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ABSTRACT

We present a new algorithm for performing linear Hensel lifting
on bivariate polynomials over the finite field Z, for some prime
p. Our algorithm lifts n monic, univariate polynomials to recover
the factors of a polynomial A(x,y) € Z,[x,y] which is monic in
x, and bounded by degrees dy = deg(A,x) and dy = deg(4,y).
Our algorithm improves upon Bernardin’s algorithm in [1] and
reduces the number of arithmetic operations in Z,, from O(n d di)
to O(d2dy + dx di) for p > dy. Experimental results in C verify
that our algorithm compares favorably with Bernardin’s for large
degree polynomials. Moreover, we’ve implemented a Quadratic
Hensel lifting algorithm in Magma to show that our cubic Linear
Hensel lifting algorithm outperforms Magma’s Quadratic Hensel
lifting for a wide range of input sizes.
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1 INTRODUCTION

Hensel lifting is one of the main tools used to factor polynomials.
It was first used by Zassenhaus in [25] to factor polynomials in
Z[x]. Musser in [18] and Wang and Rothchild in [24] subsequently
developed multivariate Hensel lifting (MHL) to factor polynomi-
als in Z[x1, ..., xp] in [17]. For a complete description of MHL we
refer the reader to Ch. 6 of [7]. As far as we know, all Computer
Algebra Systems use Hensel lifting to factor polynomials. However,
factorization methods that do not use Hensel lifting are known, for
example, Gao in [5] developed a method based on partial derivatives
and linear algebra.

Hensel lifting can also be used for polynomial GCD computa-
tion. In [17] Moses and Yun applied MHL to compute the greatest
common divisor of two polynomials in Z[x1, ..., x,]. They called
their algorithm the EZ-GCD algorithm. In [23] Wang improved the
EZ-GCD algorithm for sparse polynomials. Wang’s GCD algorithm
is implemented in Macsyma, Maple and Magma.

In this paper, we are interested in the cost of Hensel lifting when
it is used to factor bivariate polynomials in Z, [x, y] for a prime
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p. Our work is motivated by the parallel MHL algorithms of Mon-
agan and Tuncer [16] and Chen and Monagan [4] which reduce
Hensel lifting in Z[x1,...,x,] to many bivariate Hensel lifts in
Zp[x,y] and which use sparse interpolation. Other works that re-
duce multivariate polynomial factorization to bivariate polynomial
factorization include Kaltofen [10] and Lecerf [13].

We begin with a description of Hensel lifting in R[x]| where
R = Zp[y]. Our description follows von zur Gathen and Gerhard
[6]. Let A be a polynomial in R[x] which has no repeated factors.
Let m be a polynomial in R with deg(m,y) > 1. We require the
modulus m to be relatively prime to lc(A), the leading coefficient of

A. Suppose we are given polynomials fi(o) for 1 < i < n that satisfy

(i) A- H?:lfi(O) =0 mod m,
that is, we are given a factorization of A modulo m, and

(i) gcd(fi(o),]g.(o)) =1 in the quotient ring R[x]/m when i # j.
The input to Hensel lifting is A, m, the fi(o) and a lifting bound
I € N. The output of Hensel lifting is n polynomials fi(l) in R[x]
satisfying

(i) A -1, fi(l) =0 mod ml,

(iv) fi(l) = f;(o) mod mfor1 <i<nand

(v) deg(fl.(l),y) < deg(ml, y)for1 <i<n.

We say Hensel lifting lifts a factorization of A modulo m to a factor-
ization modulo m!. Condition (ii) guarantees the existence of the
fl.(l) . Condition (v) imposes uniqueness on fl.(l) up to multiplication
by a unit in the quotient ring R/m!.

Because we want to apply Hensel lifting in R[x] to factor mul-
tivariate polynomials in Z[x1, ..., x,], we use a modified specifi-
cation for Hensel lifting in R[x] — see Ch. 6 of [7]. Suppose A is
monic in R[x] and A factors as A = [} f; with f; € R[x]. We will
comment on the treatment of the non-monic case in Section 5. In a
multivariate factorization context, we will have chosen an integer a
and we will have factored A(x, «) over Z. By Hilbert irreducibility
[9] (see also [6]) the fi(x, ) are probably irreducible thus starting
with fl.(o) = fi(x,a) we have images of the factors f;. Thus for
m = (y— «a), the fi(o) satisfy condition (i). Let us assume our choice
of a also satisfies (ii).

The input to our Hensel lifting is A, m = (y — @), and the fi(o).
Instead of using a lifting bound [ to obtain fl.(l) satisfying (iii), we
design the Hensel lifting to stop lifting when 37", deg( fi(k), y) >
deg(A,y) for some k € N, then we test if A = ]_[;’=1 fi(k). If true,
we have factored A in Zy [x, y]. If false, then one of the f;(x, @) is

not irreducible over Z and the multivariate factorization needs to
restart with a new a.
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There are two constructions of Hensel lifting: Linear Hensel
Lifting (LHL) and Quadratic Hensel Lifting (QHL). We describe
both here for m = (y — ) so that we can compare their cost for
Hensel lifting in Zp [x, y]. Let d; = deg(fi,y) and

d;
fi= Z 01,j(x)(y — @)’ for 0y € Zp[x].
J=0
Let 03 j = 0 for j > d;. For k > 0, let

k-1
9= 000 -a). (1)
Jj=0

We call fl.(k) a k’th order approximation of the factor f;. The fi(k)
satisfy A — [T, fl.(k) =0 mod (y— a)k.

InLHL, for k = 1,2,3,.. ., the 0; ;. are computed and the factors
are updated using fi(kH) — fi(k) + 051 (x)(y — a)k, that is, the
degree of the factors in y increases linearly. An algorithm for LHL
for Zy[x, y] is presented by Bernardin in [1].

Letr =251 In QHL, for k = 1,2,3,..., update polynomials

r—1 )
A; = Za,-,rﬂv(x)(y— a) for1<i<n
j=0

are computed then the factors are updated using fl.(kH) — fl.(k) +

Ai(x,y) (y — )", that is, the degree of the factors in y increases
quadratically. QHL is presented in Ch. 15 of [6]. See also Bostan et.
al. [3].

Let dy = deg(A, x) and dy = deg(A, y). If fast multiplication for
Zp[x,y] is available, QHL can be done in O(M(dx - dy) log, n) arith-
metic operations in Z,, where M(dy - dy) is the cost of multiplying
two polynomials in Z, [x, y] of degree dy in x and dyy in y.

The most expensive part of LHL is the computation of the prod-
uct of the factors P = [[}_, fi. Bernardin’s algorithm computes P
coefficient by coefficient. Let pk) = [, fl.<k). At the k’th step,
it computes coeff(P5) (x, y), (y — a)%) in an efficient way. Both
Bernardin’s algorithm and our algorithm can be viewed as relaxed
Hensel lifting algorithms; they only compute the terms of the prod-
uct [T, fi(k) that we need at step k to obtain coeff(PK), (y— a)k).
Other works using relaxed Hensel lifting include Berthomieu and
Lebreton [2] van der Hoeven [21] and Lebreton [12].

Our first contribution is a LHL algorithm for monic A for n >
2 factors that does O(d2d,, + dxdi) arithmetic operations in Z.
It generalizes the algorithm of Monagan [15] for n > 2 factors.
As in [15], it uses classical univariate polynomial evaluation and
interpolation (see Ch. 5 of [7]) on x to compute coeff(P(F), (y—a)k).
In total, our algorithm does O(d2dy + dx di) arithmetic operations
inZp.

Our first implementation of our algorithm used space for O(n dx dy)
elements of Z;, because it stores the n — 1 intermediate products

{H{Zl fl.(k) : 2 < j < n}. This is expensive for large n. Our second
contribution is a redesign of Bernardin’s coefficient update algo-
rithm so that we get an algorithm with the same time complexity of
0(d%d y+dx df/) arithmetic operations in Z, but that requires space
for only O(log, ndy dy) elements of Z,,. We adapt the sub-product
tree algorithm (see Ch. 10 of [6]) for this purpose.
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Our third contribution is a C implementation of our new al-
gorithm for Hensel lifting in Z, [x,y] for primes p < 2% and a
comparison of it with our Magma implementation of QHL using
Magma’s fast polynomial arithmetic (we implemented Algorithm
15.17 Multifactor Hensel Lifting from [6]). We have also imple-
mented Bernardin’s algorithm in C for comparison. The C code for
our new algorithm and our Magma code for QHL is available on
the web at waw. cecm. sfu. ca/~mmonagan/code/BHL . Our Magma
code is also given in Appendix 1.

On our benchmarks for n = 4 factors, we find (see Table 1) that
our new algorithm is a factor of 10 to 120 times faster than our
Magma QHL code for p = 23 — 1 and 8 < dy = dy < 16384.
Although the Magma implementation is gaining speed relative
to our new algorithm as dy and dy increase, it never catches up
to our new algorithm before Magma runs out of space on our 64
gigabyte computer. We also noticed that for fixed dx and d, our
new algorithm gains speed relative to our Magma QHL code as n,
the number of factors, increases.

Our C code is being used by Chen and Monagan [4] to factor
multivariate polynomials in Z[xj, .. ., x,] given by black boxes (see
[11]). Their algorithm reduces MHL to many bivariate Hensel lifts
in Zy[x, y]. When used to factor multivariate polynomials, because
the degree of the polynomials are often under 100 in practical
applications, we are also interested in when our new algorithm first
beats Bernardin’s algorithm. On our benchmarks, it already beats
Bernardin’s algorithm at degree dx = dy; = 8 for n = 4 factors (see
row d = 2 in Table 1).

Our paper is organized as follows. Section 2 gives details for
Bernardin’s version of LHL in Z,[x, y] for n > 2 factors and shows
that it has quartic complexity. In Section 3, we develop our cubic
LHL algorithm for Z, [x, y]. In Section 4 we present benchmarks
comparing the Bernardin’s quartic LHL algorithm, our cubic LHL
algorithm, and our Magma implementation of QHL. We also give
some details about our C implementation. In Section 5, we summa-
rize our contribution.

2 QUARTIC COST HENSEL LIFTING IN Z, [x, y]

In this section, we will give details on Bernardin’s version of LHL
in Zp[x,y] for n > 2 presented in [1]. His algorithm is similar to
the classical LHL algorithm given in Section 1. The algorithm uses
Hensel lifting to factor a polynomial A = [, fi € Z[x,y] assum-
ing we have the relatively prime initial factors fl.(o) = fi(x,a) €
Zp|x] for 1 < i < n for some a € Zp. The k’th order approxima-
tions of the factors fi(k) are the same as in (1).

The difference between the algorithms is the method Bernardin
used to calculate the error. The classical algorithm calculates the

error e of the factorization at step k, that is e, = A - []1L; fi(k).
From there, the algorithm calculates ¢ = e /(y—a)f mod (y—a),
then solves the polynomial Diophantine equation

n n
-\ Gk (0)
k= Z (0) nfj
=1 f; =1
for o; . where deg(o; ., x) < deg(f;.(o),x) for1<i<n.
Bernardin noticed that many of the multiplications done in cal-
culating e were unnecessarily repeated. The polynomial A(x, y)
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can be rewritten as a Taylor series about the point a. In other words,

A= Zi’l’o ai(y — )! where a; € Zp[x] are obtained by applying
polynomial long division. Thus, an alternate way to calculate cy is

n
k
e = ax — coeft| [ [ £, (y- ). @)
i=1

so we need merely compute AR = coeff(TT}L, fl.(k), (y - a)k) for
any given k. Bernardin used a combination of convolution and

successive polynomial multiplications to calculate A efficiently.

The idea is to compute the product of the factors fl.(k) modulo
(y—a) k+1 at each step, reusing the sub-products already computed
in the previous step.

At step k, we have to compute coeff([T, fi(k), (y — a)k) as
described in (2). We define

q
k k
P; ) = nfl( ) mod (y - a)k+1 (3)
i=1
; - (k) o _ \k
for 2 < q < nwith ¢ = coeff(P,;, ’, (y — a)®).
The product of the first two factors gives

k=1 i k-1
f .
piM = Z Zo'l,j coginj | (y—a)' + Z o1j - Ook-j | (y = @)*
i=0 \ 7=0 =

For successive ¢ we can compute Pék) as

k=1 i k

. _ ) .

Pf(1 ) Z Zp(J) ginj |(y—a)i + Zp(j) Ok (y—a)k
i=0 \ j=0 j=1

with p(j) = coeff(P;If) , (y—a)7). Note that p is used exclusively for
simplifying the notation and that the p’s are different for varying
q and k. We observe that the only terms that we have to compute
and that have not already been computed in the previous step are

o1k - 02,0 and 010 - Oz
when calculating Pz(k) and

p© gk

for the subsequent factors. These terms need to be added to Pz(k), P,(lk>

once we calculate o4 for 1 < g < n. When calculating P;kﬂ) in
step k + 1, we can reduce the number of multiplications done by

re-using the ones done for P(gk). In fact, we can simplify P‘gkﬂ) to

k
k+1 k k+1
Pz( ) =P2( )4 Zo'l,j copg—je1 | (y— )
j=1
for two factors and

k+1
k k i
P =P [ 00 o | (-
J=1

o . i k i
for the remaining factors with p(j) = coeff(P;_Jlrl), (y—a)’).
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The products P‘(Ik) for 2 < g < narestoredinann x (dy +1)
matrix G of polynomials in Zy [x]. The matrix G holds n X (dy +
1) X (dx +1) elements in Z, and therefore calculating AR uses
O(ndx dy) space. We present Bernardin’s algorithm as Algorithm
1 listed below.

Remark: Let p = max({deg(f;,y) : 1 < i < n}).If Ahasa
factorization A = [}, f;, Algorithm 1 will reconstruct the factors
at step k = . However, Algorithm 1 will continue until k = dy. For
steps p < k < dy it uses the following to verify the factorization:
A=TIL, fiifand only if ¢ = 0 for y < k < dy,.

We present two additional sub-algorithms: CoefficientExtraction
which calculates the products Pz(k), . P,(,k) as described previously,
and CoefficientUpdate which adds the missing terms into the prod-
ucts Pz(k), P,Sk), stored in the polynomial matrix G, during step
k. These algorithms are denoted by Algorithm 2 and Algorithm 3
respectively. In each algorithm, the order terms on the right count
arithmetic operations in Zj.

Algorithm 1: Quartic linear Hensel lifting for Z,[x]:
Monic Case

1 Input: prime p, @ € Zy, A € Zp[x,y] and
fl(o),fz(o), n(o) €Zp [x] satisfying
1) A, fl(o),fz(o), ...,fn(o) are monic in x,
(i) A(y = @) = [T, £ and
(i) ged (£, ) = 1 for i # .
Output: f1, fo, ..., fu € Zp[x,y] s.t. A= ], fi or FAIL.
dy — deg(A, x); dy «— deg(A, y);
4 fori=1tondo f; <—fi(o);end
Compute ay, ay, ..., aq, € Zp[x]

)

@

=

SLA= S apy—a)ks O(dx d2)
s G10 < fi;
7 fori=1ton—1do
8 | Gir1.0 — Gi0 fitlieeeeeaeii 0(d%)
9 end
10 for k=1to dy do
1 (A, G) « CoefficientExtraction
P k. fio for oo o G)E Zp[x)s oo O(kd2)
12 cp — ap — A
13 if 31 deg(fi,y) = dy and ¢; # 0 then Return FAIL;
14 if ¢; # 0 then
; 0 )
15 Solve .1, j% ;.':1 fj( ) = ¢ in Zyp[x] for
01,02,...,0n € Zp [x]; oo O(nd)zc)
16 fori=1tondo
17 | fiefitor (y-a)k O(kdy)
18 end
19 G « CoefficentUpdate(p, &, k, fi, ..., fn, G);.O(n d,zc)
20 end
21 end

N
X}

if 37 | deg(fi,y) = dy then Return fi, f2, ..., fn; end
3 Return FAIL;

N
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Algorithm 2: Coefficient Extraction

1 Input: prime p, @ € Zp, k € Z*, fi, fo, ... fu € Zp[x,y], G
an n x (dy + 1) matrix of elements in Z [x].
Output: A =coeff([T, fi. (y — 0)¥) € Zy[x], G an
n x (dy + 1) matrix of elements in Z, [x].
3 MIN — max (0, k — deg(f2,y));
4 MAX min(k deg(f1,v));
5 G2k — Z] —MIN Coeﬂ‘(fl) (y- a)j) :
coeff(fy, (y — o)FJ;
6 d « deg(f1,y) +deg(f2, y);
7 fori=3tondo

[N}

s | Se—d;  ded+deg(fiy);
9 if k < d then
10 MIN «— max(0,k — J); MAX — min(k,deg(f;, y));
1 Gik < Zﬁ%N Gi—1k-j -

coeff(fs, (y —a)); oo O(kd2)
12 end
13 end

14 Return (G, 1, G);

The most expensive operation in Algorithm 1 is the computation
of A(K) using the CoefficientExtraction sub-algorithm during Line 11.
d
The cost of Line 11 is O(k d,zc), so it does Zkil O(k d,zc) = O(djzc di)
arithmetic operations in Zj.

Algorithm 3: Coefficient Update

1 Input: prime p, a € Zp, k € Z*, fi, fo, ...,

n x (dy + 1) matrix of elements in Z,,.
2 Output: G an n X (dy + 1) matrix of elements in Z, [x].
3 if n > 2 then

fn€Zplyl,Gan

4 t « coeff(fi, (y — a)k);
5 fori=2tondo
0

‘ It = iy 5 s A
7 t<—coeﬁ(ﬁ,(y ) -t +

coeff(fi, (y = a@)X) - Gi1.05 oo 0(d%)
8 Gik Gty 0(d?)
9 end
10 end
11 Return G;

3 CUBIC COST HENSEL LIFTING IN Z, [x, y]

In this section, we develop a cubic cost Hensel lifting algorithm
which improves upon the arithmetic and space cost of Bernardin’s
quartic cost LHL algorithm. We state the key result of this paper as
Theorem 1. We will justify the result of the theorem in this section.

THEOREM 3.1. Let A € Zp[x,yl,dx = deg(A,x) > 1, anddy =
deg(A,y) > 1. Suppose A = []_, fi and we are given pairwise
relatively prime images fi(x,a) for1 < i < n for somea € Zp. If
p > dx, we can compute fi, fo, ..., fn
(i) using O(d2 dy +dx dz) arithmetic operations in Zp, and
(ii) using spacefor O(logz ndy dy) elements of Zp.

Michael Monagan and Garrett Paluck

We made two improvements to Bernardin’s algorithm. The first
improvement changed how we calculate AK) (x), while the second
improvement changed how we calculated the required coefficient
of the product [, f;(k) during each iteration of Algorithm 1.

The arithmetic cost of Algorithm 1, described in Section 2, is
dominated by Line 11. Therefore, to reduce the cost of the algorithm,
a better method is needed to compute AR (x) =coeff([TL lf(k)
(y—a)*) foragiven1 < k < dy. Instead of computing the product
of n bivariate polynomials during step k of the algorithm, we use
a system of polynomial evaluation, single integer multiplication
in Zp, and interpolation to compute AR we begin by evaluating
each of the n bivariate polynomials fl(k), fz(k), v n(k) € Zp[x,y]
at x = Bj for 0 < j < dy where B € Z;,. We discuss the evaluation
points we chose in Section 4.1. Next, we compute the coefficient of
(y — @) for the product of evaluated polynomials at each of the dy
evaluation points,

n
k K .
A; '= coeff l_lfl( )(ﬂjs y), (y - a)k for 0 < j < dy.
i=1
A((jk),l}inxto obtain A% (x).

This method of calculating AP (x) is presented as a homomor-
phism diagram in Figure 1.

Finally, we interpolate the set {A(()k), -

coeff( ?Zlfi(k), (y—a)k)

k k k
fl( )’fz( )’m,fn( ) € Zylx.y]

evaluate fl.(j).() =

(B, y) at x=p;

for 0<j<d, |over 1<i<n

> AR €7, [x]

interpolate x
Solve A(B;)=A; over |0<j<dx

(112 £, (y-a)*)
(k) k) k) coefl ([T, £ s AR
Sy £y € Zplyl oo > ab ez,

Figure 1: Homomorphism diagram for computing A(x) at
iteration k > 1

The second improvement we’ve implemented is how we cal-
culate the product []}, fl(]k) € Zply] for 0 < j < dy. When
Bernardin calculated A(x), he multiplied the n polynomials sequen-
tially. By doing this, Bernardin had to store the results in a matrix of
size O(ndy dy). Instead, we chose to multiply the factors together
as pairs. For example, we first multiply the initial factors as the
products f(k)f(k) f;k)f(k), f(k) fn(’;) We then multiply those

products together as pairs, i.e. H f(k), o | [ 3f( ). We re-

peat this process until we arrive at the final product [}, fl(Jk) . As
for Bernadin’s algorithm we will store these polynomial products
in the G matrix.

For simplicity, let n = 2¢ for some ¢ € N. We define

*) r29
Pq,r = 1_[

i=(r—1)29+1

£ mod (y - o) *)
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with cg :=Coeff(P;’I;) J(y-a))for1<g<fandl<r<2i9. Algorithm 4: Cubic Bivariate Hensel Lifting Algorithm:
In the following, we will denote the coefficients of (y — @)/ in Monic Case
fi(k) as 0j,j as they are defined in (1). The product of the initial 1 Input: prime p, @ € Zp, A € Zp[x,y] and
pairs gives fl(o),fz(o), n(o) € Zp[x] satisfying
1) A, fl(o),fz(o), ...,fn(o) are monic in x,
w_S(s N b A= =010 A and
P = Z Z O2r—1,t " O2rs—t | (y—a) + Z O2r-1t - Ozr k-t | (y=a) v= © o 2"
5=0 \ =0 t=1 (iii) ged(f; f] y=1fori#j.

)

Output: fi, f2, ... fu € Zp[x,yl st. A= fi f2 ... fn or FAIL.
dy «— deg(A, x); dy < deg(4, y);

4 te—nm np «— 1; M<_H;}:1]3(0);

for1 <r <2071 Let pﬁt) :=coeff(Pg-1,r, (y - a)?). For successive

q we can compute P;,kr) as

©

k s .
*) _ () (s=1) R 5 whilet > 1donp « np+t; t « [t/2]; end
P‘I»’_Z Zer_l-er (y-a 6 for j=0tody —1do
s=0 =0 7 fori=0tonp—1do
for2<g<fand1<r< 279 for each q. Note that pa,—1 and pa, 8 ‘ Gj,i»Dj,i,Sji < Array(0..0),0,1;
are used exclusively to simplify the notation and that the p’s are ° end

different for varying ¢, r and t. We observe that the only terms that
we have to compute and that have not already been computed in
the previous steps are

10 end
11 Compute ay, a1, ..., aq, € Zp(x] s.t.

d
A=Y a(y—a)ks O(dx d?)
12 fori=1tondo

13 fi <—fi(0); M; — M/fi(O);
14 Gjiio0 <_fi(0)(x =pj) € Zy for 0 < j < dy;

Oor—1,k * O2r,0 and 02r—1,0 - Ok

in the initial pairs P, for1 < r < 2f=1 These terms will also be
absent from any of the calculations which produce the polynomials
Pgrfor2<g<tand1l<r<279

By making these changes, we present our cubic LHL algorithm 15 end
as Algorithm 4. The main difficulty in understanding and imple- 16 for j =0tody —1do
menting the Algorithm 4 is the indexing. To verify that the indexing 17 (A}, G}, Sj, Dj) < CoefficientExtraction
of the pseudo-code in the paper is correct, we re-implemented the (P, @, 0,np,Sj, Dj, Gj);
algorithms in Maple using the pseudo-code. 1 end
We begin our analysis with the evaluation of the n bivariate 19 for k=1tody do
polynomials fl(k), n(k) € Zp[x,yl atx = fj for 0 < f; < dx. By 20 | forj=0tody—1do . .
applying Horner’s method at Lines 14 and 31, we can evaluate all of 2 (A}, G}, Sj, Dj) « CoefficientExtraction
the n polynomials at ; € Z, using O(dxdy) arithmetic operations. 4 (P, knp, Sj Dy Gl v O(kn)
i dx-1 _ 2 22 en
Thus, evaluating ha(slzc)a total c?st of 3. % O(dxd.y) = O(d)fdy)' N interpolate A(x) € Zp[x] st AGB) = A ... o)
Next, we compute A ; as described above. We modified Algorithm " o —ap—As

2 to multiply polynomials in Zj [y] instead of Zy [y][x]. Addition-
ally, we modified Algorithm 2 to multiply the polynomials as pairs
instead of sequentially. We present this algorithm as Algorithm 5.

25 if X1, deg(fi.y) = dy and ¢ # 0 then Return FAIL;
26 if c; # 0 then

Algorithm 5 has an arithmetic complexity of O(kn) which is 7 Solve X, oiM; = CIE 0§0r I1, -+ 0n € Zp|x] with
bounded above by O(dy). The overall cost of this sub-algorithm is deg(oi,x) < deg(f; ", x)5..ovvveiiiiiiiis 0(d%)
Z?:yl Z?;al 0(dy) = O(ds d_%/)' 28 for l.— 1 t? n d'o. .

Finally, we use Lagrange interpolation at Line 23 of Algorithm 4 » fi (_ fixoi- (y-a)%
to recover AK) (x) from {A(()k), ey A‘(ik) }. Lagrange interpolation % for j=0tody; —1do

—1 31 s—oi(x=Bj)€Zp;........ O(deg(fi, x))
has an arithmetic cost of O(d?2), so, accounting for the loop on k it 1 if s # 0 then
has an overall cost of O(d)zcdy). 33 (Gji»Sjii) — Extend(S; i, G Dj k);

We conclude that our method of calculating A%) has an arith- ” D; i’ — }c; Giik « ’s; ST
metic cost of O(d2dy + dxdg). An iterative method for solving the . end ” b
multi-Diophantine equation }}1 | 6;M; = ¢ in line 27 of Algorithm 1 end
4 is is presented in 2Ch. 6 of [7]. The analysis in [19] shows that it v end
can be done in O(dy) arithmetic operations in Z,. Accounting for . .
the loop on k the total cost is dy O(d2) = O(d2 dy). * G, ? g]‘)é—'cfoef(l:lcier'ltgzdateipi, @k, O(nd

We have two more operations to consider in our cubic LHL np,Sj Dy Gj) for 0 < j < dy =15 oo (ndy)
algorithm. Firstly, like Algorithm 1, we need a way to update the ¥ endend

10

products stored in G after we calculate o7, ..., o, in Line 27. We can
a if 37, deg(fi.y) = dy then Return fi, f3, ..., fu; end

42 Return FAIL;




ISSAC ’22, July 4-7, 2022, Villeneuve-d’Ascq, France.

Michael Monagan and Garrett Paluck

Algorithm 5: Cubic CoefficientExtraction algorithm

Algorithm 6: Cubic CoefficientUpdate Algorithm

1 Input: prime p, & € Zp, k € Z,np € Z*,5,D € Z"?, and H
an array of arrays of length np, the lengths of each array
are stored in S.

2 Output: A = coeff([1},; fi, (y - a)k) e Zp, H the array of
arrays of length np, and S,D € Z"P.

3t n; s« 0;

4 whilet > 1 do

5 i« 0;

6 while i < |t/2] do

7 d — Dsy2i + Ds+2i+1; mes+t+is
8 (Hm, Sm) «<Extend(Sy;, Him, Dm, d);

9 if k < d then

10 MIN, MAX <« max(0, k — Dg42i+1),min(k, Dgs42;);
1 Hy o ZX%N Hgzie  Hyypig1 k-5 - - - - O(k)
12 end

13 i—i+1;

14 end

15 if t is odd then

16 mees+t+i;

17 (Hm, Sm) «Extend(Sp;, Him, Dm, Ds+2i);
18 if Dgyo; > k then

19 ‘ Dy < Dg+oi Hpk < Hopoi
20 end

21 end

22 S« S+t t« [t/2];
23 end

24 if k +1 > S5 then Return 0; end
25 Return (Hs,k,H, S,D);

do this by modifying Algorithm 3 similarly to how we modified
Algorithm 2. We multiply polynomials in Zy, [y] instead of Z [x][y]
and we account for the fact that polynomials are multiplied as pairs
instead of sequentially. We present this algorithm as Algorithm 6.
Algorithm 6 does O(n) multiplications. Accounting for the loops
in Lines 19 and 38 of Algorithm 4, the total number of operations
of Algorithm 6 is O(n dx dy). This ends the proof of Theorem 1 (i).

The second and final problem is how we store the polynomials
Pr;’kr) €Zplylfori<g<fand1<r< 279 in the matrix G. As a
reminder to the reader, we assumed n = 2! for some ¢ € N and there
is a different set of P(g’k,) polynomials for each of the dy evaluation
points. G is a dyx X np matrix, where each entry is a polynomial in
Zp[y]. The term np refers to the number of polynomials calculated
in (4), thatisnp = [{Pq, : 1 < g < £,1 < r < 2079} Each
polynomial may require a different amount of space allocated to it.

Consider the set of polynomials P[(I,kr) for a particular g. This
set contains some combination of products of the polynomials

g
in memory if one accounts for the constants. We have elected to
dynamically store the coefficients for each polynomial. We initially
give each polynomial P(gf)r) a single element of memory as they are
initialized as constants at Line 14. When the polynomials grows

to need more space, we allocate a new block of memory of size 2/,

PN y)+1 <28

and therefore requires at most dy, + n elements of Z,,

where ¢ is the smallest integer such that deg(

1 Input: prime p, & € Zp, k € Z*, np € Z*,5,D € Z", and H
an array of arrays of length np, the lengths of each array
are stored in S.

2 Output:the list of arrays H, and the arrays S and D.

3 8§ 0; t «— n;

4 whilet > 1 do
5 i« 0
6 while i < |t/2] do

7 if s = 0 then

8 T; « 0;

9 if Dy; = k then T; « Hs+2i,k - Hg42i+1,05
10 if Dyjy1 = k then T; < T; + Hgi0i0 Hs+2i+1,k;
11 else
12 \ T; < Hs12i0 - T2iv1 + Hsv2i+1,0 - T2is
13 end
14 mees+t+i; d « Dsi2i + Dgi2i41;
15 (Hm, Sm) <« Extend(Sy,, Hin, D, d);

16 Hpg < Hpx + T

17 Dy, «— d; ie—i+1;

18 end

19 if t is odd then

20 T; < Hgyoi ks me«s+t+i;

21 (Hm, Sm) <« Extend(Hy,, S, Dm, Ds+2i);
22 Hyr < T Dp « Ds+ai

23 end

24 s s+t t« [t/2];

25 end

26 Return (H, S, D);

For a particular g, we can store the polynomials P‘g,kr) for1 <
r < 279 using at most 4(dy + n) elements of space throughout the
execution of Algorithm 4. Therefore, since there are ¢ values for g,
and we must repeat this process for each of the dy evaluation points,
the matrix G will store as much as 4dx X [log, n] X (dy +n) elements
of Zy. Thus, our cubic LHL algorithm uses O(log, n dx dy) space.
This completes our proof of Theorem 1 (ii).

Algorithm 7: Extend Algorithm

1 Input: S € Z, A an array of length S and dOIld, dNew € Z

2 Output: an array of elements in Z,, the length of the array
3 if dNew + 1 < S then Return (A4, S); end

4 k « [log,(dNew +1)];

5 B« Array(O..Zk - 1)

6 fori=0todOld do B; < A;; end

7 for i = dOld +1to 2 — 1 do B; «— 0; end

s Return (B, 2k);

We present the algorithm which allocates more space for the
polynomials in matrix G as Algorithm 7. The notation used in
Algorithm 7 is based on Maple notation where it’s possible to create
and return an array from within a local function, as well as store an
array of arbitrary size within a matrix. In our C implementation, we
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initially allocate an array of pointers of size dyx X np, each pointing
at a single block of memory. When a polynomial needs more space,
we use the next available 2! contiguous spaces to store the larger
polynomial. The total storage used for the factors and their products
is 4dyx x [log, n] X (dy +n) words for the coefficients and for dx x np
words for the pointers.

4 IMPLEMENTATION AND BENCHMARKS
FOR Z,[x,y]
Table 1 shows the timings for Hensel lifting in Z, [x, y] for three
algorithms using prime p = 23! — 1. The timings were obtained
using a server with 64 gigabytes of RAM and two Intel Xeon E5-2660
8 core processors running at 2.20GHz base and 3.00GHz turbo.
For our benchmarks in Table 1, we factor a polynomial

A = fifafsfs for n = 4 factors. Each of the factors has the form
fi=x%+ Z?:_Ol Z?’:l cijx'y’ for 1 < k < 4 where the coefficients
cij are chosen at random from [0, p). The variable d denotes the
degree of x and y in the factors, i.e. d = deg(f;, x) = deg(fi,y). As
A is the product of 4 factors, dx = dy =4d. We input a = 3, A and

fi<0) = f(x,3) for 1 < i < 4 to Hensel lifting.

We have implemented our cubic LHL algorithm and Bernardin’s
quartic LHL algorithm in C. In both algorithms, we have imple-
mented Shaw and Traub’s method [20] to perform the change of
base. We previously calculated it using polynomial long division,
but Shaw and Traub’s method performed significantly better. We
used Lagrange interpolation to calculate A®) (x) in our cubic LHL
algorithm. In section 4.1, we discuss how we implemented opti-
mization improvements to Lagrange interpolation.

In Table 1, the second column labelled “Old LHL” is for the

Bernardin’s quartic O(dfcdi,) algorithm. The third column labelled

“New LHL” is for the cubic O(d)%dy+dxd2) algorithm where we used

Horner evaluation and Lagrange interpolation to compute AR (x).
The fourth and fifth columns labelled “Fast QHL in Magma” are for
our Magma implementation of QHL in Zp [x,y]. The timings in the
column “Timings 1” occur when we set the four factors to have a
degree of d —1 in the indeterminate y and the timings in the column
“Timings 2” are when we set the degrees of both indeterminates
to d. This is to avoid any unfair comparisons because QHL takes
significantly longer to execute when the degrees of the factors in y
are a power of 2. Magma uses fast multiplication in Zp [x,y] and
fast division in Zy[x, y] mod (y - a)k.

As the reader can see, our cubic LHL algorithm (column 3) beats
Bernardin’s quartic LHL algorithm from d > 2 onward. Atd = 1024
the cubic LHL algorithm beats the quartic LHL algorithm by a factor
of 15877.48/190.13 = 83.5. In comparison with QHL, the cubic LHL
algorithm beats magma’s QHL by a factor of 3.16/0.06118 = 51.7
(Timings 1) and 6.33/0.06118 = 103.5 (Timings 2) when d = 64
and 2974.6/190.13 = 15.6 (Timings 1) and 5599.3/190.13 = 29.4
(Timings 2) when d = 1024. The cubic LHL algorithm is faster
than Magma’s fast algorithm at d = 2048. Even at d = 2048, the
largest polynomials we are computing, Magma'’s fast method hasn’t
caught up with our cubic LHL algorithm yet. We are unable to get
any further timings for Magma as the calculations would use more
than 32GB of RAM. Thus, the cubic LHL algorithm is the fastest
algorithm for d > 2.
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Old LHL | New LHL .
d O(d,zcdi) O(d,zcdy + dxdi) Fast QHL in Magma
Timings 1 | Timings 2
2 0.10ms 0.06ms 1.16ms 3.44ms
4 0.22ms 0.18ms 7.48ms 17.82ms
8 0.84ms 0.54ms 30.30ms 65.61ms
16 4.82ms 2.12ms 125.22ms 247.44ms
32 48.25ms 10.28ms 619.90ms 1,225.6ms
64 505.64ms | 61.18ms 3.16s 6.33s
128 6.002s 401.14ms 17.58s 35.21s
256 76.70s 3.41s (0.12gb) 97.46s 204.27s
512 1,073.8s 25.17s (0.46gb) 553.85s 1,137.71s
1024 | 15,877.5s | 190.13s (1.83gb) 2,974.6s 5,599.3s
2048 | NA 1,461.5s (7.32gb) 15,583.3s >32gb
4096 | NA 12,614.7s (29.3gb) | NA NA

Table 1: Hensel lifting timings for Z,[x, y] for p = 23! — 1 and
n = 4 factors of degree d in x and y. NA = Not attempted

Table 2 shows the timing breakdown of the individual algorithms
used during a single run of our cubic LHL algorithm. We use the
same parameters described for the previous benchmarks, except
we only consider the d = 1024 case. The factors are in the same
form as described above.

The first column of Table 2, “Procedure” defines each of the
major procedures used in our cubic LHL algorithm. The second
column labelled “Time(ms)” describes the time used to perform each
procedure. The final column “Percentage” gives the percentage of
overall time used by each procedure. As the reader can see, the
most expensive operation is “Change of Base” which uses 25% of
the overall running time.

Procedure Time(ms) | Percentage
Change of Base 46,750 24.59
Generate Lagrange Polynomials 890 0.47
CoefficientExtraction 43,350 22.80
Polynomial Interpolation 39,120 20.58
Solving the Diophantine equation | 32,250 16.96
Polynomial Evaluation 11,610 6.11
CoeflicientUpdate 1,550 0.82
Miscellaneous Operations 14,610 7.68
Overall Time 190,130 100.00

Table 2: Cubic Linear Lift subalgorithm timings for Zj [x, y]
with p = 23! — 1. Compares the execution times for d = 1024.

4.1 Optimizations for Z,[x, y]

We made two notable optimizations to our C implementation. Firstly,
we used an accumulator to reduce the number of divisions by p in
Zp. Secondly, we implemented an improved version of Lagrange
interpolation. Both changes led to a significant improvement in the
overall execution time of our algorithm.

It is well known that hardware integer division instructions are
much slower than hardware integer multiplication instructions. In
[8], Granlund and Montgomery show how to speedup division by
using two multiplications and several additions, shifts and bitwise
logical operations to divide by p. For the “Old LHL” timings in
Table 1, we are using Moller and Granlund’s improved algorithm



ISSAC ’22, July 4-7, 2022, Villeneuve-d’Ascq, France.

from [14]. For convolutions of the form Y7 a;b; and 3.7 aibp—;
in Zp we obtain a significant speedup by using a double precision
accumulator to reduce the number of divisions by one.

We have implemented our code to store integers that are 64 bits
in size, and we implemented a 128 bit accumulator. Our algorithm
works for primes of size up to 63 bits. We have implemented our
algorithm to use an accumulator whenever p < 2°°. As a result of
this, the product of any two integers will be at most 98 bits in size.
This means we can add at least 2128 /2% = 230 products together
before we risk overflowing the accumulator. Implementing an ac-
cumulator reduces the number of divisions for the convolutions
2o aibiand ¥ aiby—; fromn+1to 1.

The timings for the column “Old LHL” in Table 1 are for a re-
organization of the evaluation and interpolation algorithm so that
we can use an accumulator method. We also use 0, £1, +2, ..., i%"
for evaluation points which allows us to speed up evaluation and
interpolation by a further factor of 2.

Let c(x) = Z;'i:o cix! be the polynomial we wish to interpolate.
In the following, we assume d is even; if not, we add 1 to d and use
an additional evaluation point.

It is easy to evaluate c(x) in Z, [x] twice as fast using + points.
We can write ¢(x) = a(x?) + xb(x?) where a(x) = Zii:/g coixt and
Z?:/g_l coir1x’. If we have already evaluated c(a) = a(a?) +ab(a?),
we can compute c(—a) = a(a®) — ab(a?) using one additional
subtraction. To also use the accumulator trick, we can compute
a((xz) via the dot product [ag, a2, a4, ..., ag] - [1, az, ..., ad] and b((xz)
via the dot product [ay, a3, ..., ag_1] - [1, a, .. ad_z]. For o = i, the
arrays [1, o at, .., (xd] fora = 1,2,...,d/2 are computed before the
main Hensel loop so they can be reused.

Let ¢(x) = Z?:o cix' and assume we have computed c(0) and
c(zxi) for 1 < i < d/2. We will use Lagrange interpolation to
interpolate c(x). Let

L(x) = ]—[?:/Ed/z(x —i)and L;(x) = (Lx(fl)) for —% <i< %l

The polynomials L;(x) are the Lagrange basis polynomials so
df2
i=—d/2
termine the Lagrange coefficients a;, since L;(i) = 0 for j # i, we
have a; = ¢(i)/L; (i).

In [15] Monagan shows how to efficiently calculate the coef-

we may write ¢(x) = 3, a;L;i(x) for some unique «;. To de-

ficients ¢y, c1, ..., ¢g using (% + l)% multiplications and using the
double precision accumulator, so that only O(d) divisions are done.

5 CONCLUSION

In this paper, we have developed a new algorithm for Linear Hensel
Lifting (LHL) for R[x] where R = Z,[y] which works for n > 2
factors and has cubic time complexity. Our work generalizes the
work of Monagan [15] for n = 2 factors. We have implemented our
new algorithm in C for p < 2°%. Our C implementation beats our
Magma implementation of fast Quadratic Hensel Lifting for a very
wide range of input sizes.

Our C code is being used by Chen and Monagan [4] to factor
multivariate polynomials in Z[xy, . .., x,]. In this context our cu-
bic LHL algorithm beats Bernardin’s quartic LHL algorithm early
enough to be useful.

Michael Monagan and Garrett Paluck

Our Hensel lifting algorithm does not handle the general non-
monic case. In current work we are studying how to modify our
algorithm so we can factor A = []7, f; in R[x] when deg(A, y) > 0.
In a multivariate factorization context, if we use Wang’s lead-
ing coefficient pre-determination algorithm from [22], then we
may assume we know lc(f;). In this case, if we “attach” lc(f;)

to fi(o) (see [7]) we need to modify our construction to compute

coeff ([T, fi(k), (y — a)¥) for k > 1.
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A APPENDIX 1: MAGMA CODE FOR QHL IN
Z@[x,y]

Reference: Algorithm 15.17 “Multifactor Hensel lifting” from [6]. We
have modified it to stop when the error is 0 and to lift the solutions
to the Diophantine equation to half the precision. Magma is using
fast multiplication for multiplications in Zj [x, y], fast division for
the two divisions QuotRem(...) in Z, [x, y] and fast division for the
integer divisions by m in reduce(...).

p = 2"31-1;

n:=1;

alpha := 3;

Fp := GaloisField(p);

Zpy<y> := PolynomialRing (Fp) ;
Zpxy<x> := PolynomialRing (Zpy);

function getexpons (dy,n)

L := [
while #L 1t Minimum(dy+1l,n) do
e := Random(dy) ;
if not( e in L ) then
L := Append(L,e); end if;
end while;
return L;

end function;

function getcoeff (dy,p)

E := getexpons (dy,dy) ;
C := 0;
for e in E do C := C +

Random(1l,p-1)*y*e; end for;
return C;
end function;

function getpoly(dx,dy,p)

C := [ getcoeff(dy,p)
i in [0..dx-1] 1;
£ o= Zpxy!C;

return x"dx+f;
end function;

function reduce( £, m )
return Zpxy![ ¢ mod m : c
in Coefficients (f) 1;
end function;

function convertytox( f
g := Zpxy!Coefficients (f
return g;

end function;

’

)
)

function DivideModm (£, g,m)
I := ideal<Zpy|m>;
Q = quo<ipyl|I>;
Rx := PolynomialRing(Q);
F := Rx!f;
G := Rx!g;
Q,R := Quotrem(F,G);
q = Zpxy!Q;
1= Zpxy!R;
return g,r ;
end function;
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functicn BivariateHensel (f,F,n,m,L)

if n eg 1 then
return [reduce(f,m"L)];
end if;

k

Floor (n/2);

g := 1;
Fl := [1;
for i := 1 to k do

g = g*F[i];

Fl := Append(Fl,F[i]);
end for;
h := 1;
F2 = [1;
for i := k+1 to n do

h := h*F[1i];

F2 := Append(F2,F[i]);
end for;

GO0 := Zpyl!g; HO := Zpy'h;
ged, S0, T0 := XGCD (GO, HO) ;

s := convertytox(S0); t := convertytox(T0);
e := f-g*h;

K :=1;

M = m;

while Degree (M) le L do
//print "Step", K, "Degree", Degree (m);
M := M*2;

e := reduce(e,M);

q,r := DivideModm(s*e,h,M);

u := t*et+g*g; u := reduce(u,M);
g =g + u;

h :=h + r;

e := f-g*h;

if e eg 0 then break; end if;

// Lift diophantine equation solutions
b := s*g + t*h - 1; b := reduce(b,M);
c,d := DivideModm(s*b,h,M);

u := t*b+c*g; u := reduce(u,M);

s := s - d;

t 1=t - u;

K = K+1;

end while;

Fl := BivariateHensel(g,Fl,k,m,L);
F2 := BivariateHensel (h,F2,n-k,m,L);
H := [];

for 1 := 1 to k do
H := Append(H,F1[i]);

end for;

for i = 1 to (n-k) do
H := Append(H,F2[i]);

end for;

return H;

end function;
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alpha := 3;

m := Zpy! (y-alpha);

n = 4;

dx := 20;

dy := 20;

fl := getpoly(dx,dy,p);
f2 := getpoly(dx,dy,p);
f3 := getpoly(dx,dy,p);
f4 := getpoly(dx,dy,p);
f 1= f1*f2*£3*£f4;

F := [reduce(fl,m), reduce(f2,m)

time G

G[1] -

reduce (£3,m) , reduce (f4,m) ]

:= BivariateHensel (f,F,n,m,2*dy);

f1; G[2] - £2; G[3]

Michael Monagan and Garrett Paluck
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