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ABSTRACT

We propose a new sparse GCD algorithm for multivariate polynomi-
als over finite fields. Our algorithm uses a new type of substitution
to recover the terms of the GCD in batches. We present a detailed
complexity analysis and experimental results which show that our
algorithm is faster than Zippel’s GCD algorithm and competitive
with the Monagan-Hu GCD algorithm.
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1 INTRODUCTION

Let A and B be polynomials in Z[x1, . .., x,] and let G = gcd(A, B)
be their greatest common divisor (GCD). Computing G is a key
operation in a Computer Algebra System. One application is to
simplify the fraction A/B. GCD computation is interesting because
all modifications of the Euclidean algorithm [3, 5] to compute G
result in an expression swell where the size of the intermediate
polynomials grows exponentially in n the number of variables.

In 1971, Brown [2] solved the intermediate expression swell
problem by interpolating x, x3, .. ., x5 in G from many univariate
images of G in x;. For polynomials of degree d Brown’s algorithm
uses O(d™"!) univariate images which is effective for dense poly-
nomials but not sparse polynomials.

Early sparse GCD algorithms include Zippel’s algorithm [24]
from 1979 and Wang’s EEZ-GCD algorithm [23] from 1980. Zippel’s
algorithm is currently the main GCD algorithm in Fermat, Magma,
Maple and Mathematica. The literature for the polynomial GCD
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problem is large. Many ideas have been tried. We cite the works
[4, 6, 8, 11-17, 19-21]. See also Ch. 7 of [7].

Let Fy be a finite field with g elements and let #G denote the
number of terms of the polynomial G. In this work we present a
new sparse GCD algorithm for Fg[x1, ..., x]. The main result of
the paper is given below.

THEOREM 1.1. Let A, B be polynomials in Fy[x1,...,xn] with
d = max]_ max(deg(A, x;), deg(B, x;)). Then there exists a random-
ized algorithm that takes as inputs A, B and returns G = gcd(A, B)
with probability > 11/12, using expected O~ (nTind log qlog® T, +
n?d®T, log q) bit operations where Ty = #A + #B and T, = #G.

We’ve implemented our algorithm in Maple with parts of it
implemented in C for increased efficiency. We use our algorithm to
compute a GCD in Z[xy, ..., x| by computing it modulo primes
and using the Chinese remainder theorem to recover the integer
coefficients of G. Our benchmarks in Section 7 show that it is
faster than the implementations of Zippel’s algorithm in Maple and
Magma and compares well with the Monagan-Hu algorithm [8, 15].

1.1 Overview of the Algorithm

Let A, Bbe in Fq [x1,...,xn] and G = gcd(A, B). Our new algorithm
uses substitutions of the form

xi=(yiz—a;)y’ for1<i<n

where y;, @; are chosen from Fg and s; are non-negative integers.
The substitution converts a GCD problem in n variables into a
bivariate GCD problem in Fg[y, z]. The purpose of the y; is to
prevent a degree loss in z. For now assume y; = 1 works.

Our algorithm chooses ; from Fy at random and distinct. It
then chooses s; from [0, T) at random where T is a parameter of the
algorithm that takes on the values 2,4, 8, 16, ... until the algorithm
succeeds. Suppose q is a large prime and

G= xf +3x1x9 + ZXS - X2.

Suppose we choose a = [2,5] and s = [2,3]. Let ¢(f) = f((z -
2)y%, (z — 5)y°) be our substitution. We have

$(G) = (z-2)*y* +3(2-2)(z-5)y° +2(z—5)*y’ — (z-5)".

Notice that each monomial in G mapped to a unique monomial in y.
We say s separated the terms of G. Since z—2 and z—5 are relatively
prime, we can recover all terms in G from ¢(G) by dividing the
coefficients of ¢(G) by z — 2 and z — 5. If a coefficient factors as
¢(z = 2)%(z - 5)% for a constant ¢, we recover the term cx;i1 xgz.
If G has t terms, we need T ~ t? for ¢(G) to be separated with
reasonable probability. If D = max(deg A, deg B), this would create
a bivariate gcd problem of degree O(Dt?) in y and D in z which
will be expensive to compute for large . Instead, we use a much
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smaller T and several choices for s. Suppose we choose s = [1,1].
Let ¢1(f) = f((z = 2)y", (z = 5)y"). Then

$1(G) = 2(z—5)°y® + (z - 2) (42 — 17)y% — (z - 5)v.

Since GCDs are unique up to a scalar, the GCD algorithm will
normalize ¢1(G). Suppose it makes ¢1(G) monic in lexicographical
order with y > z. Here LC(¢1(G)) = 2 so we obtain

Gi:=1¢1(G) = (z -5 + L(z-2)(4z — 17)y* - L (z - 5)y.

The factor 4z — 17 is divisible by neither z — 2 nor z — 5 thus at
least two monomials collided in the term (z — 2)(4z — 17)y?. If a
coefficient of Gy factors as c(z — a1)% (z — ag)dz, it is unlikely it
comes from a collision because we chose the @; randomly from
[0,q). Thus xg’ and xy are monomials in G with high probability.
We extract the good terms of G found in G as G* := xg - %xg.
Our algorithm now tries a new s and , say s = [2,1] and @ =
[2,5]. Let ¢o(f) = f((z = 2)y% (z — 5)y'). We have
Gy = ¢2(G) = (z = 2)%y* + (z = 5)(22° — 17z + 44)y® — (z - 5)y.

This time x1x, and xg collided under ¢2. We could recover one new
monomial xf in G but we can do much better. We use G* to recover
more new monomials from Gy.

Notice that the monomial x5 is recovered from both G; and G2
but the coefficient is —% and —1 respectively. As long as G; and Gy
share at least one monomial M, we can scale G* (or Gz) so that G*
and G, have the same coefficient for M. In our example we multiply
G* by 2 so that 2G* = 2xg — x3. Now we compute

Hy := Gy — ¢2(2G") = (z - 2)%y* +3(z = 2) (z - 5)1°.

The terms of Hy yield two new monomials xf and x1x2. We obtain
the new terms G** := xf + 3x1x2 of G. We set

G"=2G"+G" = xf +3x1%x2 + 2x§ — X2.

Since there were no collisions detected in Hy our algorithm stops
and outputs G*. Otherwise it would try another s.

Our algorithm tries T = 2, 4,8, 16, ... until log, T choices for s
are enough to recover all the terms of G. For example, on one of
our benchmarks where G has n = 9 variables, #G = 996 terms, and
deg(G) = 30, using T = 64, it recovered 279 good terms from Gy
then 309, 226, 118, 56, 8 new terms from G3, G3, G4, Gs, Gg.

Consider G = xf - xg + 1. Suppose y; = 1 so that x; = (z — a;)y’i.
If s; = sg, which happens with probability 1/T, then deg(¢(G), z) <
deg(G) which means we cannot recover x% and x%. To avoid this we
choose y; from Fy at random. Randomized Kronecker substitutions
x; =y’ were previously studied in [1, 9, 10].

2 DEFINITIONS

Fix the lexicographical monomial order with x; > - > x,. For
a polynomial A € Fg[x,...,xn], denote LC(A) as the leading
coefficient of A. For a polynomial F € F [x1,...,xn,y], denote

LC(F,y) as the leading coefficient of F w.r.t. the main variable y.

Definition 2.1. Let A,B € Fy[x1,...,xp]. Then G is called the
greatest common divisor (GCD) of A, B if
(1) G divides A and B,

(2) every common divisor of A and B divides G, and
(3) LC(G) = 1.
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We say that A is similar to B,A ~y B,if A=a- yk - B, wherea € IF;
and k € Z. In particular, if k = 0, we use the notation A ~ B.

Definition 2.2. Let f € Fg[xy,...
new variables y, z we define

&(f) = f(xi = (yiz— a;)y* for 1 < i < n).
Definition 2.3. For s = (s1,...,sp) € N define

»Xn]. For yj, a; € Fg,s; € Nand

fs = f(xi =xjy*i for 1 < i < n) =glyd1 +--~+gkyd’<,
where g; € Fg[x1,...,xn] and dy > --- > di. If g; has only one
term cm, where ¢ € F and m is a monomial, then we call it a
non-colliding term in f;. Collect all non-colliding terms in f; and
generate the following set

NC(f,s) = { cm | cm is a non-colliding term in f;}.
Define the other terms in f; as the colliding terms by
C(f,s) ={cm|cmis a colliding term in f}.

Definition 2.4. Let f = ¥!_ a;Mi(x1,...,xn) be a polynomial
with coefficients a; and monomials M;. Define the monomial con-
tent MoCont(f) = ged(M;,Ma,...,M;) = [], x?i for some
d; € N. We say f is monomial primitive if MoCont(f) = 1.

3 PRELIMINARY RESULTS

LEMMA 3.1. [22, Lemma 6.44] (the Schwartz-Zippel Lemma). Let
R be an integral domain and A € R|[x1,...,xn]| be non-zero and
with total degree D and let S C R be a finite set. Ifa = (ay, ..., an)

is chosen at random from S™ then Prob[A(a) = 0] < %.

LEMMA 3.2. [8, Lemma 4] Let F, F2 € Fy[x1,...,xpn, y] withd =
deg(F1,y) > 0 and ¢ = deg(Fa,y) > 0. Let ag = LC(Fy,y),bp =
LC(Fs,y) and the resultant R = resy(F1, F2) € Fq[x1,...,xn]. For
ae IFZ ifag(a) # 0 and by(a) # 0 then

(1) degy ged(Fi(a, y), F2(a,y)) > 0 &< R(a) = 0 and

(ii) resy(Fi(a.y), F2(a,y)) = R().

LEMMA 3.3. Let A,B € Fy[x1,...,xn], G = gcd(A, B). If yi, i
for1 < i < n are regarded as variables and ¢(A), p(B), $(G) €
Fqlz.y.v1,.. ..y a1, ..., an]. Then $(G) ~y ged($(A), ¢(B)).

Proor. For f € Fq[z, YY1« ¥Yns 01, - .., 0n ], define ¢(f) =
f(ai =yiz—xjy™ for 1 < i < n). Directly checking the composite
maps 1/ o ¢ and ¢ o 1, it can be seen that iy = ¢~ 1.

Now, as G|A and G|B, we have ¢(G)|¢(A) and #(G)|¢p(B). So
¢(G)| ged(4(A), $(B)). For the opposite direction suppose P =
ged(¢(A), ¢(B)) and H = ¢(A)/P. Then y/(P) - y(H) = ¢(¢(A)) =
A.Here Y(P) = P(2,Y, Y1, > Yns Y12 — X1Y L, ..., ¥nZ — Xpy~°"),
which may be a rational function as it may has negative degree in y.
Let k = deg(y(P), y). Then lﬁ(P)/yk and I/I(H)yk are polynomials
of degree zero in y as A doesn’t have y. Thus /(P)/ y* divides A. For
the same reason, z//(P)/yk divides B. Thus lﬁ(P)/yk| ged(A,B) =
G. By mapping ¢, we have ¢(¥(P)) - y¥|¢(G), which is P -
y14(G). o

4 OUR NEW GCD ALGORITHM

Let A, B € Fg[x1,...,xn] and G = ged(A, B). This section presents
and analyses three algorithms. (1) Algorithm 1: for any vector
s € N this algorithm computes the non colliding set NC(G, s). (2)



A New Sparse Polynomial GCD by Separating Terms

Algorithm 2: for an approximation G* of G, this algorithm computes
half of the terms in G — G* using Algorithm 1. (3) Algorithm 3: this
is the main algorithm for computing the G = gcd(A, B). It calls
Algorithm 2 in a loop.

4.1 Computing the non-colliding set

We hope to recover the polynomial G from the bivariate images
#(G) =G((y1z— a1y, ..., (ynz — an)y°"). The variable y is used
to separate the terms, and the variable z is used to compute the
exponents of terms.

Let G = cymy+---+cymy € Fglx1,...,xn]. Fors = (s1,...,5n) €
N”, assuming G(x; = x;y% for 1 < i < n) = giy® +--- + gy,
where g; € Fg[x1,...,x,] and d;’s are different degrees. Then

$(G) =Xt gi(yiz — a1, ., ynz — an)y®.

If#g; = land g; = cx;31 coexpt then gi(y1z — a1, .., Yz — an) =

c(y1z — a1)® -+ (ynz — an)®n. If the a;j/y;’s are different, then
c(y1z — @1)® -+ (ynz — ap)®" is one-to-one corresponding to
cxfl -+ x;" by unique factorization. However, for some g; even
with #g; > 1, gi(y1z2 — a1, ..., ynz — ay) may still have the form
c(y1z = @1)€ -+ - (ynz — an)®". The intuitive way to avoid this is
to randomly select ;, y; from a larger set. The following theorem
indicates the success probability. We first assume NC(G, s) # 0.

THEOREM 4.1. Let G € Fq[xl, ceosXnl, s = (s1,...,8n) €
N" and MoCont(G) = 1. Assuming NC(G,s) # 0 and
G(x1y®, ..., xny®) = g1y® +- - +gry whered;’s are different and
gi #0 € Fy[x1,....xp]. If (a1,..., 00, Y1, . . ., Yu) is randomly cho-
sen from IF(ZI", then with a probability of > 1 — (3n+1) ”S”""qu"Lg"DMZ s
the following hold.

(1) Cont(¢(G),y) = 1.

(2) If#gi = 1, theng;(y1z—a1, ..., Ynz—ayn) hasthe formc(y1z—

1) -+ (ynz — an)®" for somee; € N.
(3) If#g; > 1, then gi(y1z — a1, ..., Ynz — Q) does not have a
formc(y1z — a1)® - - - (ynz — an)®n for somee; € N.

PRrOOF. Suppose that ¢(G) = hyy® +- - - + hyy%, where h;(z) =
gi(y1z — a1, ..., ynz — an). Thus Cont(¢(G),y) = ged(hy, ..., hg).
Since NC(G,s) # 0, there exists a h; corresponding to a term
in NC(G,s). Therefore Cont(¢(G),y) = (z — a1/y1)™ ---(z —
an/yn)*n for some w; € N. To prove Cont(¢(G),y) = 1, it suf-
fices to show that (z — «;/y;) ¥ Cont(¢(G),y) fori=1,...,n. Due
to MoCont(G) = gcd(g1,...,gx) = 1, for each x;, there is a gj, in
{91,--.,9x} such that x; { g;,. Substitute x; = y;z—q; into gj,, then
hj,(z) = gj;(x; = yiz—aj for1 < i < n).Letwo := [1%, yl.D-hjl.(%).
Claim: if ko # 0, then Cont(¢(G),y) = 1. This is because that if
ko # 0, then hj,(a;/yi) # 0 fori = 1,...,n, which implies that
(z = a@ifyi) 1 hj,(2), thus (z — a;i/yi) 1 Cont(¢(G),y). There-
fore £; = 0 and Cont(¢(G),y) = 1. If a;, y; are regarded as vari-
ables then ko € Fyla1,...,on, ¥1,. .., ¥n]. Claim: kg is a non-zero
polynomial with degree < 3nD. Proof of the claim: we prove
the case i = 1 that )/P . hjl(%) is a non-zero polynomial. Let
gj; = x10 + 1, where 0 € Fq[xl,...,xn],ry € Fq[xz,...,xn] and
n # 0. Then hj (a1/y1) = n(xe = ye(ar/y1) —ag for2 < ¢ <
n) = n(xe = (year — aey1)/y1 for 2 < £ < n). As degn < D, then
le -hj, (%) is a non-zero polynomial and the degree of le -hj, (%)
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is < D+2deggj, < 3D.Other cases fori = 2,...,n can be similarly
proven. Thus kg is a non-zero polynomial with degree < 3nD.

Case (2) is always correct. Consider case (3). Without loss of
generality assume #g1 > 1. Let g1 = cm - Q, where x; ¥ Q for 1 <
i < n. Assuming f(z) == Q(x; = yiz —ajfor 1 <i <n) =riz"t +
-+ rpz4 whereu; > --- > uyandr; € Fq. Here r; depends on
the choice of @1,..., an, y1,. .., yn. Let k1 = r1 - [1, yiD -plailyi).
Claim: if k1 # 0, then g1 (y1z — @1, .. ., ynz — an) does not have the
form like c(y1z — @1)® - - - (ynz — an)®". Proof of claim: it suffices
to show that (i) (z —ai/yi) t Q(y1iz— a1, ...,ynz —an),i=1,...,n
and (i) Q(y1z — a1, - .., ¥nz — an) € Fq. k1 # 0 implies that r; # 0
and f(a;/yi) # 0 for 1 < i < n. First, r; # 0 is enough to prove
Q(y1z = a1,...,ynz — an) ¢ Fq. Second, B(a;/y;) # 0 implies that
(z—ailyi) 1 p(z) = Q(y1z— a1, - .., Ynz — @n). The claim is proved.

If a;, y; are regarded as variables then k1 € Fg[as,....an,y1,- -,
Yn]. Claim: k1 is a non-zero polynomial with degree < 3nD + D.
As #g1 > 1, then uy > 0 and rq is a non-zero polynomial with
degree < D. As x; 1 Q, for the same reason for g, yiD - Plaifyi) is
a non-zero polynomial with degree < 3D. The claim is proved.

Assuming g;,, ..., gi, are all in G5 with more than one term, for
the same reason, there are corresponding nonzero polynomials k; €
Fq[al,...,an,yl,.l.,yn],i =1,...,¢. Then k1 - - - k¢ # 0 implies
that case (3) is correct. Let

n 14
FZI_[yi- 1_[ (aiyj—aj)/i)-]_lxiequ[al ..... OnsYis--->¥n -

=1 1<i<j<n i=0
Therefore, if ' # 0, then y;z — «; are different irreducible poly-
nomials and Cases (1), (2) and (3) are all met. As degxy < 3nD
and degk; < 3nD + D,i = 1,...,f and ¢ < deg(Gsy) <
Is|lcoD, we have degT' < (3n + 1)||s||D? + 3nD + n?. By
Lemma 3.1, if (@1,...,&n, y1,--.,yn) are randomly chosen from
Fg”, the probability that I'(a1,...,an, y1,--.,¥n) # 0is > 1 —
(3n+1) [Is|l D*+3nD+n?
7 .

O

The condition NC(G, s) # 0 is necessary for Theorem 4.1. The
following shows a counter-example.

Example 4.2. Suppose G = xfxz +x2x§ +xf +x§ ands = (1,1,1).
Then G(x1y, x2y, x3y) = (xZxp+x2x2)y> + (x2+x2)y% = g1y> +g21
and ged(g1,92) = xf +x§. Now consider g{)(x% +x§) = ((yl2 +)/§)z2 -
2(a1y1 + a3y3)z + af + a%)yz. Since Prob[yf + yg =0] < 2/qby
Lemma 3.1, Cont(¢(G), y) # 1 with high probability.

4.2 Solving the case NC(G,s) =0
Let G = gcd(A, B), then G ~ ged(As, Bs) (see Def. 2.3). We can
quickly detect situations similar to Example 4.2 based on As and
Bs. Suppose that A and B are monomial primitive and
A(xj =xiy* for1 <i < n) =AY +- -+ Ay, (1)
B(x; = x;y* for 1 <i < n) =Biy" +--- + Bey"’. (2)
The main idea comes from the following two facts:
(1) If gcd(Ay, ..., Ag, B1,...,Br) # 1, then NC(G, s) = 0;
(2) If ged(As, ..., Ag, B1,...,Br) = 1, then Cont(¢(G),y) =1
with high probability if a;, y; are randomly selected in Fy.

LEMMA 4.3. Let A,B € Fy [x1,...,xn] and A and B be monomial
primitive. If gcd(Ay, ..., A, B1,...,Bp) # 1, then NC(G, s) = 0.
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Proor. Denote H := gcd(Ay, ..., Ag, B1,...,Br). Then H|A and
H|B. Thus H| gcd(A, B) = G. Therefore Hg|Gs. We prove Hg = H-yd
for some d € N. Assume to a contradiction Hg = H; yd1 +-- -+thdt
where d; > --- > d;. Since H|Aj, let Ay = H - H. Then (A;)s =
A1y”t = Hg -Hg = (Hlyd1 +o +thdf) - H. Then the number of
terms w.r.t y in Ajy® is at least two, a contradiction.

Thus H - yd|Gs. So H divides all the coefficients of Gs w.r.t y.
Since A and B are monomial primitive and H # 1, H has at least
two terms, which implies that each coefficient of G5 w.r.t y has at
least two terms. Thus there is no non-colliding term in Gs. O

LEMMA 4.4. Let G = gcd(A, B) and let D = max(deg A, deg B).
Then there exists a non-zero polynomial T with degree < 2D? +
2D, such that if T(a1,..., 0, ¥1,---,¥n) # 0 forai,yi € Fg, then
G(yiz—a1,....,ynz —an) ~

ged(A(y1z — a1, ..., ynz — an), B(yiz — a1, ..., ynz — an)).

Proor. If aj, yi’s are regarded as variables, then by Lemma 3.3,
#(G) ~y ged(¢(A), ¢(B)) for s = (0,...,0). As both sides have
degree 0 in y, ¢(G) ~ gcd(¢(A), p(B)). Let T := LC(p(A),=) -
LC(¢(B), z) - resz($(A)/9(G), p(B)/¢(G)). As the degrees of the
coefficients of ¢(A) and ¢(B) in z are at most D, deg(T') < D+ D +
2D?. For aj, Yi € Fq, by Lemma 3.2, if T (a1, ..., o, y1,- .-, Yn) # 0,
then ¢(G), (A), ¢ (B) € Fy[z] and $(G) ~ ged((A), 6(B)). O

COROLLARY 4.5. Supposegcd(Ay, ..., Ag,B1,...,Bp) =1.LetD =
max(deg A, deg B). If a;, y;i ’s are randomly chosen from Fg, then with

2
(2D742D) (2|ls|«D+1) (qz”s”‘”DH) ,ged(Ai(y1z— a1, ..., ynz —

ynz—an)i=1,.. kj=1...,¢ =1

probability > 1 —
an),Bj(y1z —a, ..

PrOOF. As ged(Ay,...,Ar) = ged(Ag, ged(---ged(Ar_1, Ax)))
and gcd(By, ..., Bp) = ged(By, ged(- - - ged(Br—1, Br))), we need to
compute k + £ — 1 GCDs. For each GCD, there exists a non-zero
polynomial Tj (a1, ..., &, y1,. .., yn), so that if a;, y;’s are chosen
from Fq and Ti(ag,...,Qns¥15---5¥n) # O, then the GCD is still
correct when replacing x; = y;z — ;. Multiply all polynomials I}
together, the degree of the product is < (2D% + 2D)(k+£ - 1) <
(2D? + 2D)(2||s||coD + 1). By Lemma 3.1, we proved it. O

4.3 Reduce Multivariate GCD to Univariate GCD

To compute ¢(G) = ged($(A), ¢(B)) in Fq[y, z] we interpolate z in

#(G) from ged(¢(A)(z = by, y), $(B)(z = b, y)) for some by € Fy.
Condition (2) in Lemma 4.6 identifies which by can be used.

LEMMA 4.6. Let A,B € Fy [x1,...,xn] and G = gcd(A, B). Let

s =(s1,...,5n) € N" Ifthea;, y;’s are randomly chosen from Fq and

by for0 < k < D are randomly chosen from Fq, then with probability

(4]ls]leoD*+5D) (D+1)+n?
q

(1) the a;/y; are distinct and the by are distinct;

(2) ¢(6)(z = br,y) ~y ged($(A)(z = by, y), §(B)(z = by, y)).

Proor. Regard aj,y;’s as variables. By Lemma 3.3, we have
$(G) ~y ged($(A), ¢(B)). Suppose y* - $(G) ~ ged(¢(A), $(B))
for some ¢ € N. Let R := resy (#(A)/(¢(G) - y"), $(B)/(#(G) - y¥))
andT := R-LC($(A),y)-LC(¢(B),y) € Fyla1,...,n, ¥1,-- -, ¥Yn, 2].
By [7, p288, Sylvester’s Criterion], R # 0, so I' # 0. By the definition
of resultant, we have deg R < 4||s||coD?. So deg T < 4||s||coD? +4D.

>1-

, we have

Huang and Monagan

For each k, let T} :==T'(a1,...,an, ¥1,---,¥Yn, 2 = bg). Let
D n
o=[]m- [] @i-bp- ] (@yj-am [ ]
k=0 0<i<j<D 1<i<j<n i=1

Claim: if a;, y;, b are chosen from Fq and Q # 0, then conditions
(1) and (2) are satisfied. Proof of claim: Q # 0 implies I} # 0
and [To<i<j<p(bi = bj) # 0 and [11<j<j<n(aiy; — @;yi) # 0 and
Yi # 0. The last three inequalities imply that «;/y;’s are distinct
and by’s are distinct. By (i) of Lemma 3.2, I, # 0 implies that
ged((A)(z = by, y), §(B)(z = by, y)) ~ $(G)(z = by, y) - y*. We
proved it. As deg Q < (4]|s||D? +4D)(D + 1) + (D + 1)D/2 + n?,
by Lemma 3.1, if @;, y;’s and by, are randomly chosen from Fg, the

probability that Q # 0is > 1 - (4HSHND2+5qD) (D+1)+n2.

4.4 An Algorithm for Computing N(G,s)

Let G* be an approximation polynomial containing some terms of G
and let Terms(G™) denote those terms. For an s € N”, the following
algorithm computes the set (NC(G, s)\Terms(G™*)) | JNC(G-G*, s)
which is a set that contains all the terms in NC(G, s) and NC(G —
G*,s) but not in Terms(G*).

O

Algorithm 1 Computing the Non-colliding Set

Require: Monomial primitive polynomials A, B € Fg[x1, ..., xn];
an approximation polynomial G* containing some terms of G;
avector s = (s1,...,5,) € N"; a tolerance ¢ € (0, 1).

Ensure: If NC(G,s) () Terms(G*) # 0 or G* = 0, return the set
(NC(G,s) \ Terms(G*)) |UNC(G — G*, s) with a probability of
> 1 — ¢; or “Failure”.

1: Let D := max(deg A, deg B) and let ¢ := min(e, 1/D).

: Find ¢ such that ¢° > BHSH‘”<D+1)3+6"g”s”°°(D+1)2+3"2.

: Extend Fyq to qu if £ > 1. We still denote qu as Fgq.

: Let Dypip := min(deg A, deg B).

: Compute As = A(x1y%,...,xpy*") and Bs = B(x1y%,...,
xny’n). Assume Ag = A1y® + -+ - + Ay’ wherevy > -+ > o,
and Bs = B1y*! + - - - + Bpy™ with ug > - -+ > up.

¢: Randomly pick a1, ..., an, ¥1,..., ¥n, bo, b1,...,bp,,,, from Fq

until &; /y;’s and b;’s are distinct and deg, A1 (y1z—a1, ..., Ynz—
ap) = deg A1 and A1 (y1bi—a1, . .., ynbi—an) # 0and By (y1bi—
ai,...,ynbi—an) #0foralli=0,..., Dpin.

Stage 1: Test if NC(G, s) = 0. See section 4.2.

(S B N U )

7. if ged(Ai(y1z—a1, ..., ynz—an), Bj(y1z—a1, ..., ynz—an),i =
1,...,r,j=1,...,f) # 1 then

8:  return “Failure”. {* This means NC(G,s) = 0 (Lemma 4.3).*}

9: end if

Stage 2: Interpolate the bivariate GCD ¢(G) (upto y™) from
Dmin + 1 monic univariate GCDs gy € Fg[y].

10: if deg A < deg BthenT := A; else I := B; end if

11: fork=0,1,2,...,Dyin do

122 Compute g := ged(A((y1bg — a1)y®', ..., (ynbx — an)y’®),
B((y1ibk — a)y™,..., (ynbk — an)y™)).

132 Setgy :==T(yibg — a1,...,¥nbx — an) - gx and assume gy =
Cay D+ oy

14: end for
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15: fori=1,2,...,tdo

16:  Interpolate C;(z) from (b, Cki) so that Ci(by) = ¢y, for
0<k< Dmin.
17: end for

18: Compute C(z) = ged(Ci(2),...,Cs(z)) then fori = 1,.
Ci(2) = C(2)[T(2). {* $(G) ~y Cil2)yT +---+ Celz)yfh. *}
Stage 3: compute the non-colliding set NC(G, s).

19: NC = 0.

20: fori=1,...,tdo

21:  if C;(z) factors as c¢; H;l (yjz — aj)¢/ then

22: NC = NC U{c; - x7" - - xp2" ).
23:  endif
24: end for

25: if G* = 0 then return NC end if

Stage 4: Adjust the coefficients of ¢(G) and ¢(G*) using a
common term to make them consistent to get ¢(G — G¥).

26: Let hy := C1(2)y® + -+ Ce(2)y% . {* hy ~y $(G). "}

27: Compute hy := G*((ylz a))y’, ..., (ynz—ap)y®*) and assume
hy = Ex(2)™ + -+ E (2™ (" by = $(G"). )

28: if the monomials of NC and G* do not have a common one
then return “Failure” end if

29: Assume one of the same monomials corresponds to terms
Cp(z)yd/’ and Es(z)y™? in hy and hy.

30: Let hg == hy ,ymax(dp,w(;)—d,, LCEs(2) —hy- ymaX(dp)Wa)—w(s.

LC(Cy(2))
Assume hy = Fi(2)y™" + -+ Fr(2)y". {" h3 = $(G - G*). "}

31: if hs = 0 return @ end if
LC(Es(2)) .
LC(C, () M F

Stage 5: Compute the non-colliding terms of NC(G — G*, s).
33: Set NCG* := 0. {* Store the elements of NC(G — G*,s). *}
3¢: fork=1,...,7do
35 if Fi(z) factors as ¢ [17., (viz — ;)% then

32: Multiply each term in NC by the scalar

36: NCG* := NCG* U{ey - x7¥" -+ x5 ).
37:  end if
38: end for

39: if NCG* = 0 then return “Failure” end if
40: return (NC \ Terms(G*)) | JNCG*.

In Stage 2 of Algorithm 1 we interpolate z in ¢(G) a bivariate
polynomial in Fg[y, z]. The following Lemma shows that Dpip + 1
values for z are sufficient where D,,;n, = min(deg A, deg B).

LEMMA 4.7. Let by, by, ...,bn be distinct points in Fy. Leta =
#(A), b = ¢(B), and g = gecd(a,b) in Fyly,z]. Let by =
ged(a(y, by), b(y,by)) for0 < k < N. If (1) Cont(g,y) = 1 and
(2) h ~ g(y, by) inFy[y] for0 < k < N then g can be interpolated
from the hy. for N = Dpip.

Proor. WLOG assume deg A < deg B. Let I'(z) = LC(a, y) and
c¢=a/g. ThenT(z) = LC(g,y) LC(c, y). Let

9k(y) = T(bx) monic(hy(y))
LC(¢, y) (br) LC(g, y) (by) monic(hy (y))
LC(c, y) (br) 9(y. br)-
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Interpolating the (bg, gx(y)) gives us h = LC(c,y) g not g. To
compute g we compute Cont(h, y) = LC(c, y) and remove it from
h. So we need sufficient values for z to interpolate z in h. We have
deg(h,z) = deg(LC(c,y),z) + deg(g,z) < deg(c,z) + deg(g,z) =
deg(a, z) thus deg(a, z) + 1 values are sufficient. The Lemma follows
since deg(a, z) < deg A = Dmin. O

THEOREM 4.8. Algorithm 1 works correctly as specified.

Proor. Consider two cases.

Case 1: If Q := ged(Ay, ..., Ar, By, ..., Bp) # 1, then by Lemma 4.3,
NC(G,s) = 0.In Step 6,as deg, A1(y1z—1,...,YnZ—0n) = deg A1,
then deg, Q(y1z — a1,...,ynz — an) = degQ > 1. Thus this case
can be detected in Step 7. We analyse the success rate. In Step 6,
the leading coefficient of A1 (y1z2— a1, ..., ynz — ap) is a polynomial
in y;’s with degree < D. To make «;/y; distinct, we should make
[Ti<icj<n(aiyj — ajyi) - T1iL; vi # 0. This polynomial has degree
<nlAsay,...,an Y1s .., yn are randomly chosen from Fg, the
Din® 5 1 _

output of Step 8 is correct with probability > 1 —
Case 2: If ged(As,...,Ar B1,...,Br) = 1, Step 22 computes the
correct NC(G, s) if the following three conditions are met.
(1) The ged in Step 7 is 1.
(2) In Step 12, gg. ~y ¢(G)(z = by, y)) for all k.
(3) In Step 21, C; corresponds to a non-colliding term in G iff
C; has the form ¢;(y1z — a1)% - - - (ynz — an)©n.

By Corollary 4.5, Pr[(1) occurs] > 1 — w.

(4||s || o D*+5D) (D+1)+n?

By Lemma 4.6, Pr[(2) occurs] > 1 —

q
2 2
By Theorem 4.1, Pr[(3) occurs] > 1 — (3n+1) IsllwD™+3nDn”

q
Step 36 computes the correct NC(G — G*,s) if the following
condition in Step 35 is met.

(4) Fy corresponds to a non-colliding term in (G — G*)s iff Fy,
has the form ¢ (y1z — a1) - - - (ynz — ap)®kn.

2
By Theorem 4.1, Pr[(4) occurs] > 1 — (3n+1) | loo D*+3n D+

Thus our algorithm returns the correct set Wltqh probablhty (1)
times (2) times (3) times(4) which simplifies to > 1 — Q/q where
0 = 8|Islloo (D + 1) + 6n|s||co (D + 1) + 3n2. Since Step 2 imposes
q > Q/¢, the probability is > 1 — ¢. O

THEOREM 4.9. The expected bit complexity of Algorithm 1 is
O™ (nTin(log d+log |Is||eo) +1og? 1 +1og L log g+ (Tin D +]Isl|cc D +
ToD? + n||s||coD) - (log g + log(n||s||ccD/e))) where Ty, = #A + #B

and T, = #G, d = max]_, max(deg(A, x;),deg(B,x;)) and D =
max(deg A, deg B).

Proor. In Step 2, as £ = O(log ||s||c + log D + logn + log %),
the complexity of extension is O(¢? + £log g) bit operations [18],
which is O(log? ||s||eo + log? D + log? n + log? % +log |Is||eo log g +
log Dlog q +lognlog g + log % log q). Step 5 costs O~ (nTip (log d +
log ||s||co) + Tin log q) bit operations. In Step 6, the cost of randomly
choosing a1, ..., an, y1, ..., ¥n, bo, ..., bp,,, is O((n+ D) log q) bit
operations. As analyzed in Theorem 4.8, the probability of all con-

2
ditions being satisfied is > 1 — w Due to q > 8||s|leo (D +
1)3 +6n||s||co (D + 1)2 + 312, the probability > 2 Thus the expected
cost of Step 6 can be absorbed by the complexmes of Step 7 and

Step 12. In Step 7, first, compute A;(y1z — a1, ...,ynz — an) and
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Bi(y1z — a1,...,ynz — apn), which costs up to O~ (TipDlog q) bit
operations. Then compute r + £ — 1 polynomial GCDs with degree
D, resulting in a complexity of O~ ((r + £)D log q) bit operations.
Asr+¢is O(||s||coD), the complexity is O (||s||coD? log ) bit oper-
ations. In Step 12, compute all ¢(A)(z = by, y) and ¢(B)(z = b, y),
which costs O™ (Ti, D log g) bit operations. Then, we totally com-
pute O(D) univariate GCDs of degree O(||s||coD), the complexity is
0~ (||s||coD? log q) bit operations. In Step 16, we interpolate ¢ poly-
nomials with degrees O(D). As t € O(||s||coD), the complexity is
0~ (||s||coD? log g) bit operations. In Step 18, we compute ¢ — 1 poly-
nomial GCDs of degree O(D). As t € O(||s||co D), the complexity is
0~ (||s||coD? log g) bit operations. Step 21 costs O(tD? log q) bit op-
erations to factor all C;(z) by continuously dividing them by y;z—ea;
in Fg[z]. If t > T,, then we computed the wrong result, as stated in
Theorem 4.8, the probability of this case happening is < ¢. In this
case, t < ||s||lcoD, therefore the complexity is O(||s||c0D? log q) bit
operations. If t < T,, O(tD? log q) is O(T,D? log q). In Step 1, we let
£ < Il), The expected complexity is O(e - ||s||co D> log g+ Ty D? log q),
which is O~ (||s||coD? log g+ T, D? log q) bit operations. Step 27 does
O~ (ToDlog q) bit operations as #G* < #G. In Step 30, the com-
plexity is O~ ((t + To) log g + (t + Tp) log ||s||eo + (¢ + To) log D) bit
operations, as t < ||s||coD, the cost is O~ (||s||D log g + T, log g +
To log ||s||co +To log D) bit operations. Steps 34-36 have the same the
complexity as Steps 20-22, which is O~ (||s||co D? log g+ T, D? log g+
nllslloD log q) bit operations. After Step 4, Fq is actually Fyr, so in

the complexity analysis, log g* € max(O(logg, log(w))). To
simplify it, we replace it with O(log q + log(w)), O

4.5 Good Kronecker Substitutions
When s = (51,52, . . ., 5p) is chosen randomly, the substitution x; =
xiy®,i = 1,2,...,n is called a randomized Kronecker substitution.
We call a vector s that causes #NC(G, s) > %#G a “good” Kronecker
substitution for G. The following key lemma shows that there is an
upper bound on the number of “bad” vectors s.

LEMMA 4.10. Let G € Fq[xl, ...,xpn] and t = #G. If there exist
K different integer vectorss € [0, N)", such that #C(G,s) > ¢ then
K <t(t—1)N""1/¢.

ProOF. Assume G = cimy+---+cymy and m; = xfi'l e xZi’".Let
hij(st,....sn) = Zzzl(ei,k —ejr)s for 1 < i < j <t Denote R;j
as the number of integer roots in [0, N)" andlet R = 3}; < j<; Ri,j-
For each h; j, there are up to N n=1 different integer roots in [0, N)™.
Therefore R;; < N" ! and R < t(t—gnN”_l. Assuming s is a
vector such that #C(G, s) > ¢. Without loss of generality, assume
cimy, ..., cemyp are colliding terms, then at least [%1 pairs of terms
in C(G, s) collide together. Therefore, s is the root of at least [%]
different h; j. There are K such roots, so for all h; ;’s, there are at
least [%] - K roots. So we have % ‘K < |’§'| K <R< @N”’l,
therefore £ - K < t(t — 1)N"1, O

Theorem 4.11 provides a method to find a vector s so that, with
high probability, G has at least f§ - #G non-colliding terms.

THEOREM 4.11. Let G(x1,...,xn) € Fglx1,...,xp], T 2 #G = t.
Let p € (0,1) and p € (0,1). Let N = [ﬁ] If we choose s €
[0, N)" at random, then Pr[#NC(G,s) > - #G] > 1 — p.

Huang and Monagan

ProoF. Observe that Pr[#NC(G,s) > f - #G] = 1 —
Pr[#NC(G,s) < f-#G] = 1 - Pr[#C(G,s) = (1 — p) - #G]. The
second equality follows from #NC(G, s) + #C(G, s) = #G. Thus it
suffices to show that Pr[#C(G,s) > (1 - f) - #G] < p. According to
Lemma 4.10, the number of integer vectors s in [0, N)" such that
#C(G,s) = (1 - p)#Gis < %. Since there are N" integer
vectors in [0, N)", we have Pr[#C(G,s) > (1 - f) - #G] < ((¢t —
DN™1/(1=$))/N™ = ((t=1)/(1=B))/N < p(t=1)/(T=1) < p.
So Pr[#NC(G,s) > B - #G] > 1— p. o

If we choose ff = %,p = %[logz T17!, we have :

COROLLARY 4.12. Let G € Fy[x1,...,xp], T > #G and N =
8(T — 1)[log, TT. If we choose s € [0, N)" at random then

Pr[#NC(G,s) > & - #G] > 1— 1[log, T17".

Actually, if we choose f = p = % then Pr[#NC(G, s) > % -#G] >
%, the probability that at least half of the terms in G5 do not collide,
is> % This is a very satisfactory result and N = 4(T — 1). However,
because we only recover T /2 terms each time, in order to find all the
terms, we need to loop [log, T times, which reduces the probability
of success to 2 Mo&:T1 < % which is too low. Therefore, in the
Corollary 4.12, we increase N a little to increase the probability of
success from % tol— % [log, T17L, so the probability of computing

all terms is (1 — %[logz T Mo, T1 > %.

4.5.1  Structure of Our GCD Algorithm. Stage 1: First, randomly
choose a vector s € [0, N)" where N = 8(T — 1)[log, T1. Then
by Corollary 4.12, with high probability, #NC(G, s) > % - #G. By
Algorithm 1, we can compute NC(G, s). Denote G* as the sum of all
terms in NC(G, s). Then G* is an approximation polynomial of G
and satisfies #G* > %#G (or #(G-G*) < %#G). Generally G # G,
so we choose other vectors s to find the remaining terms in G — G*.

Stage 2: Let Terms(G™) denote the set of all terms in G*. We want
to choose a new vector s’ € N” that satisfies

(1) #NC(G - G*,8") > 1#(G - G*);

(2) NC(G,s’) N Terms(G*) # 0.

Condition (1) ensures NC(G—G*, s’) contains at least half the terms
in G — G*. Let G** be the sum of the terms in NC(G — G*). Then
we have #(G — G* — G**) < (G — G*) < 1#G. By performing the
same steps for G — G* — G**, we can find a polynomial G*** such
that #(G - G* - G™ - G™) < %#G. Repeating this [log, T times
we obtain all the terms of G.

Condition (2) is used to match the terms in NC(G, s’) and the
previous approximation polynomial G*. This is because NC(G, s”)
is computed based on the factorization of the coefficients of y in
Gy (xi = yiz— aj for 1 < i < n). To compute Gy (x; = yiz — o), we
compute the GCD of Ay (x; = yiz — @;) and By (xj = yiz — @;). We
will get a polynomial ky™ -Gy (x; = yiz—a;), wherek # landm # 0
are likely. We need to identify x and m for our algorithm to work. Let
H := G-G*.NC(G-G%*,s’) is computed based on the factorization
of the coefficients of y in Hy (x; = yiz — ;). Here Hy (x; = yiz —
a;) = Gy (x;i = yiz — ;) — G, (xi = yiz — a;). G* is known, so
Gy (xi = yiz — @;) is known. But the x and y™ are unknown to
us, which means Gy (x; = yiz — @;) is also unknown. Condition (2)
means that G* and NC(G, s”) have a common monomial, so we can
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remove the factor ky™ in ky™ - Gy (x; = yiz — ;) by comparing
its coefficients with the coefficients of G*, as they have at least one
common term. Therefore we can compute Hy (x; = y;jz — ;) and
ultimately find NC(G - G*,s’).

The following theorem gives the probability of successfully
choosing a vector s that satisfies the two conditions.

THEOREM 4.13. Let G € Fylx1,...,xn], T 2 #G. Let G* be a
polynomial containing some terms of G, and #G* > %#G. Let N =
8(T—1)[log, T1. If we chooses € [0, N)™ at random then Pr[#NC(G—
G*,s) > %#(G — G*) and NC(G, s) ( Terms(G*) # 0] > 1— m.

Proor. Denote H := G — G*. Assuming there are Kj integer
vectors in [0, N)", such that #NC(H, s) < %#(H) and there are K»
integer vectors in [0, N)" such that NC(G,s) () Terms(G*) = 0.
Below we give an upper bound for Ki + K. Let t7 := #H. Then
tg < % #NC(H,s) < %#(H) is equivalent to #C(H,s) > %tH, by
Lemma 4.10, K1 < (ty(ty — YN"1)/(3tg) = 2(ty - YN <
(T — 2)N™ 1. Now consider K». Assume G = Zle cim; and
m; = xf“ . xf,‘” Wlo.g., assume cym; € Terms(G*). As
NC(G, s) ( Terms(G*) = 0, cymq ¢ NC(G, s), which means ¢ym; €
C(G,s).Seth(s1,...,sn) = H§-:2[(ej,1—81,1)S1+(€j,2—€1,2)32+’ ot
(ej,n —e1,n)sn]. Then cym; € C(G, s) means h(sy, .. .,sn) = 0. Since
degh(s1,...,sn) < T —1, by Lemma 3.1, there exist at most (T —
1)N™ ! points s € [0, N)" such that h(s,...,s,) =0.S0 Kz < (T~
1)N™"1, Therefore we have K1 +Ky < 2(T—1)N""1. So the probabil-
ity Pr[#NC(G—G*,5) > $#(G—G*) and NC(G, s) (| Terms(G*) #
0] > 1- K 5 g _ 2070 _ g _ 1o, 7171 O

Because we may only recover T/2 terms each time, in order to
find all the terms, we need to loop [log, T times, so the probability
of computing all terms becomes (1 — 711 Mog, T17) flog, T » %.

4.5.2  Algorithms.

Algorithm 2 Generating a Newly Added Polynomial G**

Require: Monomial primitive polynomials A, B € Fq [x1,...,xn];
an approximation polynomial G* of G, satisfying #(G — G*) <
1#G or G* = 0; an upper bound T > #G.

Ensure: A polynomial G** such that #(G-G*-G**) < %#(G—G*)
with probability > 1 —

1: Let N = 8(T — 1)[log, T1. Randomly choose s € [0, N)™.

2. Compute C := (NC(G,s) \ Terms(G*)) UNC(G G*,s) by
Algorithm 1 with input A, B, G*, s and ¢ = m

3. if C is “Failure” then return “Failure” end if

4: Let G* be the sum of the terms in C.

5. return G**.

3f1 77 °of Failure”.

THEOREM 4.14. Algorithm 2 works correctly as specified.

ProoF. We consider two cases. (1) G* = 0. In Step 1, as we
choose s € [0, N)", by Corollary 4.12, we have Pr[#NC(G,s) >
% -#G| = 1 - %[logz T17!. In Step 2, we compute (NC(G,s) \
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Algorithm 3 GCD algorithm

Require: A, B € Fg[x, ..
Ensure: G* = gcd(A, B) up to a constant with probability >
“Failure”.

1: Compute monomial contents MoCont(A) and MoCont(B) and
set MoCont(G) := gcd(MoCont(A),MoCont(B)). (see 2.4)

: A= A/MoCont(A). B := B/MoCont(B).

G* :=0;

:fori=1,2,...,[log, T] do

Let G** be the output of Algorithm 2 with inputs A, B, G*

and T.

if G** = “Failure” then return “Failure” end if

if G** = 0 then return G* - MoCont(G) end if

G*:=G* +G™.

. end for

10: return “Failure”.

., Xn]; an upper bound T > #G.

= 3,01'

(S I N X

Y ® N>

Terms(G*)) |UNC(G—-G?,s) = NC(G, s) by Algorithm 1 with prob-

ability > 1 — m. So in Step 5, we have #(G — G**) < %#G

with probability > (1 — 4U°éz 7] )(1-— 12“01g2 T]) >1- 3ﬂ°éz ak
(2) #(G - G*) < %#G. In Step 1, as we choose s € [0,N)", by

Theorem 4.13, we have

Pr[4NC(G-G*,s) > %#(G—G*) and NC(G, s) (| Terms(G*) # 0] > 1—

In Step 2, we compute (NC(G, s) \ Terms(G*)) |UNC(G —

Tog, 7T
. . . 1
G*,s) by Algorithm 1 with probability > 1 — T2Mlog, TT"
5, we have #(G — G* — G**) < %#(G — G*) with probability >
1
(1—4|—10g2T-|)(1— -l)Zl— a

So in Step

1 1
12[log, T 3[log, T1"

Now we analyse the complexity of Algorithm 2. We assume
T € O(T,), that is, T is not a bad bound.

THEOREM 4.15. The expected complexity of Algorithm 2is O~ (nTi,
(logd + logT,) + D(Tin + nT, + ToD)(logq + log(nTy))) bit
operations, where Ty, = #A + #B, T, := #G, d :=
max. | max(deg(A, x;),deg(B, x;)) and D := max(deg A, deg B).

Proor. In Step 2, we call Algorithm 1. As ||s|| is O7(T5) and

€= m, the expected complexity is O~ (nTj, (logd +1og Tp) +
2

D(Tip + nT, + ToD) (log g + log(nT,))) bit operations, by Theorem

4.9. [m}
THEOREM 4.16. Algorithm 3 works correctly as specified.

PRrOOF. Steps 5-8 compute the new approximation G*+G** from
G* using Algorithm 2. As #(G — G* = G*™) < 1#(G - G*), [log, T
loops are enough. If G** = 0, then all terms have been discovered,
so G* is the monomial primitive part of the GCD G. Therefore we
output G* - MoCont(G) in Step 7.

If when Algorithm 2 called in Step 5 it always returns the correct
newly added polynomial G**, Algorithm 3 returns the correct GCD
in Step 7. Since Algorithm 2 is correct with probability > 1 —

the probability is > (1— o T1 > 1-1=2 g

1 1
3Mog, T1’ 3TTog, 71

We analyze the complexity of Algorithm 3. Again we assume
T € O(Ty), that is, T is not a bad bound.
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THEOREM 4.17. The expected complexity of Algorithm 3is O~ (nTi,
(log dlog Ty +log? Ty) + D log Ty (Tin + nTy + T, D) (log g +log (nTy)))
bit operations where Ty, := #A+#B, T, := #G, D = max(deg A, deg B)
and d = max]_, max(deg(A, x;),deg(B, x;)).

Proor. The cost of computing the monomial contents in Step
1 and the monomial primitive parts in Step 2 is O~ (nTj, logd)
which negligible. As we call Algorithm 2 at most [log, T, ] times, by
Theorem 4.15, the complexity is O~ (nTin (log d log T, + log? T,) +
D(Tin+nTy+ToD)(log qlog To+log(nTy) log Tp)) bit operations. O

REMARK 4.1. If Algorithm 3 outputs a polynomial, with probability
> %, this polynomial is the GCD of A and B, up to a constant. This
probability is greater than 2/3 because we have excluded the case
where the output is “Failure”. We analyze the rate. In Step 2 of Algo-
rithm 2, Algorithm 1 is called. If Algorithm 1 returns a correct set, then
Algorithm 2 also returns a correct newly added polynomial G**. There-
fore, in Algorithm 3, we get a truly better approximation G* + G**.
Due to a maximum of [log, T calls to Algorithm 1, and the selection

the probability is > (1 — y[og, TT > u

— 1 1
ofe= 12[log, T1’ 12[log, T'1

REMARK 4.2. In addition, from the above analysis, it can be seen
that even if T is not the upper bound of G, if Algorithm 3 returns a
polynomial, then with probability > % it is still the correct GCD of
A and B up to a constant. This is because the correctness of Algorithm
1 ensures the output of Algorithm 3 is always correct.

5 DROPPING THE TERM BOUND

Algorithm 3 requires a term bound T for #G as input. In this section
we remove this requirement. Remark 4.2 means we can simply call
Algorithm 3 with T = 2,22,23,2% .. .. Once a polynomial is output

instead of “Failure”, it is the GCD with probability > %

Algorithm 4 GCD algorithm for Fg[x1,...,xn].

Require: Two polynomials A, B € Fg[x1,...,xn].

Ensure: H = gcd(A, B) up to a constant with probability > %
1 Tm =[], (1 + min(deg(A, x;), deg(B, x;))). {* Tm > #G *}
2: T:=2.

3: repeat

4. Call Algorithm 3 to compute the GCD of A, B using T as a
guess for #G. Let H be the output of Algorithm 3.

5. if H # “Failure” then return H end if

6 if T <TmthenT := 2T end if

7: end repeat

THEOREM 5.1. Algorithm 4 works correctly as specified.

Proor. WeletT =2,4,8,...,once T > T,, then with probability
> % Algorithm 3 returns G = gcd(A, B) up to a constant. As
mentioned in Remark 4.2, once Algorithm 3 returns a polynomial,

with probability > % it is the GCD of A and B up to a constant. O

The following theorem gives the complexity of Algorithm 4.

THEOREM 5.2. Let A,B € Fg[xi,...,xp]. Algorithm 4
computes the correct GCD G = gcd(A,B) using expected
ON(nTindlogqlog3 T, + n?d?T, log q) bit operations where Ty, =
#A +#B and T, = #G and d := max]_ max(deg(A4, x;), deg(B, x;)).

Huang and Monagan

Proor. When T is fixed. In Step 4, the bit complexity is Cr :=
0~ (nTind log? T log q + n®d®T log q) as Algorithm 3 calling at most
[log, T times Algorithm 1 and D € O(nd). We obtain the com-
plexity due to Theorem 4.17. Now T = 2, 22 .. ok—1 oK oK oK
where k = [log, (Tm)]. We keep calling Algorithm 3 until it outputs
apolynomial. When T > #G, Algorithm 3 returns G with probability
> % Let L := [log, T,]. Then 2L > T,. Set the event E; := { when
Algorithm 4 calls Algorithm 3 ¢-th times, it returns a polynomial}.
Denote Comy := Zle Cyi € O~ (nTind log g3 +n?d?2¢ log q) as the
bit complexity of Algorithm 4 when event E; occurs. For £ < T, we
have Com, < 25:1 Cyi € O~ (nTind log qlog® Ty +n%d?T, log q). For
t > L, when event E; occurs, it means thatinthe L, L+1, ..., (£—1)-
th calling of Algorithm 3, it does not return a polynomial. So
the probability P(E;) < (%)[_L. So the expected complexity is
< Comyp + 372, | P(Ep)Comy. As 3177, t’3(%)[’L € O(L3) and
DI Zf(%)[_L € 0(2L), we have 2ier+1 P(Ee)Com, + Comp, €
O~ (nTind log qlog® T, + n?d*T, log q) bit operations. O

6 IMPLEMENTATION NOTES

We have implemented our new GCD algorithm in Maple and Stage
2 of Algorithm 1 coded in C for prime fields F), for p < 263 using
signed 64 bit integer arithmetic. We use Algorithm 4 to compute
G = gcd(A, B) of polynomials in Z[xy,...,x,] by computing G
modulo a sequence of primes and using Chinese remaindering. We
wait until the result of Chinese remaindering does not change then
use trial division over Z to prove correctness.

Algorithm 4 tries T = 2, 4,8, ... until it succeeds. The total num-
ber of calls to Algorithm 1, equivalently, the total number of bi-
variate geds in Fg [y, z] done, is then Zi.iglz Tie O(logg T). We can
reduce this for the second and subsequent primes to O(log, T) by,
if Algorithm 4 used T = t, then for the next prime we initialize
T := max(2, §) in Step 2 of Algorithm 4.

In Algorithm 1 ¢ is the number of terms in y of our the bivariate
ged. If |G*| < t, this value for T is unlikely to succeed. So we
require 2|G*| > t to try to recover more terms in G. This reduces
the total number of calls to Algorithm 1 to O(log, T).

LetA B € Fp[xl, ...,xn],G =gcd(A,B),C=A/Gand D = B/G.
Another key improvement is to reconstruct the smaller of G, C and
D. If #C < #G then reconstructing C instead of G will require a
smaller value of T. Maple’s gcd algorithm does not do this and it is
very evident in our Benchmarks.

Let Tj, = #A + #B and T, = min(#G, #C, #D). For sparse inputs
Tin > T,. This means the dominating cost of our algorithm will
usually be evaluating the inputs at x; = (yiz — a;)y* at z = by in
Step 12 of Algorithm 1. In Step 12, Algorithm 1 computes

i = ged(A(xi = (vibx — ai)y™), B(xi = (yibg — ai)y™))
for each by in a loop. Because we evaluate z and not y, if we store
the evaluations of the monomials of A and B at x; = (yiby — ai),
for each by, we can reuse them for all choices of s. Similarly, if we

also store the evaluations of the monomials of A and B at x; = y*,
we can reuse them for each by.

7 EXPERIMENTAL RESULTS

Our benchmarks were run on an Intel Gold 6342 server using one
core. Maple 2022 and Magma V2.26-12 were used.
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Our first benchmark is for GCD problems with n = 9 variables.
We create t terms for G and s terms for C and D where each mono-
mial is chosen randomly from the set of monomials of total degree
at most 30 and each integer coefficient is chosen randomly from
[—99,99]. The values of s and ¢t mean the input polynomials A = CG
and B = GD have about 10° terms. The different choices of s and ¢
include cases where #G < #C, #G = #C and #G > #C.

The timings in Table 1 in column MGCD are for our new algo-
rithm. It used two primes p; = 26257 and p; = 2% —87 to compute
gcd(A, B). Column eval is the time spent evaluating the input poly-
nomials A and B. Column T is the value of the T parameter in our
algorithm. Notice T is much smaller than min(s, t).

The timings in columns Maple and Magma are for their main ged
algorithm. Maple and Magma both use Zippel’s algorithm [24]. The
Maple implementation is described in [6]. The timings in column
MonHu are for the Monagan-Hu gcd algorithm from [8, 15].

s t/MGCD T eval|Maple Magma MonHu
10° 101 11.69 4 10.22| 78.92 39.90  0.661
104 10%| 1355 8 10.24| 197.6 998  1.488
103 103| 29.65 64 10.27|1054.9 3749  6.868
102 10%| 13.43 16 10.24|14568.  27.68  1.087
101 10°| 1067 4 947| NA 1448  0.696
Table 1: Benchmark 1: Timings in CPU seconds for n=9

One reason why the Monagan-Hu algorithm is faster than ours
on Benchmark 1 is that its evaluation points form a geometric se-
quence which reduces the number of multiplications needed by
a factor of n for each evaluation. Monagan-Hu does a Kronecker
substitution to map the coefficients of A and B from Fp[xa, . .., xp]
into Fp [y]. If the inputs have more variables or have higher de-
gree, the prime p needed may overflow machine precision and then
Monagan-Hu will use multi-precision integer arithmetic. This hap-
pens for Benchmark 1 when n > 12. Benchmark 2 below is the
same as Benchmark 1 but with n = 18 variables instead of n = 9.
For Benchmark 2 our new algorithm is the fastest. %begingroup

s t/MGCD T eval|Maple Magma MonHu
10° 10'| 38.17 4 22.67| 4949 1665  310.2
10% 10%| 4876 16 24.62|14732  79.50  450.8
103 103 | 92.60 128 24.68|14287. 447.8  4358.
102 10*| 5054 16 24.64| NA 7673  605.7
101 10°| 39.61 4 2259 NA 1881  150.6
Table 2: Benchmark 2 timings in CPU seconds for n=18

8 CONCLUSION

In this paper, we proposed a new method for computing the GCD of
sparse multivariate polynomials over finite fields. GCD computation
is an important operation of a Computer Algebra System. We gave
the explicit bit complexity for the algorithm, which is polynomial in
the sparse representation of the input and output and their degrees.
Our initial experimental results are very good. The core of our
algorithm, Steps 11 to 14 of Algorithm 1, is easily parallelized.
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