppose f(z,y) = 2" + cp_1(y)x" 1 + -+ + c1(y)x + co(y) where cq(y) € Fyly] of
total degree deg(c,—_q(y)) < d and let ¢,_4(y) = aénid)yd +- a(()nfd) where al(n*d) eF,.
Let hi(z) = ™ + a(izlx"*1 + -+ a[()i) and hj(z) = a™ + 6@11'"*1 + -+ ﬁ(()j) with

ag), g) € F, for 0 < v,w < n—1. Then for 1 < d < n, we have ¢,_4(0) = a(()nfd) =

aff)_d and ¢,_4(1) = a((jn_d) + et aﬁ”‘d) + a[()n_d) = ,Bfﬁd.
n—1 _

It follows that there are ¢! choices for such ¢,,_q(y) and hence there are ¢%¢' - - - ¢"~! =

n=1)/2 choices for such f(z,y).

m(m—1)/2

g™

Similarly there are ¢ choices for g(z,y). Let us call these numbers as Dy =
¢""~Y/2 and Ry = ¢™(™~1/2_ Since we have s? choices for (,7) (i and j are need not be
different, [Ag 1| = s2D1R;.

On the other hand if (f(z,y),9(x,y)) € Ao1 then for (v,6) € Fg where v < 6,
(f(z, §73) 9(z,§=2)) € Ayp since f(z, =) is again a monic polynomial in z of total
degree n and g(x, H) is again a monic polynomial in = of total degree m. This correspon-
dence (coordinate transformation) is bijective and preserves relative primeness. Hence for
a given v, 6 € F, with v < 6, one has |A, 4| = 2D R;.

For a general bivariate polynomial f(z,y) € Fq[x,y] which is monic in = and of total

n+1 — 2Dy choices. Similarly for a general bivariate polynomial

degree n, one has ¢?¢> - - - ¢
g(z,y) € Fylz,y] which is monic in = and of total degree m, one has PP ¢ =P Ry
choices. Therefore the number of bivariate polynomial pairs in (f, g) which are monic in z
with total degrees, deg(f) = n and deg(g) = m is ¢***?™D;R;. Then with this notation
we have z; = M’Tii[)ﬁ.

Since we have () choices for (v,60) with v < 0, |A,g| = s*D1R; for all (v,6) with v < ¢

and E[X] = 1, by Proposition 32
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Var[X] = E[X? -E[X]* = E[X?]-1% = —1+Zq:z'2xi
=0

! 2 { goini
= -1 2. v g £a=0" "
+ ; v q2n+2mD1R1 + q2n+2mD1R1
oAl + 250 |AiN A;
= -1+ Lo |4 Lic 14 J (by Proposition33)

q*"t2m Dy Ry
S0 Al 25 D1y
@*t2mDiRy - @*m DRy
ST ib; N 2(4)s*D1 Ry
@ t2mDiRy - @?rgPm DRy
_ —1—|—ii bi + 2(3)82D1R1
= *"PPMDiRy ¢*h¢PmDiRy

= 1+

= —1+

Ny 2(9)s’D1 Ry
= -1+ ; 1x; + (]2(”2;2"LD1Rl
2(3)52D1R1
q*"q*m D1 Ry
2Zi<j 82D1R1 B 2(%)82D131

= —1+E[X]+

= 141 =
+1+ q2n+2mD1R1 q2nq2mD1R1

_ alg=Dgm? qlg—1) 1 5

- q2n+2m - q2 - q

Theorem 34. Let F, be a finite field with q elements, f,g € Fqlx1,x2,...,2,] be of the

form f = a2} + 22;6 c_i(ra, ..., wy)2" and g = dyxT + 2?501 dpm—i(wa, ..., xn)x" where
a#0,dn#0,degq_; <l—i, and degd,,—; < m—i, thus f and g have total degree | and m
respectively. Let X be a random variable which counts the number of v = (y2, ..., V) € F;‘_l

such that ged(f(x1,72y W) (1,72, -y ) # L. If n> 1,1 >0 and m > 0 then
E[X]=¢"? and Var[X]=¢""%(1 - 1/q).

It follows that if « is chosen at random from F 3*1 then

1
Pr[ng(f(:Ela’yQa"'77n)7g($23727"'a7n) # 1] = = 5

Proof. The proof runs along the same lines of the proof of Theorem 33. Let U be the
set of all possible monic pairs (f,g) € Fy[z1,...,2,]* where f,g are as described in the

theorem. For oo = (g, ..., ap) € F;‘_l, let A, be the set of all such polynomial pairs with
ng(f(CUl,Oé),g(l'l,Oé)) 7é L.
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For the first part we will consider the monic pairs (f, g) with

ged(f(21,0,0...,0),9(z1,0,0...,0)) # 1

and compute that the probability of this event is 1/¢ again. Then for a given non-zero

a=(ag,...,ap) € JFg_l, considering the coordinate change

f(x].)a27"'aan) :f(xlva_OQu-‘-vxn_an)

and using Proposition 32, since there are ¢"~! possible such a’s, we will see that E[X] =
qn—lq—l — qn—2_

For the second part we will consider the monic pairs (f, g) with

ged(f(21,0,0...,0),9(x1,0,0...,0))

# 1
ged(f(21,1,0...,0),9(z1,1,0...,0)) # 1
and see that probability of this event is 1/¢? again. For a given pair (a, 3) € Iﬁ‘gfl X Fgfl
with « # 3, this time the coordinate change of the second part of the proof that computes
the variance may not be that obvious. We give the explicit construction below. Then by
enumerating the elements of IFZ_I from 0 to ¢"~! — 1 and using Proposition 32, since there

are (qn2— 1) possible pairs («, 3) with a < 3, we will see that

qn71—1
Var[X] = E[X’]-E[X]?=-E[X]*+ Y  °Pr(X =1i)
1=0
n 1_1 qn—l_l 12b
— _|_ - [X]2+ =0 ?
Z !UI U]
11
IU\
n 1 1
= >+ Z 7+2Z
'L<]
7 1 qn 1 1
— _EX2 n—1-" 2 -+
[(X]" +¢q q+ ( 5 >q2
— 2n 4 +q +qn—l<qn—l o l)q_2
_ _ _ 1
_ qn2_qn3:qn2<1_6).

99



For a given pair (a,f) € Fg_l X F;}_l with a # B, let @ = (ag,...,a,) and f =
(B2, .., Bn). Our aim is to find a coordinate change such that

flx1,00,...,0p) = f(21,0,0...,0)

f(xl,ﬁg,...,ﬂn) = f(:rl,l,O...,O)

where

flx1, 2o, .. @) = f(z1,a20 + @222 + -+ + Q2pTn, - -+, Apo + Q2T + -+ + AppTy).

Note that this transformation does not change the leading term in xq, so it preserves
monicness, degree in x1, and preserves coprimality. To make this transformation bijective

we need a (n — 1) x (n — 1) matrix

a2 ... Qa2p

Ap2 ... Gpp

which is invertible and to satisfy the relations

a0 + -+ agpy, = —agg
agf2 + -+ awmBn = 1—ax
and for3<j<n
ajo02 + -+ iy, = —aj0
ajof2 + -+ apbn = —ajo.

Let us consider « and § as column vectors and suppose that o and 3 are linearly independent

over F,,. Then there exists a pair (¢,j) such that i # 0. Applying the necessary
( J
. . Qo Q3 . . .
permutation if needed, we may assume that 5 5 # 0. Then consider the invertible
2 D3

(n—1) x (n — 1) matrix B

Qo Q3 (679

B2 Bs B

B = 0 0 1 0
0 0 O 1
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Let a; denote a; = (ag --- asp)? for 2 < j < n. Let ag :== B7'(~10--- O)T, so that

T
as - ol = —1,a9- T = 0. Let ag := B~} (1e1T) so that ag - a’ =1, a3- T =1 and
let a; := B~1(0 e}l2)T so that aj - aT =0, a;- 87 =0 for 3 < j < n where e;’s denote
canonical basis vectors for 22*2. Let also azp = 1,a30 = —1 and ajo = 0. Now, if we define
A=(ag--- an)T then by construction of a;’s we have
—1
as - ol as - BT )
as - ol as - BT
T : T :
Qp - O ay, -
n 0 n B 0

Hence we get as - al +agg = —1+1=0and as- 7 + asx =0+ 1 =1 as needed. Also
az-al'+azg=1—-1=0and a3z-ST +a3zy = 1—1 = 0 as needed. Also aj-ozT—i-ajo =04+0=0
and a; - BT + ajo =0+ 0 =0 as needed. It remains to show that the set {a2,as,...,a,} is
linearly independent.

Now, since B is invertible, the set {ags,as,...,a,} is linearly independent iff the set

{Bas, Bas, ..., Bay} is linearly independent. Let for some v; € Fp,2 <i < n we have

Then it can be easily seen that «; = 0 and hence {a9, as, ..., a,} is linearly independent. It

follows that A is invertible and the translation we have constructed

1
as ... Qo T -1
+ 0

anp2 ... Qpnp Tn .
0

satisfies the conditions we needed.
Example: Let a = (2,0,0,0) and 3 = (2,3,0,1) in Z2. Then

2 0 0 O 3000
2 1 2
B = 30 = Bl = 3 03 mod 5.
0 01 0 0010
0 0 0 1 00 01
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-1 2 1 3 0 0
0 2 1 0 0 0
as = B7! = ;a3 = B71 = ,ag = B71 = , a5 =
? 0 o | 0 o |’ 1 T
0 0 0 0 0 0
0 0
o 3 o
B 0 = E Then the transformation is
1 1
2 2 00 To 1
3000 T3 -1
+
0010 T4 0
03 01 5 0

and f(xl,xg,:cg,x4,a:5) = f(x1,1 4 2x9 + 223, —1 + 322, 24, 323 + 5) and

f(l‘la 2707070) - f(iUl,0,0,0,0)
f($1,2,3,071) - f($171707070)'

Now suppose that o and § are linearly dependent over IF,,. Again applying the necessary

permutation if needed, we may assume that 0 # agand ay # f2. Let agg = —ag /(B2 — a2)
,a22 = 1/(f2—ap) and ag; = 0 for 3 < j < n. Then we have as-of +agy = B20fa2 — BQOLQQQ =0
and ag - B1 4 agp = 52’6312 — BQOLQQZ =1 as needed.

Now consider the 1 x (n — 1) matrix B = (ag--- ). Since o # 0 dim(Ker(B)) = n — 2.
Let vg, ..., v, be a basis for Ker(B). Let for some v; € F),,2 <i < n we have

Yoa2 + Y3v3 + Y44 + - -+ + Vv, = 0.

Then applying B from left hand side we have y9Bas = y2a2/(f2 —az) =0 = 72 = 0. It
T

follows that 7; = 0 and {ag,ve,...,v,} is linearly independent. Then A := (agvs -+ vy,)
is invertible. It can be readily verified that the translation we have constructed

—a
Ba—a2

satisfies the remaining conditions needed.
Example: Let o = (1,1,0,0) and 8 = (2,2,0,0) in Z2. Then agy = —az/(B2 — ag) = 4 and
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asg — 1/(52 - 042) = 1mod 5. AISO, B= (1 100) and

3 0 0
]2 0 0
STl TP o
0 0 1
and then the transformation is
1 000 9 4
3200 T3 0
0010 x4 * 0
00 01 T 0

where f(xl,xg,x3,$4,:v5) = f(x1,4 4 z2,3x9 + 23, 24, 25) and

f(xla]-a]-aoao) = f(th?O?O’O)

f(xla2525030) = f(xhl?O?OaO)'

5.4.1 A comparison with the binomial distribution.

Let Y be a random variable with a binomial distribution parameterized by n and p where
n indicates the number of trials and p indicates the probability p. So 0 <Y <mn, Pr[Y =
k] = ()p*(1 — p)"~*, E[Y] = np and Var[Y] = np(1 — p). We noticed that the mean
and variance of X in Theorem 34 is the same as the mean and variance of the binomial
distribution B(n,p) with n = ¢ trials and probability p = 1/q. In Table 1 below we compare
the two distributions for

f =2+ (a1y + az)z + (a3y® + asy + a5) and

g = 2%+ (b1y + ba)x + (b3y* + bay + bs)
in Fy[z,y] with ¢ = 7. Note that there are 7'° pairs for f,g. In Table 5.1 F} is the number
of pairs for which ged(f(x, @), g(z,a)) # 1 for exactly k values for o € F7. We computed

Fy. by computing this ged for all distinct pairs using Maple. The values for B come from
B(7,1/7). They are computed by By, = 7T Pr[Y = k].

k 0 1 2 3 4 5 6 7

Fi, 96606636 110666892 56053746 17287200 1728720 0 0 132055

F /7Y% 34200036  .39177554 .19843773  0.061199  0.00612 0. 0. 0.00047
By, 96018048 112021056 56010528 15558480 2593080 259308 14406 343

By/719 33991668  .39656946 .19828473  0.0550791 0.0092 0.00092 0.0001 1.2e-6

Table 5.1: Data for quadratic (f,g) in F7[z,y]
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The two zeros F5 and Fg can be explained as follows. Let R(y) be the Sylvester resultant of f
and g. Then applying Lemma 1 we have R(a) =0 <= gcd(f(z,a), g(z,a)) # 1 for a € F,.
For our quadratic polynomials f and g, Lemma 1(ii) implies deg R < deg f deg g = 4.
Hence R(y) can have at most 4 distinct roots unless f and g are not co-prime in Fr[z, y]
in which case R(y) = 0 and it has 7 roots. Therefore F5 = 0, Fg = 0 and F; = 132055 is

the number pairs f, g which are not co-prime in Fr[z, y].

5.5 Results on the distribution of the roots of a monic poly-

nomial in Z,[x]

Theorem 35. Let X be a random variable which counts the number of distinct roots of a
monic polynomial in Zy[x] of degree m > 0. Then E[X] = 1. For m = 1 Var[X] = 0 and
form >1

Var[X] = Y gqﬁ(g):Z%cé(%)-

d|n,d#n n dln

In particular, if n = p* where p is a prime number and k > 1, Var[X] = k(1 — 1/p).

Proof.  Let A; be the set of all monic univariate polynomials of degree m > 0 which have
a root at «; € Z,. Then since x — «a; is monic, for any f € A; we have f = (z — «a;)q for a
unique q € Zy[z] and n™~! choices for such an f. Hence |A;] = n™ L.

Let z; := Pr[X = 4], this is the probability that f has exactly ¢ distinct roots, i.e.

f € B; in the notation introduced in Section 5.3 considering the finite collection of sets

I'={A;,i=0,...,n—1}. Since we have n"™~! choices for a monic polynomial of degree m
in Zy[z] we have z; = n*ﬁi_l' Then by Proposition 32,
n n - ~1 n—1_m—1 ~1
. b o ibi ico |Ail =0 " nn'™
E[X] - ZZQ:Z - Zlnim - an == nm == nm - nm =1
i=0 i=0

To prove the second part, if m = 1 then f = x — « for some « € Z,, and hence X = 1 and
Var[X] = 0. For m > 1 and « € Z}, our first aim is to find |4g N Ay|. Let f € AgN A,.
It may not be the case that f = z(x — a)q for a unique q € Z,[z], since Z,[z] is not a
unique factorization domain in general. However, f = xq1 = (z — «)g2 for unique ¢1, ¢z €
Znlz]. Tt follows that aga(0) = 0 mod n. If ged(a,n) = d, then ged(§,%5) = 1 and hence
q2(0) = 0 mod %. The general form is go = 2™ 4 ap_0x™ 2 4 - - 4 ag where a; € Z,, for
i=0,...,m—2. Since g2(0) = ap mod %, there are d choices for ag and hence there are
dn™~2 choices for ga. Therefore |Ag N Ay| = dn™ 2.

For a given pair (v, 8) with 8 > =, to compute |A, N Ag|, define o :=  —~ and consider
AgN Ay If f e AyN Ag, then we have f(x) = (v — v)g3(z) = (x — )qu(z) for unique
q3,qa € Zp|x]. By the coordinate translation  — = + v, we have f(z + ) € Ag N A, since
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flz+7) =zg(x+7v) = (x —a)qa(x +) where f(z+7),g3(x+7),ga(x +) are monic and
with the same degree before the translation. This correspondence is bijective and it follows
that |A, N Ag| = |Ag N Ay| = dn™ 2.

Let d = ged(a, n). There are k = ¢(%) elements f31,. .., f in Zz such that ged(By,5) =
1. If we define o := df; € Zy, then ged(aj,n) = d. For, if s = ged(ay,n) and dls, then
slaj = sldB; = 5|B8; and 3|5 = F|gcd(B;,5) = 5|1 = s = d. Now, for each j consider the
n—a; pairs of the form (4, i+a;) wherei = 0,...,n—a;—1. We have [A;NA;1q,| = [A0NAq,]

and

k k

k
Z |Ay N Ag| = Z(n —aj)[Ag N Ay | = Z(n — aj)dn™ % = dn™? Z n—aq;j
j=1

B>v,d=gcd(8—v,n) Jj=1 Jj=1

where d = ged(aj,n) and k = ¢(%). Since ged(n, o) = d <= ged(n,n — a;) = d we have
Z;?:l n—oj= 22?:1 a;j. Then

n
2204] ZO‘J —i—Zn—a] Zn— kn=¢(=)n = Za] = cb(d)
j=1 j=1
It follows that
2 : 2 : n. n 2
Z |Ay N Ag| =dn™" Zn—aj =dn™ Zaj = §¢(g)dnm .
B>7,d=ged(B—,n) J=1 j=1
Then by Proposition 32, it follows that
Var[X] = E[X%] -E[X]?=-12+E[X?]
o b; >t b
= —1 i=—1 20 ye=0
+ Zz T + ;l o + o
- 14 o A+ 235 1A N Ay
nm
— 14 nn™" 1 22d|nd;ﬁn 2@5(%) n"" 2
nm nm
n n _ d n
:2Z*¢ n? = nga)
din d#n dn d#n

Also, since by Gauss’ Lemma 3y, #(7) = n we have

SR = Y-Sy e

din d\n d|n

= + Z *d) _En Z *¢(8)

d|n, d;én dn,d#n

105



To prove the last claim, let n = p* where p is a prime number and k > 1. Then

k—1 3 k

> Sk - X4 Zps’“”l 1) = k(1= 1/p).

d|n,d#n n s=0 p

5.6 Summary

As we indicated in the beginning of the Chapter, to investigate the efficiency and deter-
mine the complexity of the MTSHL algorithm, we needed to consider the probabilistic
assumptions made by the design of MTSHL.

To manage this task, we generalized the inclusion-exclusion principle in Section 5.3 as
Proposition 32.

Theorem 34 in Section 5.4 shows that in the MTSHL algorithm the average probability
of hitting an unlucky point is 1/p. It assures us that if p is big enough, then the probability
that MTSHL fails because of an unlucky event is very small. It also shows when p is big
enough, the distribution of unlucky points is smooth.

Theorem 35 in Section 5.5 generalizes the Theorem of Schmidt which considers the
distribution of number of roots of a polynomial in a univariate polynomial ring F,[x] over a
finite field F, with ¢ elements, to the ring of integers modulo n, Z,. The expected number
of roots of a univariate polynomial is 1 as in the finite field case. The distribution is not
smooth which reminds us that we can’t rely on the expected value of a distribution without

investigating the variance.
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Chapter 6

Complexity of MTSHL

6.1 The steps of the analysis

In this Chapter we begin with studying what happens to the sparsity of multivariate polyno-
mials when the variables are successively evaluated at numbers. We determine the expected
number of remaining terms and the variance.

Next in Subsection 6.2.1 we question the assumptions made by Zippel in his complexity
analysis of sparse interpolation [Zip79]. By the help of the results of Section 6.2, we revise
this assumption and correct his analysis.

The solutions to the MDP are the coefficients of a Taylor series of a polynomial expanded
about a random point; the expected number of terms of these coefficients is determined in
Section 6.3.

The complicated nature of MTSHL makes the analysis tedious. Section 6.4 is written
to help the reader follow Section 6.5 where we use these results to analyze the complexity
of MTSHL.

Finally in Section 6.6 we confirm our theoretical estimations with experimental data. We
give some timing data to compare MTSHL with Maple’s factorization algorithm. To show
that our comparison is fair, we also include timings for Magma and Singular’s factorization

algorithms.

6.2 The expected number of terms after evaluation

The complexity of MTSHL depends on the number of terms in the factors, and the number
of terms of each factor is expected to decrease from the step j + 1 to j after evaluation. To
make our complexity analysis as precise as possible, we must give an upper bound for the
expected sizes of the factors in each step j. In this section we compute these bounds and

confirm our theoretical estimations by experimental data.
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Let p be a big prime and f € Zy[z1,...,2,] be a randomly chosen multivariate poly-
nomial of degree < d that has T non-zero terms. Let s be the number of all possible
monomials of degree < d, i.e. s = (”:d). An upper bound for T is then given by 7' < s. By
randomly chosen we mean that the probability of occurrence of each monomial is the same
and equal to 1/s. We think of choosing a random polynomial of degree < d that has T
terms as choosing 7' distinct monomials out of s choices and choosing coefficients uniformly
at random from [0,p — 1].

Let also g = f(x, = o) for a randomly chosen non-zero element «, € Z,. Before
evaluation let f = 2521 m;c;(zy,) where m; are monomials in the variables 1, ..., z,_1.

Then T = Yt #ci(w,) and g = f_; myc;(ay,). One has

Pric;(ay,) =0
[ci(om) ) )

for each i. If p is much bigger than d and «,, is random, we don’t expect any ¢;(a,) = 0 for
1 <4 < t. In the following first we assume that ¢;(a,) # 0 for 1 < i < ¢ and compute the
expected value of number of terms Ty of g, in terms of T',d and n. Then the upper bounds
on the expected value of T, will be valid even for the case in which some of the ¢;(a;,) = 0.

Let Y}, be a random variable that counts the number of terms of the &** homogeneous
component fr of f which is of homogeneous of degree k in the variables z1,...,z,-1. We
have f = Z%:o frand deg, fr <d—Fkfor 0 <k <d.

Example 36. Let n =3,d =6 and

f=1+a54 2125 + 21235323 + 422) + bardawexs + 2323 (623 + T2) + Sxias
N = S~~~

fo fi f3 fa fe

with fo=f5=0. Y0=2,Y1=1,¥3=3,Y,=2Ys=1, Y2 =Y¥5 =0.

Let s; be the number of all possible monomials in the variables x1, ..., z,_1with homo-
geneous degree k, i.e. s = (”;zgk) and dp, =d—k+ 1 for 0 < k < d. Since the number
of all possible monomials in the variables z1,...,z,_1 and homogeneous of degree k in the

variables 1, ...,T,—1 up to degree d is sidj, we have Zgzo srdr = s and

Pr[Yy = j] = (;) <Skjk> <S;jkjdk>

This is a hyper-geometric distribution, its expected value and variance are well-known

Spdy,

(s = skdy)(s = T)T'sgdy,

B =T s2(s—1)

and Var[Yy] =
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Let X; be a random variable that counts the number of terms of the k™ homogeneous
component gi of g which is homogeneous of degree k in the variables z1,...,x,_1. Let us

define the random variable X = Zﬁ:o X}j. Then X counts the number of terms T}, of g.

Example 37. Let n = 3,d =6 and a3 = 1. Below g = f(z3 =1).

f = 1423 +2xi05 +x23(323 +422) + 5ataead 4+ 2223(6x3 + 723)  + 8xdad
N—— S~—— N——
Yo=2 vi=1 Y3=3 Yy=2 Ye=1
) ) ) ) !
g = 2 + 223 + Tx122 4 5l + 132323 + 833
~ ~~ —_— ~—— ——
XO:l Xi1=1 X3:2 X4:1 X6:1

SoY =390 Vi =9and X =3%_o X =6.

The expected number of terms of g is E[X] = >¢_, E[X.]. We have

Sk Sk Skdg
E[X] = Zz’Pr[Xk =i = Zi Z Pr[X; = i| Y, = j]Pr[Y;, = j]
i=0 i=0 ;=0
Skdk Sk
= Z Pr[Y; :j]ZiPr[Xk =i|Yy =7l
j=0 i=0

Our first goal is to find the conditional expectation

Sk
B[Xy|Ye =j] =) iPr[X, =i| Y, = j].
i=0
To this end, let M} be the set of all monomials in x1,...,x,_1 with homogeneous degree
k. We have |My| = s. Let

Mk = {ml,. . .,msk}.

For 1 <i < siandj > 0, let A; be the set of all non-zero polynomials in Z,[x1, ..., z,] with
j number of terms that are homogeneous of total degree k in the variables z1,...,xy_1,
have degree < dj, in the variable z,, and does not include a term of the form cm;z;, for any
0 < r < dj, for some non-zero ¢ € Z,. So using the table below, A; is the set of all non-zero
polynomials whose support does not contain any monomial from the i*® row. Note that if
fr € A; then #f(x, = ap) < s, — 1.

1 Tp, xd1
m dp—1
1 mj mixr, NN my,
ms mo mox, | ... mzxz’fl
dp—1
mg, | Mg | Mg Ty | ... | Mg T
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If f; is the k™ homogeneous component of f in the first n — 1 variables, then if no zero

evaluation occurs in the coefficients of f; in the variables xz, (as it was assumed), we have

sk
fre A= #fulzr, ... zn1,0) < s — 1
i=1

Example 38. Let n =3,k = 3,d3 = 3,7 = 4. We have
My, = {m; = 23, my = 2229, m3 = 2125, My = 23 }.
with s; = 4. Consider the polynomials
F =xa3 4 2322 + 23 (z3 + 22) € Ay, G = wyadal + 23 (1 4+ 25+ 23) € Ay N Ay,
So, #F(xp, = ap) <4—1=3 and #G(x, = ap) <4—2=2.
Let us define

i1 <<y
for 1 <1< s, — 1. Let us also define By, = C5, =5, A;

by == |B;| and m; := Zi1<-~<iz‘Ai1 N A, - NA;lforl <1< sp.

With this notation we have

v € Bl <= #fi(x1,...,2n—1,a) = s, — L.

Let vj := (S’“jd’“) and ¢ := (p — 1). Assuming that no zero evaluation occurs, we have
4 |Bil
PriXy=s,—1|Yr=j]l= — 6.1
1[Xp = sp — 1| Yy = j] Fv; (6.1)

It can be seen by counting that

l
Pr{Xp =1 Vi = j] = vy 3 (=D () () (H57).
=0
As this formula is not easy to manipulate, we invoke the methods developed in Chapter 5.
We have |4;| = ¢/ ((Sk_jl)dk) and |A4; N 4| = ¢ ((S’f_jQ)d’f) for 1 <, < s; where 7 # .
By Proposition 32, Y>-7%,i|B;| = my and Y35, i%|B;| = my + 2ma. To find the expected

value and the variance of X, let us first define w; := ((Sk_jl)dk) and the random variable
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Zy = s — Xp. Then Z), =i <= X}, = s, — i. Recall that v; := (s’“]dk’). Then we have

Sk Sk ;5 Sk

6.1) B k1| B kA, ;

E ZPI‘[Zk:’L‘Yk:]] (: E |Jl| Zz_}”' l| = Zl_jl | Z| :Skfw'?.
i=1 i=1 TV TUj T Uj Uj

Since E[Xy | Yy = j| = Elsx — Zx | Y = j] = sk — E[Z) | Yy, = j], we have

Sk

E[Xp|Ye=4]=) iPr[X, =i|Yy =j] = sp(1—
=0

wj

)-

Uj
To save some space let yi; := Pr[Y} = j|. Then
d spdg Sk

d
ElX] = ZE[Xk] =3 >y iPr[Xp =i| Vi =]

k=0 j=0 i=0

d spdg d sidg d spdy
= DD sl 1_* Zzykﬁk—zzykﬁk*
k=0 j=0 k=0 j=0 k=0 7=0
d Srdp d spdp (Slc*l)dk
1 (sgdy sed ) (F57)
= ZSkakj ZZ ( . )(T—')Skskjdk
k=0  j=0 == @) J (%)
d d Skdg
1 s — sgdy \ [ (sp — 1)dy,
= D sh— s DSk Y. ( . > < .
k=0 (7) = o\ T—J J
d d (s—dk) d (S_dk)
= Zsk—ZSk ?; :Zsk<1— E )
k=0 k=0 (T) k=0 (T)

Note that what we have done so far can easily be generalized when the number of evaluation

points are more than one : Let for 0 <m < n

g = f(xla - Tp—my Tn—m+1 = An—m+41,---,Tn = an)

for m randomly chosen non-zero elements oy—mi1,...,0, € Z, and s = (":d), S =

(nfmflJrk

1 ), di = (dffrjm). If no zero evaluation occurs at the coefficients of f and we

define the random variable Y = Zzzo Y;. which counts the number of terms of f, then what

we get is the conditional expectation

E[X|Y:T]:§d: (1— (S_Tdk>> (6.2)
o BA '
k=0 T

From now on, to save some space, when it is clear from the context, we will use the
notation E[X] instead of F[X |Y = T]. Although it is not difficult to compute, the formula

(6.2) is not useful. In order to have a smooth formulation in our complexity analysis, we
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want a good approximation. First, we observe

s—d s T T T
(2")(5) ~0-Do- T

For 0 <i <dj, we have (1 - L) — (1- L) =_L <M.Let%::”/fq Then

s—1i s(s—1) s(s—dg) s—i *

d—1 dr—1

T . T B T 4,
H(l_s—i)_ H(l—g—%)—(l—g) + Er
=0 =0
where
dy, l T
D C VL D DR | E NCEES L
=1 0<i1 <--<iy<dp—1j=1
Since

l l l l
) dkT/S . dk> < T/S > dk
H%<<s—d)_<s 1—dg/s —>0ass—>0

i=1
T
we see that Er — 0 and hence the ratio (* %) /(3) — (1 — =)% as % — 0.
s

Remark 39. From now on, unless indicated, whenever we use the symbol =~ or < we mean

that in the calculation the approximation

)/ () = (L —tp)™ (6.3)

is used (with error Er) where ty = T'/s is the density ratio of f. When m is not close to n,
since s € O(n?) and in the sparse case ty is relatively small, the error Er is very close to

zero not only asymptotically but also for practical values for n and d (see Example 40).

Now we stick with the case m = 1. For a single evaluation, we expect

d
EX]~ > s (1- (1= t)%). (6.4)
k=0
So, in the dense case where t; is very close to 1, we expect approximately Zi:o S many
terms, i.e. most of the possible monomials in the variables x1, ..., x,_1 up to degree d. In the
very sparse case where ¢ is very close to zero, using the approximation (1—t f)dk ~ 1—dity,
we expect approximately ¢ Z%:o spdy = tys =T terms as we intuitively expect.

Eqn (6.4) above is the expected number of terms E[T,] of g. Let v be the number of

all possible monomials in the variables x1,...,x,—1 up to degree d — 1, i.e. v = ("Zﬁzl)
Dividing the both sides of the equation (6.4) by v we get the expected density ratio
< (u
— S
E[T,)/y=E[Ty/y] = Eltg =1—~""> sk ( Sf) (6.5)
k=0 sty
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So, we have an induced function e; : ty — Elty]. Using Eqn (6.5) we get

d

Eltg 1=~ sp(1—ty)%. (6.6)
k=0

Example 40. Table 6.1 below are the results of experiments with 4 random polynomials
with n = 7 variables and degree d = 15. Ty, and t,4, are the actual number of terms and the
density ratio of each g; = fi(zn = a;). Elty,] and eTy, are the expected number of terms of
g; based on Eqns (6.2) and (6.4) resp. E[ty,] and et,, are the expected density ratio of g;
based on Eqns (6.5) and (6.6) resp.

’ ‘ 1y, ‘ ty; ‘ 1, ‘ E[Ty,] ‘ ely, ty; ‘ Eltg,] ‘ ely;

f1 | 17161 | .100625 | 14356 | 14370.47 | 14370.36 | .264558 | .264825 | .264823
fo | 19887 | .116609 | 16196 | 16221.84 | 16221.73 | .298466 | .298943 | .298941
f3 | 29845 | .174998 | 22303 | 22211.09 | 22210.96 | .411009 | .409315 | .409313
fa | 39823 | .233505 | 27244 | 27199.53 | 27199.41 | .502063 | .501244 | .501242

Table 6.1: Expected number of terms after evaluation

Note that the polynomial function e;(y) = 1 —~~1¢_, s,.(1—y)% is strictly increasing
on the interval [0, 1], since €}(y) > 0 on the interval [0,1]. Also e;(0) = 0 and e;(1) = 1. For
a given 0 < yg < 1, consider the function h(y) := e;(y) — yo. We have h(0) <0 and ' > 0
on [0,1]. Hence h(y) has only 1 real root in [0,1]. This helps us to guess Ty when we'’re

given only T,. Here is one example in the reverse direction:

Example 41. We call Maple’s randpoly command to give a random sparse polynomial of
degree 15 in 7 variables. It gives us a polynomial f with T} = 25050. Suppose we don’t
know T. Then we choose a random point a and evaluate g = f(z, = «). We compute
T, = 19395. Then we compute ¢, = 19395/("17"°) ~ 0.3574192835 and v = ("2 7).
Using (6.6) we seek for the solutions of the polynomial equation

15
5+k
0.3574192835 =1 — ' > < J]g >(1 _ y)iok.
k=0

This polynomial equation has only one real root y = 0.1461603065 in [0,1]. So we guess
E[ty] ~ 0.1461603065. The actual density ratio is t; = 25050/ ("1,%) = 0.1461089220. Our
guess implies E[Ty| ~ t¢ (7+715) = 24926, whereas Ty = 25050. We repeated this example
with 4 random polynomials f; where g; = fi(z, = ;). The results of the experiments are

in Table 6.2.

Finally, following the notation in the beginning of the section, if some of the ¢;(ay,) =0
for 1 < ¢ < t, then we consider f = Z:ﬁo ¢y, (xn)m;, where Supp(f) C Supp(f) and
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’ ‘ Tg; ‘ ty; ‘ E[tfi] ‘ t; ‘ E[sz‘] ‘ 1y, ‘
f1 | 14967 | .2758182220 | .1056824733 | .1052983394 | 18023 | 17958
fo | 14597 | .2689997051 | .1025359262 | .1020792288 | 17486 | 17409
f3 | 14439 | .2660880142 | .1012024458 | .1008713294 | 17259 | 17203
fa | 14375 | .2649085950 | .1006640188 | .1005605592 | 17167 | 17150

Table 6.2: Expected density ratio after evaluation

¢, (o) = 0. Then,

E[Ty] =

Ed: (1-—tph).

What we have found is an upper bound for E[X]. On the other hand since we choose
That is, if #ci(z,) = 1 then
m;c;(ay,) # 0. We should apply the zero evaluation probability for the terms mjc;(x,,) for
which #c;(z,) > 2. Then for given f € Z,[x1,...,xy,] of degree < d with T' terms, the

probability that zero evaluation occurs for a randomly chosen non-zero o, € Z, is < %.

an # 0 a non-zero monomial does not evaluate to zero.

Note that, this is also true when the number of evaluations are more than one by using
Swartz-Zippel Lemma.

To see how spread out the distribution from the mean is, we must compute the variance.
First we consider the sum A = 3% 2 Pr[Z;, = i| Y}, = j]

sk
> (sk — 1) Pr[Z = s, — i | Vi = j]
i=0

Sk Sk
sp— 28, > iPr[Xp =i| Y, =]+ > i Pr[Xy =i| Y} = j]
=0 =0

A

sk—2sk(sk—sk— —I—Zz Pr[Xy =1|Yy = j]

Yj i=0
= —si(1-2-2 ] —1—22 PriX, =i|Y, = j].
Yj i=0
Then
Sk Sk W
S EPr[Xp =i|Ye =4l =Y °Pr[Zy =i| Vi = j] + si(1 —2@4)
=0 =0 J
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Let rj := ((sk_j2)dk). Recall that |A;| = ¢?w; and |A; N 4| = ¢v; for i #1. So

Sk Sk s )
. . . . Bl i 7 Bl
S 2Pz, =i|Vi=j] = ZZ2|j pY: ] il
=1 =1 1Y j
_ ik Al n 221§i,l§sk |A; N A
qjvj qjvj

w; S T
] Sk]+2< k>]‘
’Uj 2 Uj

Then .
k . .
S P Pr[Xy = i| Yy = j] = sp 2 +2<52’“>T{ +s2(1— 29
i=0 Uj Uj Uj
Hence
Var[Xy] = E[X}] - EIXi? = sp2 42 F )Y 4 1 - 2%) — 1 - )2
Uj 2 Uj ’Uj Uj
w 2
= Sp— + sk(sk — 1)* — (Sk]>
j j Uj
It follows that
d d d
Z Var[Xk] ~ Z Sk(l - tf)dk + Z Sk(Sk - 1)(1 - tf)Qdk Z Sz(l tf)2dk
k=0 k=0 k=0 k=0
d
= Y (=)t — (1 —tp)*h)
k=0

Note that Y°¢_, Var[X}] is not equal to Var[X] = 32¢_, Var[X;] + ZZ;H Covar[ X}, Xi], but
it gives a good approximation. For example, for the sparse case where ¢y is close to zero,

using the approximation (1 — tf)dk ~ 1 —dity, we expect

d d
Sk (L=t = (1= tp)*) ~ 3 s (1 - dity) = (1 2dyty)
k=0 k=0
d
= ty Z Spdy =trs =1Ty.
k=0

The sum of the squares of the deviations of each X}, from E[X}] is Ty. We guess that
the variance should be small. As an experiment, for n = 7,d = 13 we have generated 1000
random polynomials where Ty = 1716 for each of them. Each of them has density ratio

ty = 0.01. The expected number of terms after evaluation at a random non-zero point is
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1684.14 and Y°¢_, Var[X;] = 1606.30. We calculated then the sample variance and found
that it is 27.7.

Lemma 42. Let p be a big prime and f € Zy[x1,...,x,] be a random multivariate polyno-

mial of degree of at most d that has T non-zero terms. Also let 0 < m < n and
g= f(xlv <o Tn—m) Tn—m+1 = Op—m+1,-. -, Tn = an)

for m randomly chosen non-zero elements ap_m41,-..,0n € Zy. Let Ty be the expected

number of terms of g and Ty, be the number of monomials in g that are homogeneous of

n—&—d)’ Sk = (n—m—1+k)} N = (n—m+d)

degree k in the variables x1,...Tp_m. Also let s = ( " 1 e

and dy, = (d_k+m) . Then

) d (7
BT <> sp|1- ) (6.7)
k=0 Ty

Let the density of f, ty = T¢/s. Eqn. (6.7) implies that if d?k — 0, then with probability

>1-— % one has
d
BT~ Y s (1= (1-tp)%). (6.8)
k=0
Eqgn. (6.8) implies that with probability > 1 — %
d
Elty) m 1—y7" Y sp(1—tp)® (6.9)
k=0
and Var[Ty,] ~ s (1 tg)™ = (1 - t;)*%). (6.10)

6.2.1 On Zippel’s assumption

The sparse interpolation idea and the first gcd algorithm to use sparse interpolation was
introduced and analyzed by Zippel in his research paper [Zip79]. The goal polynomial
(the ged) is P(x1,...,2,) and the starting point is @ = (aq,...,a,). According to our
notation, T, , denotes the number of terms of the polynomial P(x1,..., %, Git1,...,an)
. In subsection 3.2 of [Zip79] after computing a sum which depends on the T}, ,’s, Zippel
claims “We need to make some assumptions about the structure of T, ., to get anything
meaningful out of this. We will assume that the ratio of the terms T, _, / Ty, .., 1s aconstant
kel

Our observations in this section show that this assumption is false. To see a more

accurate bound on the expected ratio of the subsequent number of terms, let us denote by

"n [Zip79] Zippel uses the notation t; for Ty, _,. Since we use the symbol ¢ for the density, we use our
notation as to not confuse the reader.
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% i i n—i 7 n—i+k— % s—d® s
d) = (G Ry 0 = (i) ) ik dy ) a5y ey and B =1 — 1) Let

fi=f(@1,. . Tnoiy Tn—it1 = Qn—it1, .-, Tn = Q)

be the polynomial in n — i variables after ¢ random evaluations. According to Lemma 42

E[Ty) = Zk 0 sk ﬂk Our aim is to find an upper and lower bound for

E[Ty)] _ moﬁw>
E[Tfi+1] Z z+1 I8(1+1

Observe that

d) 5 d0 o - @) < - W) o p D () o gD g(0)
Then N .
BTy Sies8) _ iossy s
ETy,.,] I N NI S ONCEVE
Dy I ) k=05 Py 5k
We have @
sy n—i+k—1 k
St n—i—1 1+n—z—1_1+n—i—1
k
Our next aim is to show that Elty, | > E[ty,]: We have
d S(z) ) d (n—i—ifk—l) (s dt )) d n i+k— 1) (sfd](j)
Bltg]=1-) J5r) =1y ~n=th Z T Z e
k=0 * im (.50 (T per S GO (i

) ) o » )
ImﬁG@gTM$mw@<ﬁwm&%mmev<mm%”m?<
1. So Ek ka w,E:) decreases and hence E[ty,] increases as 4 increases, i.e. we expect an
increase in the density ratio after each evaluation. On the other hand

BITy,) = Eltg] (", 5% = Blty,)nitd (- G0y > pitje-itd gy, .

il n—i n—(i+1) n—i

It follows that

P = Bltg] (1+7%).

Hence we have

d E[szl d
Now, since each of Efty,], 1+ %, 14+ ni‘f.il
in the ratio E[T},]/E[Ty,. ]

increases as ¢ increases we expect an increase
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This means we expect that the ratio T, /Ty, , . increases as i decreases, i.e. after
each evaluation we expect an increase in the ratio of subsequent number of terms. See

Example 43 for a sparse case and Example 44 for a (relatively) dense case.

Example 43. (Sparse casewithty = 0.00004). Table 6.3 below shows the result of a
random experiment where p = 231 — 1, n = 12, d = 20, Ty = 104, ty = 4- 10~ and
fi = fic1(Tn—it1 = an—it1) with fo = f, for randomly chosen non-zero a;’s in Z,. Observe

that when we evaluate the first 4 variables the number of terms didn’t drop significantly.

i | Ty | Em) |ty [t +3%) [ Th/Tr, [ 1+ 255
0 | 10000 | 10000 | 0.00004 | 0.00012 1.0000 | 2.8182
1110000 | 9999.32 | 0.00012 | 0.00033 1.0006 | 3.0000
2 [ 9994 | 9995.19 | 0.00033 | 0.00100 1.0025 | 3.2222
3 | 9969 | 9971.08 | 0.00100 | 0.00321 1.0135 | 3.5000
1 | 9836 | 9837.31 | 0.00316 | 0.01108 1.0686 | 3.8571
5 | 9205 | 9200.70 | 0.01037 | 0.03998 12767 | 4.3333
6 | 7210 | 7219.37 | 0.03132 | 0.13570 17470 | 5.0000
7 | 4127 | 4144.61 | 0.09710 | 048548 | 2.4435 | 6.0000
8 | 1689 | 169052 | 0.23000 | 1.38540 | 3.3512 | 7.6667
9 | 504 | 497.93 | 0.37895 | 2.90530 | 4.8932 | 11.000
10| 103 | 10450 | 0.54210 | 596310 | 7.3571 | 21.000

Table 6.3: The ratio of subsequent number of terms for a sparse case.

Example 44. (Dense case withts = 0.1). Table 6.4 below shows the result of a random
experiment where p = 231 —1,n =7, d = 13, Ty = 7752, t; = 0.1 where f; := fi_1(Tp_iy1 =
ap—it1) with fo = f, for randomly chosen non-zero «;’s in Z,. Observe that the number of

terms dropped by 10% after the first evaluation.

|

| Ty, | E[T] |ty [t 0+ 32%) | Th /Ty, | 1+ 2

¢ n—i-1
0| 7752 7752 0.10 0.28 1.17 3.16

1| 6670 | 6643.44 | 0.24 0.77 1.76 3.60

2 | 3774 | 3800.14 | 0.44 1.58 2.70 4.25

3| 1398 | 1409.83 | 0.58 2.49 3.65 5.33

4 | 383 394.03 | 0.68 3.64 4.78 7.50

5 80 81.14 0.76 5.71 6.66 14

Table 6.4: The ratio of subsequent number of terms for a dense case.
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The dominating term of the complexity analysis of Zippel is >/, cldT;’%lehere c is
a constant. He assumes Ty, /Ty, ,., =k =Ty, , =Ty k' It follows that

- 3 s 3 N 80 3(k3y — 1)T1§n

doadlf . =ad) Tj . =cadlf } k' =cdd—a——".

i=1 i=1 i=1
Since Ty = Ty, = T}, k", if k is large in comparison with 1 then this sum approaches cldT}‘;5
and if k is very close to 1 then this sum approaches to clndT})’. Then he concludes that if
Tt > d or n, the dominant behaviour is O (Tf?) .

The case where k is very close to 1 (where Zippel has a very sparse case in mind) is the

worst case analysis. One can construct such an example. More precisely, Zippel’s analysis

shows that the complexity for the worst case is O (ndT})’) and for the average case (where

he assumes that “k is large in comparison with 1”) the complexity is O (dTJ:Z’). Below we
show that this is not true and prove that even for the average case the expected complexity
is O (ndT}”) for the sparse gcd computation.

Example 43 (the sparse case) shows that after 5 evaluations the number of terms is
still 90% of T¢. See column T. This means the cost of each interpolation of the last few
variables in Zippel’s algorithm is the same and equal to O (dT}”). However in Example 44
(the relatively dense case) the number of terms starts to drop right away. Proposition 45

below qualifies this behaviour and makes the observation of Example 43 more precise.

Proposition 45. Following the notation above, let T = {z eNJty < 1/(i;d) andi < n}
Then w;t[g ];robability >1-— %
. fZ 2 .
(i) T2 1—t5 forie .

(ii) If n < d then |Z| > max{1, [n — log, Ty|} where r =1+ 2.

one has

Proof. To save some space we will use the notation T' = Tr. With probability > 1 — %
one has »
L )
E[Tfi]:ZSk (1- (5) )
k=0 T
where d,(j) = (dffﬂ). Note that
1 1 (i)
tp < < —— = tpd)) <1 (6.11)
G R R
It follows that " @
dy &7ty 1
- = < = 12
s T — T (6.12)
We have o
.sfdkZ )
) < (1—tp)% . (6.13)



Note that we can use the approximation (6.3) because dl(f) /s is small. But we don’t need

to use it. Now

d (- d“)) byf(,ﬁ‘\m) d »
BTy = Y (1 G 2 s - (1 —ty)h)
k=0 T k=0
d d 0)
i (d
- Zs,g) 1—2(—1)J< ;f )tgc
k=0 7=0

’ d d a0
- S-S s (M)

k=0j=2

a4 o
= tfs—tfzz <’?>t§;‘2

k=0 j—2 J

2 : 7@ dkz Jj—2
= T—t3Y Y (=1s( * |t}

k=0 j—=2 J

The expected decrease in the number of terms is determined by the quantity

We have

AN G . )
NN (a@) G (g
sl(;) <d§ )tgc_Q < s,(;)( y ) tgc_Q ? AR ( F ) .

Then the absolute value |A| of A is

4 (i)(d(i)f L@ (400 i L @) (02
2 2 J i 2 i 7
Al < 17 ZZ =13 (d) Zﬁéthsk (@)
k=0j=2 k=0 j=27" k=0
——
<1
So we see that
2—d (1) [ 40))\2 d (i) Py (6.12)
|A] _ TF 2k=0 %k (dk ) @ 0 dy o~ 1 5
< =t d;’ Lt < tr—s=t .14
T = irs f];)‘sk Koy S UpsTiy (6.14)
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Then :

2
1-t3.

T — T — T T
This proves the first part. For the second part, note that

by(6.14
BTy  T-A_ T—A_, A =~

1 (n—l—d) 1 (z‘—i—d)
tp< —roT< 4o > d
(") ) T
and that Z;Zl =t n+‘rd = ﬁ — ﬁ. So if n < d then Z;é is small and the following

bound is useful

(z—;d) B (n—i—d—d(n—i)) d n—i
GUREC e Garer)

Now if

d i—n 1 d n—i
T<|(1- — > 11— A
_( n+d> @T_( n+d> e

and if we define w = niﬂi then w"T < w' = i > n + log,, T. Finally if r = % = 1—1—% we
have i > n —log, T . Hence if n < d then |Z| > [n — log, T'].

For Example 43, max{l,[n — log, Tf]} = max{1,[12 — logy10*]} = max{1,3} = 3
whereas |Z| = 5 and for Example 44, |Z| = 1 whereas max{1, [n —log, Tf|} = max{1, [7 —
logs g6 77521} = max{1, -1} = 1. O

Corollary 46. Following the notation above, the average complexity of the sparse ged al-
gorithm of Zippel is Q(|I|dT3). If n < d then the average complexity is in Q(max{1, [n —
log, T1}dT®) where r = 1+ 4.

Remark 47. According to Proposition 45 (i), when ¢y is small, on average we expect that
Ty, =Ty for i € I, i.e. for at least for |Z| many steps we don’t expect a significant decrease
in the number of terms. Note that as ¢ty and hence T gets smaller, i.e. the inputs gets
sparser, |Z| gets closer to n. Also, in practice n < d and as Ty gets smaller log,. Ty gets
smaller and according to Proposition 45 (ii) |Z| > [n—log, Tt] gets closer to n. This means
for the sparse case the expected average complexity is in O(ndT J:Z’) Thus, the common
perception that in the sparse interpolation most of the work is done at the last step is not

true: For most sparse examples, the work done at the last few steps is the same.

6.3 The expected number of terms of Taylor coefficients

Consider the Taylor series expansion of fj,gj,e; € Zplz1,...,xy,] about z, = o, for 0 #
an € Zp‘ Let fj = Z;igo f]z(xn - an)iagj = 2?20 gji(xn - an)i and €5 = Z;iio eji(xn - an)i
where fj;, gji, eji € Zp[x1,...,2n—1]. In the it? iteration of the for loop of the j*™ step of
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MHL (Algorithm 5) one solves the MDP fj;gj0 + gjifjo = eji to compute fj; and gj; for
1 <4 < dj,. The cost of MDP depends on the sizes of the polynomials f};, gj; and ej;.

To make our complexity analysis as precise as possible, in this section we will compute
theoretical estimations for the expected sizes of the Taylor coefficients f; and the upper
bounds for E[Ty,] of a randomly chosen f € Zp[x1,...,z,] where f = S i@ — ap)?
for a randomly chosen non-zero element «,, € Z, and p is a big prime. We will confirm our
theoretical estimations by experimental data.

We will use the notation # f and T interchangeably. For a random non-zero o, € Zy,
consider f = Z;lio fi(xn — o)’ where each f; € Zp[z1,...,2n—1]. We expect Ty, < Ty,
that is, the size of the Taylor coefficients f; decrease as j increases.

As a first step to find a upper bound on E [Tfj], we have the following Lemma.

Lemma 48. Let 0 < d < p and n > 0. Then following the notation above, the probability

of occurrence of each monomial in the support of f' = %f is the same.

Let m' = cx’fl .- zPn € Supp(f’) where 81+ - -+, < d—1. Then any monomial of the
form m = (5, + 1)_1cazfl .- 28*1 4 n where n is a monomial of degree < d which does not
contain the variable x,, lies over m’. We have 1 +---+ (8, +1) < d. On the other hand for

m = c:z:{“f1 - 28" € Supp(f) one has %m =cfprt 2Pl =0 = plchn = plBa
So if d < p we have %m = 0 <= m does not contain the variable x,, i.e. 8, = 0.

Therefore the number of monomials lying over each distinct monomial in the support of f’
is the same and equal to (p — 1) + 1 where v = ("+g_1). Since f is random, this implies
that the probability of each monomial in the support of f’ is the same.

After differentiation monomials which do not contain the variable z,, in f will disappear.

n—14d

Since the expected number of them is = ¢4 ( ), we expect

n—1
n—14+d
E[#f=T;—t .
[#/'] =Ty f< n_1 )
We must also compute the density ratio t¢ of f'.
Lemma 49. Following the notation above
Eltp] = (Ty—t(",549) /("2

d —1+4d d—
=t (0 = (D) /0
=ty (A = (L) /Y
=t/ = (RN /() =t
For simplicity let us assume that p > j, otherwise we need to introduce Hasse derivatives

but the idea will be the same. We have f; = %a%jf(xn =a). Also fU) = 8%]‘“ is of degree
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<dj :=d— j .Using Lemma 48 and 49 repeatedly

Elfj] < E[#f9)] = Elt )] ("*27) =t ("T47).

It follows that
Elty,] = E[f;]/(""37) <ty.

We sum up the observations of this section in such a way that it will be helpful for the next

sections.

Lemma 50. Let p be a big prime and f; € Zy[z1,...,x;] be a multivariate polynomial of

total degree < dj that has Ty, non-zero terms. For a randomly chosen non-zero element aj €
. d; ' ; d

Zy consider f; = 3,2 fii(xj — aj)" where fj; € Ly[x1,...,xj-1]. Let s = (ﬁjdf) andty, =

Ty,/s. Then

E[Tfji] Sty (jJrC;jii) andE[tfji] S tfj# (6.15)

Example 51. Table 6.5 below shows the result of a random experiment where p = 231 —1,
J=7,dj =13, Ty, = 7752. In the Table 6.5 Ty, ,t¢, and t are the actual values. Also

the expected number of terms E [Tf] ] of fji, the bound be on the expected number of
terms of f;;, and the bound bty,, on the density ratio of f;;, are based on (6.4) and (6.15)

resp.

@
N
&

E[Tf].i] be].l. tf](i) Lty btfji

6651 | 6643.345 | 7752 | 0.09 | 0.085 | 0.285
4343 | 4366.828 | 5038.8 | 0.1 | 0.086 | 0.271
2773 | 2789.364 | 3182.4 | 0.09 | 0.088 | 0.257
1722 | 1724.183 | 1944.8 | 0.10 | 0.088 | 0.242
977 | 1025.981 | 1144.0 | 0.10 | 0.092 | 0.228
583.867 | 643.5 | 0.10 | 0.093 | 0.214
306 | 315.075 | 343.2 | 0.10 | 0.094 | 0.200
150 | 159.417 | 171.6 | 0.10 | 0.103 | 0.185
68 74.463 79.2 | 0.10 | 0.104 | 0.171
26 31.403 33.0 | 0.10 | 0.127 | 0.157

O[O =W NH—HO
ot
D
=~

10 | 12 11.559 12.0 | 0.05 | 0.125 | 0.142
11 3.511 3.6 0.12 | 0.111 | 0.128
12 1 0.790 0.8 1 0.112 | 0.114

Table 6.5: The bounds on the expected number of terms and the density ratio.
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6.4 The complexity of the MDP

Let p be a big prime and u, w, h € Zp[z1,...,z,| where u, w are monic in z;. Suppose we
are trying to solve the MDP (which satisfies the MDP conditions)

D: fu+gw=nh (6.16)

to find the unique solution pair (f,g) via sparse interpolation as described in Section 3.6.
Let d be a total degree bound for f,g,u,w,h. Our aim in this section is to estimate the
expected complexity of solving D. Since the calculations of the complexity evaluation in
the next section is somewhat tedious, this section is intended to help the reader to follow
it easily.

Suppose the (probable) solution-form o of f is true and

of = Z ¢ij(x3, ..., zn) T Where ¢;; = Zciﬂxg‘"” ez with ciji € Zp\{0}.
i+j<d =1

Let m = max m;;. Then in sparse interpolation the first step is to choose a random
(B3,---,Bn) € (Z,\{0})" 2 and solve bivariate MDP’s

DT : f'u($17x276g7"'75'2)+g'w(x17x276g7"'7ﬂ7:,) :h<l'1,$2,5§,...,52)

for r =1,...,m where (f,§) € Zp|z1,22)? is to be solved.
As before let s = (1), r = - and s = (23"), dp =d—k+1for 0 < k < d.
Suppose that the solution form o of f is true. Then the expected number of monomials

n—2+d—k
n—2

we expect #c;; = tysq—. When ¢ = j = 0, i.e. the number of monomials that are in

of the form x5® - a2 ziad in the Supp(f) is tr( ) = tysq_ when i +j = k. So

the variables x3,...,z, in the Supp(f) expected to be greatest, the expected number of

evaluations is m = tys4. At this point we remark that

n(n—1 2
tfsd:Tf(n+d§(n+c)l—l) =T <n—|—d> ’
So, if Ty (nLer)z < 1, our theoretical expectation of m = t;sy will be less than 1 which in
practice means that there won’t be any evaluation. If d is big and T is small this inequality
may occur, however the algorithm makes at least one evaluation and hence calls BDP at
least once. So we should have m = [tfsq].
Let T = (Tf + Ty + T + T). (We are evaluating o too, to get the linear system of

equations in ¢;;;). Then according to Subsection 3.6.2 the total cost Cr of the consecutive
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evaluations is bounded above by

Cp < #ofterms x (#of evaluations +n — 3) + (n — 2)d
~ (Tf+Ty+ To +Th) (Tfi:+1+n—3)+(n—2)d
< T([Tyr*] +n) +nd

If d is huge and T} is small so that Tyr? < n then nT or nd can dominate the sum above.
So we obtain
Cr € O(T[Tyr*] 4+ nT + nd) (6.17)

After evaluation the sparse interpolation routine calls BDP to solve the bivariate dio-
phantine equations D,.. For a given D,., BDP solves it in O(d3) arithmetic operations in
Zy, via dense interpolation where dp is a bound for the total degrees of f, g,u,w,h in x1,x2

above. In our case do < d. Hence the expected cost C'g of solving D,’s is
Cp € #of evaluations x O(d*) = O([Tyr*]d?) (6.18)

BDP gives the unique solution for D, iff the MDP conditions for D, are satisfied. To have

a unique solution for D,., for 1 <t < m, the first condition is

ng (u($17x2a ﬁga s 75%)7w(x1a z2, B{t’)a s ,ﬂfl)) | h(gjla z2, Bga s aﬁ'fl)

which is the case if D has a solution. The second condition is, when BDP chooses a random

v € Zp while it is interpolating, it must be the case that

ng (U(xla% 6{%7 v 76’2)?1”('%'1771 B[t%v v 7651)) =1 ian[.%’l].

The probability that the second condition fails is < m deg(u) deg(w)/p < md?/p [MT16-2].
This is a worst case upper bound. On average the expected number of failures is only m
out of p trials [MT16-1]. In this case then the expected probability of failure is < [Tyr?]/p.

As seen in Section 6.2, we expect that the density ratio increases after each evaluation of
f. Hence after evaluations we expect dense polynomials over Zy[z1, x2| and this is why BDP
uses the dense interpolation to solve bivariate MDP’s. While solving the bivariate MDP’s,
BDP chooses a random 7 € Z, and solves the univariate MDP over Z,. This is done by
using the Euclidean algorithm (see [GCL92]). To do that it computes the univariate ged
and if it is not equal to 1 it detects it. So if such an unlucky evaluation occurs then BDP
detects it and the algorithm terminates or it can be modified in such a way that it chooses
another random ~y.

If i + 7 = k then to recover c;;’s one needs to solve a linear system which corre-

sponds to a Vandermonde matrix of expected size t;sg_x. The cost of this operation is
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O (t?sgfk) [Zip90]. We have (k + 1) monomials of the form ziz} with i + j = k. So, the

expected total cost Cy for the solution is in

d d ) )
CyeO (Z(k}—" 1)t§s§k> -0 <TJ2 Sk +1) < ds—k> )

k=0 k=0

First note that

_(n—|—d>_(n—{—d)(n—i—d—l)(n—i—d—Q) 2<n—|—d—2>_ o
s = = >r =7 “S4-2

n n(n —1) n—2 n—2

Then, as we did in the first section we obtain

k
Sdok 254k 2 (1 — _n=2 ) =721 -0

s Sq—o n+d—2
where 0 := niEEZ' Then we get
d Sa—k)” d
23 (k +1) ( - ) < T2 (k+ 1)(1— 0)%
k=0 k=0

By using the summation formula, a straightforward (but a bit tedious) calculation shows
that if n > 2 (which is in fact the case)

7“42d:(k+1)(1—9)2'“§7"4 o )2 <r? <n)2§9r2

— 9)2 _ _
= (n—2)%(n+2d —2 n—2
Hence we see that the expected cost of solving linear systems is in (r = nLer)
Cy € O(T7r?) (6.19)

After computing f, the next step is the multivariate division (h — fu)/w to get g. The

expected cost C)py of the sparse multiplication and the sparse multivariate division C'p are
Cuve0O (TfTu) andCp € O (Tng) (6.20)

arithmetic operations in Z, ignoring the sorting cost.
Combining the equations (6.17), (6.18), (6.19) and (6.20) above wee see that the expected
cost of solving the MDP is in

O(TTTyr?] +nT + nd+ [Tpr*)d® + Tir? + Ty T, + T, Ty)
——— o~ M

Cg Cp Cy Cym Cp

torecover f torecover g
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with the failure probability < [Tr?]d?/p where r = g and T'= (T + T, + Ty + Th) -
Finally suppose that the guessed solution-form o of f is wrong. Then the solution to
f that the sparse interpolation routine computes will be wrong. Since the solution to the
MDP is unique as long as the MDP conditions are satisfied then we will have w 1 h — fu.
So, in the sparse interpolation a possible failure, i.e. a possible false assumption is detected.

In this case the cost of sparse division may increase. (We don’t consider this.)

Theorem 52. Let p be a big prime and u,w,h € Zy[z1,...,x,] where u,w are monic in
x1. If the solution-form oy is true, then the cost of solving the MDP fu + gw = h (which
satisfies the MDP conditions) to find the unique solution pair (f,g) via sparse interpolation

as described in section 2 is in
O (TTTyr?] + nT + nd + [Ty d* + TH? + Ty T, + TuT,)

where d is a total degree bound for f,g,u,w,h, r = 25 and T =Ty + T, + Ty + T), with
the probability > 1 — [Tyr?*]d®/p.

6.5 The Complexity of MTSHL

For j > 3, during the j*" step of the MTSHL, one aims to reach the factorization aj = f;jgj €
Zp|z1,...,z;] from the knowledge of aj, fj—1,9j—1 € Zp|z1,...,xj_1] satisfying a;_1 =
fi—1gj—1. Let f; = Z?io fii(zj — o))t g5 = Z?io gji(r; — ;)" for a randomly chosen
non-zero element o in Zy, and where fjo = fj—1, gjo = gj—1 and deg,, (aj) = d;.

For 1 <4 < d; one recovers each f;;, g;; by solving the MDP problems
fiigjo + gjifjo = eji in Zp[zy,... xj1]

via sparse interpolation in a for loop where ej; is the ith Taylor coefficient of error. Our aim
in this section is first to estimate the complexity of this lifting process at the j* step of the
MTSHL algorithm, that is, finding f; and g; and then to estimate the expected complexity of
the multivariate factorization via MTSHL. To this end let ¢, T}, denote the expected density
ratio and the expected number of non-zero elements of a polynomial h € Z,[x1, ..., z;]. By
(#k) we will refer to the k' line in the Algorithm 10.

Before continuing, to be able to follow the rest of discussion below easily, we suggest the

reader to read the following explanations along with concrete Example 29 in Chapter 4.

6.5.1 Before we go into the details

Before we go into the details of tedious calculations, we want to make a guess what we will

obtain, based on our observations from Section 6:
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Suppose that the smallest factor is f and Tt > max{n,d}. Based on Theorem 52 we
may guess that the evaluation cost will be the most expensive. Now, at the j' step of SHL,
suppose that T, | < T, ,. Then based on Lemma 42, MTSHL makes a probabilistic guess
(#1) that Ty, will be smaller than T}, and (in the for loop), for 1 <i < dj, in the sparse
interpolation routine, it first computes f;; and then recovers g;; via the multivariate division.

Since we expect Ty;, < T}, the expected number of evaluations for each ¢ in the loop will be

SN2
< Ty (ﬁ) (see Section 6.4). So at the j*® step the expected evaluation cost will be in
2 ] 2 i2 . .
d;jO(Ta, Ty, (jjf—d) ) = d;O(Ty, Ty, (d%) ) = O((]T].Taijj)- Then, running j from 1 to n,we
expect that the average complexity will be close to or less than n(’)(%ZTan) = O(%Tan).

Finally since Ty < T, and T, € O(T§T,) our guess is that the average complexity will be
close to or less than (’)(%Tg’).

In the following we make this guess more precise and prove that if Ty < T, and T, > nd?
the expected cost of MTSHL is in fact quadratic in n and € (’)(%T 5’)

6.5.2 In detail

Suppose that T, _, <Tj. ,. Then based on Lemma 42, MTSHL makes a probabilistic guess
(#1) that T}, will be smaller than T}, and for 1 <7 < dj, in the sparse interpolation routine,
it first computes f;; and then recovers gj; via the multivariate division (e;; — gjofji)/ fjo-

The cost of (#5) is the cost of subtraction as we are given a;—1 = fj_1gj—1. In the
sparse case this cost is for sorting the monomials which we will ignore for the rest of the
discussion.

In the i*" iteration, updating the monomial (#7) has cost linear in 7 which is negligible.
Then the algorithm computes the i*" Taylor coefficient of the error at z; = a; (#8).

Maple used to compute this using the formula ¢ = h(z; = «;)/i! where h is the
©'th derivative of error wrt z;. Instead, Maple now uses the more direct formula ¢ =
Z%:i coeff (error, z¥)a* (1) where d = deg,, error which is three times faster [MP14]. So
the cost of this step is a sum of polynomials which can be done in almost linear time in
#error < #a;

Then to solve the MDP, it comes to use the sparse interpolation (#11).

Suppose that fj; = Zcﬁkla:’faté € Lplxs, ..., xj_1][x1,22]. Let dj; := dj —i and evj; :=
ts (j 7].1:12j2dﬁ). We have deg(fji) < dj; and as explained in Section 6.4 we expect that

#cjioo = evj;. Then by Lemma 50 we expect

) j—3+dj,' j-i—dji j—3+dji
6’sz‘-=tsz~< i—3 > = 0 s )

Based on Theorem 28, MTSHL makes a probabilistic guess (#10) and assumes that in
sparse interpolation the solution form oy,, = fj;-1. So the expected number of evaluations

at the i*P step is [ev;;—1]. According to Section 6.4 the expected cost C’Evﬁ of evaluation
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at the i*" step is bounded above by
CEUji < (ngo + Tfjo + Tfj,i—l + Teji) (’—evjfi—ﬂ +7- 4) + (.7 - 3) d]}’i

After evaluation the sparse interpolation routine calls BDP. For a given bivariate diophan-
tine equation the cost is O (d?z) Hence the expected cost Cp;; of solving the bivariate

diophantine equations via BDP in the i*! iteration is
Cp;; €0 ([evj,i—ﬂd?i)

Note again that the sparse interpolation routine first computes f;; and then recovers g;; via
the multivariate division. The linear systems to be solved to recover f;; correspond to a
Vandermonde matrices and they are constructed by the unknown coefficients of the solution
form oy, of fj;. Hence if we define rj; = j_jI;Jrldﬂ, then the expected cost Cly;; of solving the

linear system in the i iteration is (see Section 6.4 Eqn (6.19))

Cv, €O (T} _r3i1) -

By Lemma 50 E[#g;0] < tg, (jJ;.dj) and E[#fji] < ty, (j+]fiﬁ). So, after computing fj;, the
expected cost Cyy;, of sparse multiplication gjofj; and the expected cost Cp,, of sparse

division (6]‘1‘ — gjofji)/fjo is in

a4 de
cMﬁanchﬂeo<tfjtgj<‘7§J)(ﬁjﬁ)).

So far we have covered the (dominating) costs in sparse interpolation at the it iteration.
Next we consider (#17):

The cost of updating, Cy,, i.e computing fj;(z; — ;)" and gj;(z; — a;)" are both in

o d
CUji cO (Z'(tfj +tgj)<]—|;, J >> .

Finally (#18) the cost of updating error is in
Cry, € O (Ty, Ty, )

Let Cg,. be the expected total evaluation cost (in sparse interpolation) at the j* step.
J

Then C Bv; = Zfil CEUJ.Z,. To compute it we’ll split the sum
d;

Z (ngo +Tpjo + g0 + Teji) (fevji—1] +j—4) +( —3)dji
=1
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and consider the parts separately: We first consider the sum

d; dj—1 d; .
j‘i‘dl —3+d‘i
Z(evj,i_ﬂ = Z[evﬂ SZ ]< ._3J ]
i=1 1=0 1=0 J
< Z J]—i—djZ Jj—3+dj 1
= J J—3
dj dj
+dji (j—3+dj
= te. + 1
O W [>>
]+d] J J 3+dji ]+d ]—2—|—d
< t - +d;=t - +d
T ; j—3 T j—2 ’
jH+d; j—1 Jj—1+4d; 1+d
= d: <t d
J j ]_1+dj j—l +]—f] -1 +]
J [i+d;
= d; = T d
j+d< j > I g Y

As a next step, since we expect Ty, < Ty, Ty, < Ty, and Ty, < Ty,

d; .
J
Z (Tgyo +Tfj0) (evj}i*l} < (Tf]’ +ng) <] _|_dijj + dj) €0 <] + d Tf] g5 + djng)

i=1
On the other hand note that we expect T¢,, < Tg;. Then
dj

d .
J
> T, [eviia] <T. Z fevji—1] < i d Ty, To, + d;T,,
=1 =1

So, since we expect T, ,_, < T, we see that

d; .
> (To + T + Thyacs + Toy) (evsins]) € Ol (T Ty + T Tay) + (T, + T0,))
=1

(6.22)
Also
dj—1
> (= 3)dj; € O(jd) (6.23)
i=0
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Now we need to consider the sum

d; d; X d; ] .
. (i+d;, i (i1t d
D Ted S D tad (j : ﬂ) =3 to (J - ”)
=0 i=0 J i=0 J J—
dj /. ‘
—14dy d
< to,(J+dj) (J . ”)—ta](er)] ’
i=0 J—1 j
= (j+d;)Ta
Using the same idea we see that Z?io Ty, 13 < (j+d;)Ty,. So
dj
S (Tey +Ty,,_)7 < (G +dy)(Ty, + T,)
i=0
Also
dj—1 dj—1
2 (Tgﬂ’ + Tij) J< (T, +Ty,) Y J < (Ty, + Ty,)jd;
=1 i=1
So we get
dj—1
Z (ngo +Tg0 + Tpjumn + Teji) jeo (jdj(Tfj +Ty,) + (5 +dj)(Ty, + Taj)) (6.24)
i=1

Let us consider the terms appearing in (6.22-6.23-6.24)

o Ty + Ty Tay) + dj(Ty, + Tay) +jdj2 +7dj(Ty; +Ty;) + (5 + dg)(Ty, + Tay)
~

(23) (24)

j+dj

(22)

We have d;T,, < jd;T,, and since Ty, < Ty, we get jd;(Ty, + Ty,) € O(jd;T,;). So by
(6.22-6.23-6.24) the expected cost Cp,, = Z?il CEu,, of evaluation at the j*™ step is in

Cpu, €0 (,‘7
J

j
T, Ty, + ——
Ty T

- 15Ty, + 3diTo; + (G + ) (Ty; + Ty +jd§> (6.25)
J

Let Cp;be the expected cost of BDP at the 7™ step. Then Cp;, = Zf;l Cp;, = Zfil @) ([evj,i,l] d;’l)

First we consider

. 3(d J .
Z ((B’UJ Z_l—ld]l < dj( + mTf]) < d;l +Jd?ng

Hence

Cp, € O (d} + jd3Ty,) (6.26)
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Let Cy; be the expected cost of solving linear systems (in sparse interpolation) at the 4t

step. Then Cy, = Zjil Cy,, = Z?il (@) (Tfj’i_lrii_l). We consider

dj—1 dj—1 : : 2
+dj; j—1

T2 2 = b, (7T L
; f]z Jt ;(-ﬁ( J ]_1+d]1

dj—1 : . : 2
_ N (I i1+

S\ Pi-t+d j o\ J-1
dj /. 2 dj /. 2
ZJ J—14dj <42 ZJ J—1+dj
i g1 - i=0 g—1

. 2
= e (It} o2
L\ fi

Hence, the expected cost Cy;is in

IA
~
L

Cv, € O (1}) (6.27)

Let the expected cost of multiplication and division at the 5% step be Cp, and Cyy; resp.
Then Cyy; = Z?il Cuy, = Z?il (@) (tfjtgj (jtdf) (j+J.(iji)>. Similarly for Cp,. Note that

dj—1 . . . di—1 /.

S by JH+di\ (i+di) - J+di\ = (i—1+dj
fita; ] j - fita; ] Z ] -1

i=1 =1

i d;\
j .
<ty ( ] ]> = Tijgj

So, the expected cost Ciy,of sparse multiplication and Cp, of sparse division (in sparse

interpolation) at the j** step is in
Ca, € O (T3, T,,) and Cp, € O (T4, Ty, ) (6.28)

Let Cy, be the cost of updating the factors at the the j™ step. Then Cy, = Z?il Cu, =
d; ; i+dji
2210 (Z(tfj +g,) (! i )) - We have

d; . d /. . .
iit, JHdi\ _ t.ii J+dji :t.dj(JerjJFl) J+d;
57 ‘ ” ] PEFNG+H2)N\

J =1 J
d;(j +1) + d2 j+d; di(j +1) + d2
j2 tgj j = j2 ng
Since Tfj <T g;» We get ,
d.; d*
Cy; € O (J?ng + j;Tg]) (6.29)
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Let Cg,, be the cost of updating error at the j™ step. Then Cgy, = Z?il Cer;; =
d; ..
>0 (Tijgj) is in
Crry € O (4T3, T, ) (6.30)

According to the equations from (6.25) to (6.30) we shall consider the dominating terms

J , , ,
j +djTaijj = + dj T LTy +idiTy; + (4 +dj)(Tfj +Taj) +Jd32

CE‘ vj

d* + id?T, + T? T, T d; ﬁ T, +d.T: T
i +idi Ty, + Tf, + Ty Ty, + (= + =5)Ty; +d; Ty, Ty,
—_——— —— Wi ] N ——
Cp Cvj CMj and CDj CErj

J C Uj

d;
The terms Tfj y —— T Ty, Tg]7 Ty, Ty, will be dominated by the term d;Ty,T,.. The

+ d;
term jd? will be domlnated by jd?Tfj. Hence the expected complexity at the j'™ step is in

2

J . . 4 .0 d:
Cp. — Cgyr.
CEvj J CUj J
Recall that f; := f(z1,...,2j,2j41 = j41,...,Tn = ap) mod p. Similarly for a and g.

Let J = {j € N| max{tq,ts,t5} < 1/(”7£+d)}. Then as it was explained in Section 6.4 we
expect Ty, Ty, T, very close to T, Ty, Ty, resp. for j € J. Then

> To, Ty, € QT |TLTy).
j=3

According to Remark 47, in the sparse examples |J| € O(n). Then % 4 To,; Ty, <

_J
J +d;
] —3 d Ta]TfJ < = E] 3TaJTf] & O( d T Tf)

On the other hand we have Y37 5 jd; T, < dT, 377 37 € O(n%dT,), > i3+ dj)(Ta; +
Ty;) < (Ta +Ty) (J+d)_(Ta+Tf)(n + nd)

So assuming that the inputs are sparse by running the index j from 3 to n, the expected
complexity of MTSHL is in

2

oL

T, Ty + ndTy + (n* + nd)(T, + Tf) + nd* + n*d*Ty + d*T, +ndTyT,)
d N——— N—— N——

Evaluation BDP Update Er
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Since Ty < T}, the expected complexity is in

2
@ ( %TaTg +n2dT, + (n? + nd)(T, + Ty) + nd* + n>d*T, + ndT? )

2
—0 ( %TaTg + 12T, + ndT, + n2d*Ty + ndT? + nd4> (6.31)

Finally since T, € O(TTy) we have T, € O(T;) and hence the expected complexity is in

2
O(Zﬁ+#ﬁ+#ﬁ@+mﬁ+mﬂ (6.32)

Note that if T}, is big enough, for example T, > nd? (which is the case for the most our

experiments in the final section) then
ndTg2 > n2d3Tg > n2d2Tg and nQdQTg > n3d* > nd*, and

2 22 3 3 2 272 22
ndTg<ndTg<Tg andnTg>ndTg>nTg

2
n 3
o(dg>.

The cubic term is coming from evaluation and suggests the evaluation is the most time

Hence the expected complexity is in

dominating step. This is what we have expected and will confirm by experimental data.

Now according to Theorem 28

di; d—1
P y 3 < Ty, ., —F— < T5, ————.
r[Supp(f], +1) fq Supp(f] )] = fj,z+1p_ d]z +1 - f]p_ 2d + 1

Then the probability that there is a false assumption on one of the assumptions of (#10)

at the j™ step is < Zfial Tfj,i+lp7§§z+l < 2(p_cé2d+1)Tfj. Hence throughout the whole

MHL process the probability of failure of MHL because of a false assumption at (#10) is
n—2)d?

= 2((p—2z31+1)

and made an assumption on the ged of univariate polynomials in BDP based on Schwartz-

Ty,;. Also note that at the 7™ step the algorithm used < d;T, many evaluations

Zippel’s lemma. Then the probability of a failure because of a false assumption on the ged
. 2

of polynomials in BDP is then < z% > iesdiTy, < (n?_%. Then the probability of

failure of SHL is

1 1
< (n—2)d*T
<@ ﬁjf(p—1+2@—2d+w)

This is a very generous bound. In our experiments to construct the data in the final section,
we have used p = 23! — 1 and MTSHL has never failed.
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As a final note, we consider the probabilistic assumption in Step 4 of the sparse inter-
polation routine Sparselnt.

In the notation of Algorithm 7, Sparselnt, consider the polynomials

Aik = H (Mika — Mikb) S Zp[xg, . ,a?j].

1<a<b<s;

In Step 4, |Sik| = six means the monomial evaluations are distinct and if this won’t be
the case then at least one of the Vandermonde matrices constructed in Step 14 won’t be
invertible. In that case then Aj(as,..., ;) = 0. We want to bound the probability that
this may happen for any A;;. Let A =[] Ajz. Then A(as, ..., a;) = 0 means one or more
monomial sets are not distinct. Since as, ..., a; were chosen at random from [1,p — 1] we

have by Schwartz-Zippel

o deg(8)
<1

Pr[A(as, ..., a;) = 0]

We have deg Mip < d and deg A < Yg<; 1< d(y). Note that 3 sy = Ty, and deg A is
maximized when one of the coefficients has all T}, terms, that is some s;; = Ty, <Ty. Thus
deg A < d(T2f) and we obtain

Pr[A( )=10] < dTJ%
r[Alas,...,a;) =0] < ——.
! 2(p—1)
So when p is big enough so that p > 1+ dT]% /2 we expect that a different choice of
(as, ..., o) will satisfy the condition. This is again a very generous bound. In our experi-

ments we have used p = 23! — 1 and Sparselnt routine has never failed at Step 4.

Theorem 53. Let a = fg € Zplx1,..., x| with f,g monic in xy and Ty < T,. Let
d = deg(a), r = ra and p be a big prime with p > d. Then with the probability of failure

<(n-— 2)d2Tf (1% + m), the expected complexity of the MHL to recover the factors

f, g via SHL algorithm is in

2
n- 3 22 2 12 2 4
(’)(dTg+n Tg—l—ndTg+ndTg+nd )

In particular if Ty > nd? then the expected complexity is in

2
n 3
0<d%>.
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6.6 Some Timing Data

To compare the result of our ideas to Wang’s, first we factored the determinants of Toeplitz
and Cyclic matrices of different sizes as concrete examples.

Then we created sparse random polynomials A, B using
2¢ 4 randpoly([zo, .., ,], degree =d, terms =t)

in Maple and computed C = AB € R. We chose monic factors in x1 so as not to complicate
the algorithm with leading coefficient correction and to have a fair comparison with Maple’s

factorization algorithm.

We used p = 23! — 1 and two ideal types to factor C:
ideal type 1: I = (x9—0,23—0,---,2, —0) and

ideal type 2: I = (x93 —a1,23 — a9, , Ty — ay) in which the a;’s in practice are
chosen from a small interval including zero, for Wang’s algorithm.

As noted it is not always possible to use ideal type 1. For example, ideal type 1 cannot be
used to factor Cyclic or Toeplitz determinants. On the other hand, to make a fair comparison
on the efficiency of the algorithms, when timing Wang’s algorithm, we let Wang’s algorithm
choose its own ideal. It can include some zeros although it is not possible to choose all zero
for these examples. That is, both MTSHL and Wang’s algorithm are doing their best under

fair conditions.

6.6.1 Factoring Toeplitz and Cyclic matrices: The state of art

Let C, denote the n x n cyclic matrix and let T, denote the n x n symmetric Toeplitz

matrix below.

r1 T2 ... Tp-1 Tn T T cer Tp—1 In
Tn 1 ... Tp-2 Tpn-1 Z2 x1 ot Ip—2 Tp—1
Cn = : : : : : and T, =
r3 T4 ... il i) Tn—1 Xp—9 - I xI9
Tro I3 ... In T T Tp—1 -*°° ) Tl
The determinants of C,, and T}, are homogeneous polynomials in n variables x1, xs, ..., ZTp.

As we implemented MTSHL in Maple (except two key parts: BDP (see Section 5.4)
and the evaluation routine (see Section 3.6.2 ) are coded in C), we first compared Maple
factorization timings with Singular and Magma to be sure that the main gain by MTSHL
is independent of implementation.

The data in Tables 6.6 and 6.7 for factoring the determinants of C),, and 7T,, compares
Maple 2017 with Magma 2.22-5 and Singular 3-1-6. Timings are in CPU seconds. Since
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’ n \ #d, \ sizes of factors H Maple ‘ # MDP ‘ MDP% H Magma H Singular ‘
7 427 30, 56 0.035 161 30% 0.01 0.02
8 1628 167, 167 0.065 383 43% 0.04 0.05
9 6090 153, 294 0.166 1034 73% 0.10 0.28
10 23797 931, 931 0.610 2338 76% 0.89 1.77
11 90296 849, 1730 2.570 6508 74% 1.96 8.01

12 | 350726 9579, 5579 19.45 15902 80% 72.17 84.04
13 | 1338076 4983, 10611 84.08 45094 84% 181.0 607.99
14 | 5165957 | 34937, 34937 637.8 | 103591 7% 6039.0 || 20333.45
15 | 19732508 | 30458, 66684 || 4153.2 | 286979 84% 12899.2 -

Table 6.6: Factorization timings in CPU seconds for factoring d,, the determinant of the n
by n Toeplitz matrix 7;, evaluated at x, =1

’ n \ #d, \ sizes of factors H Maple ‘ # MDP ‘ MDP% H Magma H Singular
7 246 7,924 0.045 330 90% 0.01 0.02
8 810 8,8,20,86 0.059 218 46% 0.07 0.06
9 2704 9,45,1005 0.225 1810 74% 0.74 0.24
10 7492 10,10,715,715 0.853 1284 62% 8.44 2.02
11| 32066 11,184756 7.160 75582 91% 104.3 11.39
12 | 86500 12,12,42,78,78,621 19.76 1884 76% 7575.1 30.27
13 | 400024 13, 2704156 263.4 | 1790701 92% 30871.90 NA
14 | 1366500 | 14,14,27132,27132 || 1664.4 | 50381 7% > 100 288463.17
15 | 4614524 | 15,120,3060,303645 || 18432. | 477882 82% - NA

Table 6.7: Factorization data and timings in CPU seconds for factoring d,, the determinant
of the n by n Cyclic matrix C), evaluated at x, =1

det(7},) and det(C),) are homogeneous, and since the difficulty of the factorization of det(7},)
depends on which variable is used to de-homogenize the determinant, we fixed x,, = 1 for all
three systems. That is, for d,, = det(7},) we time the factorization of d,,(z1, z2,...,ZTpn_1,1).
The column (MDP) shows the number of calls (including recursive calls) to Maple’s MDP
algorithm and the percentage of time in Hensel lifting spent solving MDPs.

Data for the number of terms of detT,, and det C,, and the number of terms of their
factors is given in Tables 6.6 and 6.7. In Table 6.7 notice that the second factor for n =
7,11, 13 has more terms than det(Cy,).

The data confirms the data from [MP14] that Maple’s multivariate factorization code
is relatively fast. This is partly because the underlying polynomial arithmetic is fast (see
Monagan and Pearce [MP14]). We note here that Maple, Magma [Steel] and Singular [Lee]
are all doing Hensel lifting one variable at a time (see Algorithm 6.4 of [GCL92]) and lifting
solutions to MDP equations one variable at a time (see Algorithm 6.2 of [GCL92]). All
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coefficient arithmetic is done modulo a prime p or or prime power p* which bounds the size
of the coefficients of any factors of the input. Singular [Lee] differs from Maple and Magma
in that it first factors a bivariate image f(z1,z2,as,...,ay,) over Z then starts the Hensel

lifting from bivariate images of the factors.

6.6.2 Factoring Toeplitz and Cyclic matrices with MTSHL

For MTSHL, it is important that «;’s are chosen from a large interval. For these we chose
a;’s randomly from Z,; — {0} with ¢ = 65521.

Maple, Magma, Singular all check for the homogeneity before factorization and if it
is the case they first de-homogenize the polynomial to be factored. After factoring the
de-homogenized polynomial, they homogenize the factors to obtain the actual factors. We

followed the same procedure for MTSHL. As above we fixed x,, = 1 to de-homogenize.

In the tables we used the following notation

tW  is the time for Wang’s algorithm which Maple currently uses (see[GCL92]),
tBS is the time where factoring algorithm is based on Algorithm 6 ,
tKSHL is the time where factoring algorithm is based on Algorithm 7 |
tMTSHL is the time where factoring algorithm is based on Algorithm 8 |
tX(tY) means factoring time tX with tY seconds spent on solving MDP,
tmw Means time spent on multiplication in MTSHL,
tevaqr ~Means time spent on evaluation in MTSHL,
Ty, denotes the number of terms of a factor
ty, denotes the density ratio of a factor
The density ratio of factors of T}, can be seen in Table 6.8.

For C, the density ratio is 1 for all factors except for n = 12, in which out of 6
factors one of them has ¢ty = 0.53 and the other has t; = 0.45.

Table 6.8 presents timings for Hensel liftings to factor det T,, with MTSHL.

Table 6.9 presents timings for Hensel liftings to factor det C,, with MTSHL.

The values in the columns tW and tMTSHL shows that in general the most time dom-
inating step of MHL is solving MDP and confirms that even for complicated examples
MTSHL is quicker than Wang’s algorithm. It spends less time to solve MDP. Also, the
values in the columns t,,,; and %, confirms the theoretical complexity analysis that eval-

uation and multiplication are the most time dominating operations in MTSHL.
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[ n |ty |ty | tW [ tMTSHL [ tnw teval
7 [0.27]0.36] 0.035 (0.015) 0.046 (0.037) 0.001 [ 0.003
8 ]0.50 [ 0.50 | 0.065 (0.028) 0.073 (0.059) 0.007 | 0.005
9 [0.31[0.23] 0.166 (0.121) 0.122 (0.075 ) 0.018 | 0.001
10 [ 047 [ 047 | 0.610 (0.467) 0.418 (0.251) 0.099 | 0.024
11 [0.22[0.28 [ 2.570 (1.902) 1.138 (0.458) 0.339 | 0.053
12 [ 0.45 [ 0.45 | 19.45 (15.56) 13.165 (5.445) [ 3.779 [ 0.897
13[0.27 [ 0.21 | 84.08 (70.623) || 21.769 (11.064) | 6.904 | 4.361
14 [ 0.45 [ 0.45 | 637.8 (491.106) || 249.961 (160.04 ) | 71.351 | 102.918
15 [ 0.21 | 0.26 | 4153.2 (1771.54) || 1651.68 (689.634) | 674.356 | 405.016

Table 6.8: Timings for factoring determinants of n x n symmetric Toeplitz matrices.

BN tW I tMTSHL tomul teval
7 0.041 (0.012) 0.026 (0.015) 0.002 0.001
8 0.057 (0.025) 0.063 (0.046) 0.010 0.003
9 0.209 (0.152) 0.12 (0.042) 0.024 0.002
10 0.845 (0.642) 0.5 (0.22) 0.20 0.01
11 6.6 (4.884) 0.945 (0.094) 0.386 0.003
12 | 19.76 (15.808) 5.121 (1.385) 3.108 0.048
13 | 252.2 (211.848) 27.689 (1.474) 9.362 0.093
14 | 1861.8 (1563.912) || 523.073 (85.326) | 346.067 | 38.399
15 | 18432.0 (14929.2) || 7496.94 ( 426.014 ) | 3602.739 | 19.231

Table 6.9: Timings for factoring determinants of n x n cyclic matrices.

6.6.3 Factoring Random sparse data with MTSHL and KSHL

Table 6.10 presents timings for the random data for which ideal type 2 is used. It shows
that when the evaluation points are chosen to be non-zero MTSHL is significantly faster
than Wang’s algorithm.

As can be seen from Tables 6.12, 6.10 that KSHL is only good for very sparse examples.
Even for these cases MTSHL performs better.

We also included the timings for ideal type 1 case, as according to our experiments it
is the only case where Wang’s algorithm is quicker. This is because a sparse polynomial
remains sparse for the ideal type 1 and hence the number of MDP to be solved significantly
decreases and the evaluation cost of sparse interpolation becomes dominant which is not
the case for Wang’s algorithm for the ideal type 1.

Table 6.11 presents timings for the random data for which ideal type 1 is used. For
the ideal type 1 case MTSHL or KSHL were not used, since the zero evaluation probability

is large for the sparse case. According to our experiments Wang’s algorithm is faster for
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n/d/T tW tKSHL tMTSHL
4/35/100 | 13.07 (11.95) 1.75 (1.18) | 1.51 (0.24)
5/35/100 | 88.10 (86.28) 3.75 (2.57) | 1.16 (0.36)
7/35/100 | 800.0 (797.0) 5.04 (4.08) | 1.58 (0.59)
9/35/100 | 4451.6 (4449.4) | 8.13 (6.22) | 2.94 (0.56)
4/35/500 | 33.96 (26.48) | 642.2 (635.1) | 11.29 (0.82)
5/35/500 | 472.1 (402.5) | 1916.2 (1899.6) | 26.0 (4.86)
7/35/500 | 3870.5 (3842.2) | 2329.4 (2305.5) | 43.1 (6.84)
9/35/500 > 60000 3866.3 (3805.9) | 79.6 (9.71)
11/35/500 NA NA 2432 (17.0)

Table 6.10: The timing table for random data with ideal type 2

(AT, [ [ W [ BS |
5/20/5000 | 0.1 | 7.08 (2.605) | 11.804 (7.376)
5/15/3000 | 0.2 | 4.25 (1.554 ) 4,963 (2.29)
5/15/5000 | 0.3 | 6.882 (2.988) | 6.471 (2.99)
4/20/5000 | 0.4 | 2.709 (1.211) | 2.704 (1.267)
5/20/30000 | 0.56 | 86.224 (18.394 ) | 90.111 (21.134)

Table 6.11: The timing table for random data with ideal type 1

ty < 0.2. For ty > 0.2 the performance of Wang’s algorithm and Algorithm 6 (which uses

sparse interpolation without SHL assumption) are almost the same.

Toeplitz ‘ tKSHL ‘ Cyclic ‘ tKSHL ‘
5 0.02 (0.018) 5 0.07 (0.06)
6 0.308 (0.306) 7 1157 (1157)
7 1157.5 (1157.5) 11 00
8 119.88 (119.88) 13 00
9 486.45 (485.41)
10 25021 (25020)

Table 6.12: The timing table for KSHL
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Chapter 7

Conclusion

7.1 Summary

Within this dissertation we presented an efficient practical algorithm MTSHL for factoring
multivariate polynomials over integers.

We have shown that solving the multivariate polynomial diophantine equations in mul-
tivarite Hensel lifting algorithm can be improved by using sparse interpolation techniques.
This leads to an overall improvement in multivariate polynomial factorization.

We provided benchmarks comparing MTSHL with previous sparse Hensel lifting ap-
proaches developed by Kaltofen and Zippel. We also compared MTSHL with Wang’s algo-
rithm which is used in Maple, Magma and Singular.

We also studied what happens to the sparsity of multivariate polynomials when the vari-
ables are successively evaluated at numbers. We determined the expected number of terms
remaining and the variance. We used these results to revisit and correct the complexity
analysis of Zippel’s original sparse interpolation.

Finally we computed the probability of success of MTSHL, presented an average case

complexity analysis of it, and confirmed our theoretical analysis with experimental data.

7.2 Future Work

One future extension point is, to decrease the cost of MHL using our sparse interpolation
techniques when there are more than 2 factors to be computed.
When the polynomial to be factored has more than 2 factors, say 4 factors, then the
MDP to be has the form
o1b1 + o1ba 4 03b3 + 04bs = ¢},

in Zp[z1,...,2;] where b; = [, ;u;. The current approach is to solve this equation by
reducing it into 3 MDP’s of the form ou + 7w = ¢ in Zy[z1, ..., z;] as explained in Chapter

1. However one can invoke the inproved sparse interpolation idea used in MTSHL to recover
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0;’s simultaneoulsy without reducing it into 3 MDP’s. With this way one does not need to

compute b; = [, uj in Zy[z1,...,x;] but instead consider the bivariate images

bi($1,$2,6j) = Huj(:xl,:z:g,ﬁj) € Lplz1, x2]
J#i
where (3 is chosen at random from Z;‘_Q. Since this approach is probabilistic at the end one
can check the correctness of the solutions by sufficiently many evaluations. We expect that
this approach will decrease the computational cost of solving multi-polynomial diophantine
equations.

Another extension point is to decrease the cost of error computation during MHL which
is one of the most time dominating part of MHL.

At the j* step of MHL, in a for loop one needs the compute the Taylor coefficient ¢y,
of the error ej in the k*! iteration. ¢; appears on the RHS of the MDP equation to be
solved . The computation of the error ey is one of the most time dominating step in the &t
iteration. MTSHL solves the MDP by projecting down the MDP into the bivariate domain
Zp|z1,x2] and it needs the bivariate images of c,. Instead of computing the error ey in
Zplz1,...,x;], one can compute the bivarite images of ey in Zy[z1, z2] and so compute the
bivariate images of ¢y, in Zy[z1, z2]. We expect that this approach will decrease the error

cost.
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